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Preface

The H -function or popularly known in the literature as Fox’s H -function has
recently found applications in a large variety of problems connected with reaction,
diffusion, reaction—diffusion, engineering and communication, fractional differen-
tial and integral equations, many areas of theoretical physics, statistical distribution
theory, etc. One of the standard books and most cited book on the topic is the 1978
book of Mathai and Saxena. Since then, the subject has grown a lot, mainly in the
fields of applications. Due to popular demand, the authors were requested to up-
grade and bring out a revised edition of the 1978 book. It was decided to bring out a
new book, mostly dealing with recent applications in statistical distributions, path-
way models, nonextensive statistical mechanics, astrophysics problems, fractional
calculus, etc. and to make use of the expertise of Hans J. Haubold in astrophysics
area also.

It was decided to confine the discussion to H -function of one scalar variable
only. Matrix variable cases and many variable cases are not discussed in detail,
but an insight into these areas is given. When going from one variable to many
variables, there is nothing called a unique bivariate or multivariate analogue of a
given function. Whatever be the criteria used, there may be many different functions
qualified to be bivariate or multivariate analogues of a given univariate function.
Some of the bivariate and multivariate H -functions, currently in the literature, are
also questioned by many authors. Hence, it was decided to concentrate on one
variable case and to put some multivariable situations in an appendix; only the
definitions and immediate properties are given here.

Chapter 1 gives the definitions, various contours, existence conditions, and some
particular cases. Chapter 2 deals with various types of transforms such as Laplace,
Fourier, Hankel, etc. on H -functions, their properties, and some relationships among
them. Chapter 3 goes into fractional calculus and their connections to H -functions.
All the popular fractional differential and fractional integral operators are examined
in this chapter.

Chapter 4 is on the applications of H -function in various areas of statistical
distribution theory, various structures of random variables, generalized distributions,
Mathai’s pathway models, a versatile integral which is connected to different fields,
etc. Chapter 5 gives a glimpse into functions of matrix argument, mainly real-valued
scalar functions of matrix argument when the matrices are real or Hermitian positive

ix



X Preface

definite. H -function of matrix argument is defined only in the form of a class of
functions satisfying a certain integral equation and hence a detailed discussion is
not attempted here.

Chapter 6 examines applications of H -function into various problems in physics.
The problems examined are the following: solar and stellar models, gravitational
instability problem, energy generation, solar neutrino problem, generalized en-
tropies, Tsallis statistics, superstatistics, Mathai’s pathway analysis, input—output
models, kinetic equations, reaction, diffusion, and reaction—diffusion problems where
H -functions prop up in the analytic solutions to these problems.

The book is intended as a reference source for teachers and researchers, and it
can also be used as a textbook in a one-semester graduate (post-graduate) course on
H -function. In this context, a more or less exhaustive and up-to-date bibliography
on H -function is included in the book.

Montreal, QC A.M. Mathai
Jodhpur, Rajasthan, India R.K Saxena
Vienna, Austria Hans J. Haubold
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Chapter 1
On the H-Function With Applications

1.1 A Brief Historical Background

Mellin—Barnes integrals are discovered by Salvatore Pincherle, an Italian
mathematician in the year 1888. These integrals are based on the duality principle
between linear differential equations and linear difference equations with rational
coefficients. The theory of these integrals has been developed by Mellin (1910)
and has been used in the development of the theory of hypergeometric functions
by Barnes (1908). Important contributions of Salvatore Pincherle are recently given
in a paper by Mainardi and Pagnini (2003). In the year 1946, these integrals were
used by Meijer to introduce the G-function into mathematical analysis. From 1956
to 1970 lot of work has been done on this function, which can be seen from the
bibliography of the book by Mathai and Saxena (1973a).

In the year 1961, in an attempt to discover a most generalized symmetrical
Fourier kernel, Charles Fox (1961) defined a new function involving Mellin—-Barnes
integrals, which is a generalization of the G-function of Meijer. This function is
called Fox’s H -function or the H -function. The importance of this function is
realized by the scientists, engineers and statisticians due to its vast potential of
its applications in diversified fields of science and engineering. This function in-
cludes, among others, the functions considered by Boersma (1962), Mittag-Leffler
(1903), generalized Bessel function due to Wright (1934), the generalization of the
hypergeometric functions studied by Fox (1928), and Wright (1935, 1940), Kritzel
function (Kritzel 1979), generalized Mittag-Leffler function due to Dzherbashyan
(1960), generalized Mittag-Leffler function due to Prabhakar (1971) and multi-
index Mittag-Leffler function due to Kiryakova (2000), etc. Except the functions
of Boersma (1962), the aforesaid functions cannot be obtained as special cases of
the G-function of Meijer (1946), hence a study of the H -function will cover wider
range than the G-function and gives general, deeper, and useful results directly ap-
plicable in various problems of physical, biological, engineering and earth sciences,
such as fluid flow, rheology, diffusion in porous media, kinematics in viscoelastic
media, relaxation and diffusion processes in complex systems, propagation of seis-
mic waves, anomalous diffusion and turbulence, etc. see, Caputo (1969), Glockle

A.M. Mathai et al., The H-Function: Theory and Applications, 1
DOI 10.1007/978-1-4419-0916-9 1, (© Springer Science+Business Media, LLC 2010



2 1 On the H-Function With Applications

and Nonnenmacher (1993), Mainardi et al. (2001), Saichev and Zaslavsky (1997),
Hilfer (2000), Metzler and Klafter (2000), Podlubny (1999), Schneider (1986) and
Schneider and Wyss (1989) and others.

1.2 The H -Function

Notation 1.1.

(ap,A (a1,A1),....(ap,Ap)T]. .
H(x) = H," ' (z) = H’”"[ |(bq 3 )] H;”q”[ (b1 B1) (b B) ].H—functlon.
(1.1)

Definition 1.1. The H -function is defined by means of a Mellin—Barnes type inte-
gral in the following manner (Mathai and Saxena 1978)

H(X) Hm n(Z) Hm N [ ‘(ap ] Hm Jn [Z (@r,A1)ss (apsAp)]

(bq,Bq) P4 [*1(b1,B1),....(bg,By)

b / O(s)z*ds, (1.2)
27 L

wherei = (—1)5,1 # 0,and 77 = exp[—s{In |z| +i arg z}], where In |z| represents
the natural logarithm of |z| and arg z is not necessarily the principal value. Here

1= TG + Bis)H[Tj= T —a; — Ajs)}

® = .
O = e T = by — BN oy Tay + A75))

(1.3)

An empty product is always interpreted as unity; m,n, p,q € No with 0 <n < p,
1 <m=<gq,A,Bj € Ry,a;,bj e R,orC,i =1,...,p;j=1,...,q.Lisa
suitable contour separating the poles

b.
é'jvz—(j+v),j=1,...,m; v=0,1,2,... (1.4)
B

of the gamma functions I'(b; + sB;) from the poles

l—a; +k
Wi = GHEN Ao k=012, (1.5)
A

of the gamma functions I'(1 — ay — sA4,), that is

Apbj+v)#Bjlap—k—-1), j=1,--- miA=1,....n; v.k=0,1,2,...
(1.6)
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The contour L exists on account of (1.6). These assumptions will be retained
throughout. The contour L is either L_o, L1oo OF L;yoo. The following are the
definitions of these contours.

(1) L = L_ is aloop beginning and ending at —oo and encircling all the poles
of I'(b; + Bjs),j = 1,...,m once in the positive direction but none of the
poles of I'(1 —ay — Axs),A = 1,...,n. The integral converges for all z if
s >0andz # 0;or u =0and 0 < |z| < B. The integral also converges if

uw=0,zl=p and NG < -1, (1.7)
where
D q
p=TT@an™ i TTBn% ¢ (1.8)
j=1 j=1
q D
u=>y Bj—) Aj and (1.9)
j=1 j=1
< & pP—q
§=> b - a; + . 1.10
; J ; it (1.10)

(i) L = Ly is aloop beginning and ending at +oco and encircling all the poles
of '(1 —ay — Aps),A = 1,...,n once in the negative direction but none of
the poles of I'(b; 4+ Bjs), j = 1,...,m. The integral converges for all z if

u<0andz#O0orpu =0and |z] > B. (1.11)

The integral also converges if the conditions given in (1.7) are satisfied.

(iii) L = Ljyco 1s a contour starting at the point y — ioco and going to y + ico
where y € R = (—00, 4+00) such that all the poles of I'(h; + Bjs),j =
1,...,m are separated from those of I'(1 —ay — Ays),A = 1,...,n. The
integral converges if

1
a>0,|argz| < 2noe, a#0. (1.12)

The integral also converges if « = 0, yu + N(§) < —1,argz = 0and z # 0

where
n D m q
o= A;j— Y A;j+> Bj— Y B (1.13)
j=1

j=n+1 j=1 j=m+1

A detailed and comprehensive account of the H -function is available from the
monographs Mathai and Saxena (1978), Prudnikov et al. (1990), Kilbas and Saigo
(2004).
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Existence conditions for the H-function. In many applied problems associated
with fractional differential equations and fractional integral equations, the solutions
of certain problems are obtained in terms of the H -function. The H -function natu-
rally occurs as solutions of such equations. In order to find the existence conditions
of the solution of the problem, we therefore need the existence conditions for the
H -function. The existence conditions for the H -function are enumerated below. It is
presumed that the condition (1.6) is satisfied throughout this book unless otherwise
stated.

Theorem 1.1. The H -function is an analytic function of z and exists in the follow-
ing cases:

Case ] :q > 1,u >0, H-function exists for all 7 # 0, (1.14)
Case2:q > 1,u =0, H-function exists for 0 < |z| < B, (1.15)
Case3:q > 1,u=0,0(5) < —1, H-function exists for |z| = B, (1.16)
Case4: p > 1,u <0, H-function exists for all 7,7 # 0, (1.17)
Case5: p > 1, =0, H-function exists for |z| > B, (1.18)
Case 6:p>1,u=0and R(8) < —1, H-function exists for |z| =,  (1.19)
1

Case 7 :a > 0, |argz| < L2 H -function exists for all z # 0, (1.20)

Case 8 1o = 0,yu + N(§) < —1, H-function exists for argz = 0 and 7 # 0.
(1.21)

In what follows
1 1

* = — - q. 1.22
c*=m+n ,P = 54 (1.22)

Proof 1.1. The proof of the existence conditions can be obtained by finding the
convergence of the integral (1.2), which depends on the asymptotic estimate of O (s)
at infinity. Such a result can be found by using the following asymptotic relation for
the gamma function I'(z),z = x + iy, x,y € R at infinity on lines parallel to the
coordinate axes given by Kilbas and Saigo (1999, p. 193):

|x +iy| ~ \/27r|)c|x_é exp[—x — x(1 —sign(x))y/2], |x| — 00, (1.23)

and
|x+iy|~x/2n|y|x_ée_x_”|y”2, |y] = oo. (1.24)

The proof of the above results (1.23) and (1.24) can be developed by making use of
the Stirling formula (Erdélyi et al. 1953, p. 47, 1.18(2))

. 1 1 139
[(z) ~ V21 F2e |:1+ +

—4
12: T 28822 518403 ¢ )] argz] <.

(1.25)
For details of the proof, see Kilbas and Saigo (1999).
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In order to prove Theorem 1.1, we first establish the following two lemmas.
These lemmas will then be applied in finding the asymptotic relations along the
lines 11, 72 and 7y, defined by

n={+ipi:teR, n={t+@p:te R}, ={y+it:teR}, (1.20)

where 91,02,y € R. O

Lemma 1.1. Foro,t € R, there holds the asymptotic estimate
e\ 1t
®(t+i0)|~A(t) 1O ¢ s oo, (1.27)
where

%nq I[B?t(bj)—ée—iﬁ(bj)]% {H;‘ 1eﬂ[oAj-i-Im(aj)]
j=112; =

A= (2n) et ] , (1.28)
P gM@)72 —9a)) nonloB;+Im(b;)]
l_[j=l[ j € ] n]=le
and
e jule|
|0 +io)| ~ B (Irl) B Dt 5 —o0, (1.29)
where

{Hq I[Bsﬁ(bj)_ée—iﬁ(bj)]} {np oA +Im(aj)]}
J= J =n+

m(a‘)—' . m . .
1—157 I[Aj J 2e—§ﬁ(aj)] {I‘[/ le"[UBlJ"Im(bl)]}
(1.30)

B = (2m) et

’

and B, i and § are defined in (1.8), (1.9), and (1.10) respectively.

Lemma 1.2. Foro,t € R there holds the asymptotic relation
1©(0 +i1) ~ C|t|**TRE) exp[—m{|t|e + Im(v)sign(r)}/2]. 1| = oo, (1.31)
uniformly on o on any bounded interval in R, where
r q )
C = @) expl—c* —po —REB I [[ 4277 P B 2. (32
j=1 /
where i, 8, c* are defined in (1.9), (1.10) and (1.22) respectively, and

v—Zaj Z Zb—Zb

j=n+1 j=m+1
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The Lemma 1.1 and Lemma 1.2 follow from (1.3), (1.19) and (1.20). By virtue of
the above Lemmas 1.1 and 1.2. it is not difficult to derive the following asymptotic
relations at infinity of the integrand of (1.2):

s g [ € I g\ RE) o i
|©(2)z*| ~ Bie? | P (| s =1 +i¢jer;,j =12,
(1.33)

ast — —o0;

A e —ult] t
'®(Z)Z_S'”A"e¢jargz(|z|) (|§|) (O, s =1 4 ig ety = 1.2,

(1.34)

ast — +o0o;
|©(2)z~°| ~ Cy exp[—y log |z| + 7 Im(v) sign(r)/2]|¢]"* @), (1.35)
xexp[—n|t|j +targzl, s =y +it €1y, (1.36)

as |t| — oo. Here A1 and A5, By and B, are defined in (1.24) and (1.28) with ¢
replaced by ¢, and ¢, respectively, and C; by (1.28) with o replaced by y.

The conditions for the existence of the H -function then follow as a consequence
of these asymptotic relations.

Remark 1.1. Existence conditions for the H -function are given by Braaksma (1964,
p- 240), Mathai (1993c) and Kilbas and Saigo (2004). The conditions described here
are based on the results given by Kilbas and Saigo (1998, p. 44), also see Kilbas and
Saigo (2004); which provide slight improvement over the conditions given in the
theorem initially given by Prudnikov, Brychkov, and Marichev (1990, Sect. 8.3.1,
p- 627).

Note 1.1. Due to the presence of the factor z7° in the integrand of (1.2), the
H -function is, in general, multivalued but one-valued on the Riemann surface of
In z (Braaksma 1964).

Note 1.2. The convergence of a general Mellin—Barnes integral is already given in
the book by Erdélyi et al. (1953, pp. 49-50). Asymptotic estimates for the function
O(o +it) and its derivative ®' (o +it) as |t| — oo are given by Kilbas et al. (1993).

Remark 1.2. An extension of the definition of the H -function has been given by
Skibinski (1970), Inayat-Hussain (1987), and Siidland et al. (1998). Definition of
some of these extensions will be presented in the Appendix.
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1.3 Illustrative Examples

The simplest examples of the H-function involve the exponential function,
Mittag-Leffler functions (Erdélyi et al. (1955, Sect. 18.1); Mittag-Leffler (1903)),
and generalized Mittag-Leffler function (Prabhakar 1971), which are directly appli-
cable in fractional reaction, fractional relaxation and fractional reaction—diffusion
problems of science and engineering. These functions will be introduced with the
help of the following examples:

Example 1.1. Evaluate
1 [rHice 1
f@=_ . / C(s)z7%ds, (Jargz] < 7wz #0), (1.37)
27 y—ioo 2

where the path of integration is a straight line 9i(s) = y,y > 0, lying on the right
of the poles of T'(s) givenby s = —v, v =0, 1,2, ... and express it in terms of the
H -function.

Solution 1.1. Evaluating the integral as the sum of residues we have

f@ =2 lim (s + ()

o0
-1)...
=3 i (”V)(”Vl ) S o)
i (s+v—1)---s
o0 o0
. F'es+v+1) _ (=1 _
— 1 S — Vo — Z. 138
;s—IIEV(s—i-v—l)...sZ ; LT (1.38)

On comparing the equation (1.37) with the definition of the H -function (1.2), we
obtain the relation

e = Hy{ [2l |- (1.39)

Note 1.3. Equation (1.37) gives the Mellin—Barnes integral for the exponential
function e *. This integral is called Cahen—Mellin integral and is very useful in
evaluating integrals involving product of two exponential functions or one exponen-
tial function and one special function in a compact form. This integral is also useful
in the study of statistical distributions.

Example 1.2. Prove that

_a 1 y+ioco s
-9 =, /y TG+, a9 <7, (140

where 0 < 91(y) < N(a) and the contour is a straight line N (s) = y, separating the
poles of I'(—s) at the points —s = —v, v = 0, 1,... from those of I'(s + «) at the
pointss = —a—v, v=20,1,....
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Solution 1.2. As in the preceding example, evaluating the integral as the sum of
residues we have

1 y+ioo

2mi T'(a) Jy—ioo FEDT(s +a)(-ayds

L K D)'T (@ +v)(—2)” @,
N F(a); v! V_ZO v!

=1Fo(a: 1) =(1-27% |z <1, (1.41)

where (a)x, a € C,k € Ny, is the Pochhammer symbol or shifted factorial, de-
fined by

@o=1,(@r=al@a+1)...(a+k—1),a #0

r k
_Ta+b (1.42)
I'(a)
when I'(a) is defined.
The result (1.42) can be expressed in terms of the H -function as
_ 1 1 (1—a.,1)
(1-27%= F( ) [ 2l (0,1) ] (1.43)
Notation 1.2. E4(z): Mittag-Leffler function (Mittag-Leffler 1903).
Definition 1.2.
E = ,aeCN >0,zeC. 1.44
«(2) ;WH) o €CN(@) >0,z (1.44)

Notation 1.3. Eq g(z): Generalized Mittag-Leffler function (Erdélyi et al. (1955),
Sect. 18.1, Wiman (1905)).

Definition 1.3.

Eup(2) = Z F(ak L8 o, BeC M) >0,RPB)>0,zeC.  (1.45)

Note 1.4. Both the functions defined by (1.44) and (1.45) are entire functions
of order.

1
p= and typeo = 1.
o
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Notation 1.4. EZ 8 (z): Generalized Mittag-Leffler function.
Definition 1.4.

o k
(V)kz ,
EY = CNR(@) > 0,MB) >0,M(y)>0,zeC. (146
vp@ 20 Fak 4+ pyer 1@ > 00(B) > 0.0 (y) > 0.2 (1.46)
This function is also an entire function with p = m(la), see Prabhakar (1971).

Example 1.3. Evaluate the Mellin—Barnes integral

flr) = (—z)7%ds, |arg z| < 7, (1.47)

1 [rHe ) ra-—s)
2i /y_l-oo ' —ows)

where @ € R™ and show that f(z) is the Mittag-Leffler function E(z) defined by
the series (1.44).

Solution 1.3. We have

o o
o ()T =) _ b4t
= 1 -7 = 1.48
/@ ;s—lfr—lv (1 —as) 2 ; (av+1) (149
1,1 (0,1)
= EO((Z) = HI,Z [_Z (0’1),(0,‘1)] )
on comparing the results (1.2) and (1.48).
Example 1.4. Establish the Mellin—Barnes integral
1 YHioo P(s)I(1 — s)
E = —z)%ds, <, 1.49
wbO= i | ey (O g < (149

where « € R, 8 € C,R(B) > 0 and E, g(2) is the generalized Mittag-Leffler
function defined by the series (1.45).

Solution 1.4. Evaluating the contour integral as a sum of residues, we find that

L [rrRTEra=s) o N s+WIEOTA—s)
2mi /)’—oo B —as) (=27ds ; —1>_ (B —as) (—2)
) ;) Fav+ ) = Fes®
= Hi; [ Egjg,a—ﬂ,a)]’ (1.50)

where we have used the definition of the generalized Mittag-Leffler function (1.45)
and the definition of the H -function (1.2).
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In a similar manner, we can prove the next example.

Example 1.5. Prove that the generalized Mittag-Leffler function E;’ 8 (z) defined by
(1.46) is represented as a Mellin—Barnes integral in the form

1 Yo D) (y — 5)

i T() Jyses T(B—asy O 05 g <m (15D

E;;,g (z) =

wherea € R, B,y € C,R(B) >0,y #0,—1,-2,...
Solution 1.5. Proceed as in Solution 1.4 to establish the result.

Note 1.5. Applications of the generalized Mittag-Leffler function £, 4 (z) in finite-
size scaling in anisotropic systems can be found in the papers by Tonchev (2005,
2007) and Chamati and Tonchev (2006). This function is studied by Prabhakar
(1971), Kilbas et al. (2002, 2004) and Saxena and Saigo (2005).

Example 1.6. Evaluate the following reaction rate integral of physics in terms of the
H -function.

o0
I(a,b,c;p) = / t4 L exp(—bt — ct™P)dt, (1.52)
0
where a, b, ¢ > 0.

Solution 1.6. Expressing the right hand side of the above expression with the help
of the convolution property of the Mellin transform and then taking the inverse
Mellin transform one has

(o) 1 1 y+ioo
/ 197V exp(—bt — ct™P)dt . / I + ) ( ) (bcn) Sds
0 pb? 27i Jy—ico

1 2.0 1
Jpa H [ber |(O,l),(0’;)] . (1.53)

Remark 1.3. The integral of this example defines the Kritzel function (Kritzel
1979). For a detailed account of this function, the reader may consult the book by
Kilbas and Saigo (2004). Further, this integral is useful in the study of nuclear reac-
tion rates in astrophysics, see Anderson et al. (1994), Haubold and Mathai (1986),
Mathai and Haubold (1988) and Saxena et al. (2004), etc.

Following a similar procedure, it is not difficult to prove the next example.
Example 1.7. Prove that the Mellin—Barnes integral

1 [T () 1\
Io(2) = ) sy >o 1.54
@ = /y_ioo T(l+v—s) (22) vz (1.54)
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defines the Bessel function of the first kind, J, (z), defined by

3 (—DF z\vH2k
5@ _;F(l Fu 4 k)k! (2) : (1.55)

1.4 Some Identities of the H -Function

This section deals with certain basic properties of the H -function. Many authors
have investigated various properties of this function, and the researches carried out
by Braaksma (1964), Gupta (1965), Gupta and Jain (1966, 1968, 1969), Bajpai
(1969a), Lawrynowicz (1969), Anandani (1969a, 1969b), Kilbas and Saigo (2004),
Chaurasia (1976b) and Skibinski (1970) will be discussed here.

The results of this section follow as a consequence of the definition of the
H -function (1.2) by the application of certain properties of gamma functions, hence
their proofs are omitted.

Property 1.1. The H-function is symmetric in the pairs (ay, A1), ..., (an, An),
likewise (an41, An+1)....,(ap, Ap); in (b1, B1),...,(bm. Bm) and in (b1,
Bmt1),....(bg, By).

Property 1.2. If one of the (a;,A;),j = 1,...,n is equal to one of the (b;, B}),
j =m+1,...,qo0roneofthe (b;,Bj),j = 1,...,m is equal to one of the
(aj,Aj),j =n-+1,..., pthen the H-function reduces to one of the lower order
p and q, and n (or m) decrease by unity.

Thus we have the following reduction formulae:
Hm n [ (a1,A1),..., (ap,Ap) ] — Hm,n—l [ (az2,A2),..., (ap,Ap) ]

Pd | Zl(b1.B1)sen(by—1,Bg—1):(a1, A7) p—1,4-1 | %l(by,By),.(by—1.B4—1) |’
(1.56)

providedn > 1 and ¢ > m; and

Hm,n[ (ap,A1)s.. (ap—l,Ap—l),(bl,Bl)]=Hm—1,n [ (ar,A1),.ns (ap_l,Ap_l)]
pq (b1,B1);---5(bg,Bq) p—1,9—1 [*l(b2,B2),...,(bg,Bq) ’

(1.57)

providedm > 1 and p > n.

Property 1.3. There holds the formula:

g [ =y [l (.5
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This is an important property of the H -function because it enables us to transform
a H-function with © = Z‘JI-=1 B; — Zﬁ;l Aj > 0 and argz to one with ;1 < 0
and arg! and vice versa. It also helps in deducing the asymptotic expansion for the
H -function for the case pu < 0 from the given result for this function for u > 0 and
vice versa.

Property 1.4. The following result holds:

(ap,Ap)] _ [ kap.kAp)
Hmn[ |(b:,B:)] =k Hyg [Z |(b:,kBq")], (1.59)

where k > 0.

Property 1.5. There holds the formula

(a (ap+cAp,Ap)
¢ Hmn[ |(bfaq>] Hm"[ |(b:+gB:,BqI;]» (1.60)

where o € C.
Property 1.6. The following relation holds:

gmontl 0.y).(a1,41),....(ap,Ap) = (—1) m+1,n (a1 A1Ds(ap,Ap),0,y)
p+1l,q+1 Z(bl,B]) ..... (bg,By),(r,y) | — p+1,q+1 (ry) (b1,B1),...,(bg,Bg)

(1.61)

where p < ¢q,y > 0.
Property 1.7. The following relation holds:
pmtin [ |(a1,A1) ..... (ap,Ap),(l—r,y)]:(_l)r mn+1 [ |(1—r,y),(a1,A1) ----- (ap,Ap)]

Hpiv.g+1 [Fl(1,0). (61,81 (bg By) p+1.g+1 [Flb1,B))ees(bg. By (1)
(1.62)

where p < ¢q,y > 0.

Note 1.6. In the above results (1.58) to (1.62), the branches of the H -function are
suitably chosen.

Property 1.8. The multiplication formula for the H -function is given by:

, (ap, (A=1)c* (8+1 tm tn —unt [(At,ap),Ap)
a7 [ 4ran] = @) H (@ ey ] a.63)

where t is a positive integer, |u,6 and c¢* are defined in (1.9), (1.10), and (1.22)
respectively, and (A(t, 8,), yr) represents the sequence of parameters

8, S + 1 8 +1—1
([9)’7’)7( [ ’Vr),»--,( t ’Vr)- (1'64)
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For similar results see Gupta and Jain (1969). The following properties of the
H -function follow from the definition itself.

Property 1.9. Fora,b,c € C, there holds the formulae:

, (@,0),(a2,42).....(ap,Ap)| _ m,n—1 [ _|(a2,42),....(ap,Ap)
Hy [Z|(bq,Bq) e ] =T -a)H,7, [Z|(bq,Bq) e ] (1.65)

where R(a) < 1 andn > 1;

o [ @1.AD (@, Ap) _ m—tn [_{(@1.AD)u(ap.Ap)
Hy4 [Z (5,0).(b2.B2).... (bq,Bq)]—r(b)Hp,q—l [Z (b2.B2).... (bq,Bq)]’ (1.66)

where R(b) > 0andm > 1;

[<a1,A1) ..... (a,,_l,Ap_n,(a,o)]_ Ly [(al,Al) ..... (ap_l,A,,_l)]
<l(b1,B1)ses(bgBy) T I(a) P14 Xl(b1,B1)ses(bg,By) ’

(1.67)
where N(a) > 0 and p > n.

Hmn [ (@1,41),..,(ap,Ap)
psq

]_ L pman [(al,Al) ..... (@p.Ap) ]
@181 bg1.B4-0.0.0 ] T (1 = ) TPt :

(b1,B1),...,(bg—1,B4—1)
(1.68)

where R(b) < 1 and g > m.

1.4.1 Derivatives of the H -Function

The following formulas immediately follow from the definition of the H -function
and are useful in the study of fractional integrals and derivatives of the H -function.

d\” A -
p—1 ym,n o@pAp) N\ _ _p—n—1 pymn+1 (1—p,0),(ap,Ap)
(dz) {Z Hp.q [az ‘(bq’Bq) ]} - Hp i1+ [az|(bq,Bq),(1—p+n,o)

- —n—1 gm+1.n (@p,Ap),(1=p,0)
= (=" Hy, g+t [azo|(1£p+pn,0)’(bquq)]’
(1.69)

where a,0 € C,o0 > 0.
Lawrynowich (1969) has given the following four formulae for the successive
derivatives of the H -function:

d” o 2 (a1,41),....(ap.Ap)
B mun | _y|@i,A1),....(ap,Ap
dzr %Z VHpg [Z |6 80y, (bq,Bq)]

.
_ 14 —r+y 55 om, (@1,41)s(@p,Ap)
- (_Bl) SO e [ @ po e dn ], (1.70)
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where m > 1,y = Bj forr > 1;

d" ( —lay (a1,41),...(ap,Ap)
B, m,n Yy 1,41)5--5\8p>ap
dzr %Z “Hpg [Z | B0y (bq,Bq)]

.
(Y VR —— [ y1@1,41),...(ap,Ap) ]
= (Bq) z CHEE N 6 By By b8 T

where m < g,y = By forr > 1;

d’ —(V“;al)) m,n | _—y (a1,41),....(ap,Ap)
er{Z v H [Z |(b1,B1) ,,,,, (bq,Bq)]

r
VY e ) mn [y (@ =1 AD (@, Ap)
= (_Al) z W THyg [Z |y, B1 9o g By ] (1.72)

wheren > 1,y = Ay forr > 1;

d” | 5 (@A n(@p,Ap)
A m,n 4 1:441)5--25 psAap
dzr {Z v THpg [Z |(b1,B]) ..... (bq,Bq)]

.
(Y —(r-H/(l;ap)) m,n [ —y@,A4D,..., (llp—laAp—l)’(“l’_r’A”)]
B (Ap) ‘ O HE T oy B By ’

(1.73)

where p > n,y = A, forr > 1.
The results (1.70) to (1.73) for r = 1 are immediate consequences of the differ-
ential formulae given by Anandani (1969a).

Remark 1.4. The results of Lawrynowicz cited above are in a compact form and are
convenient for practical application.

Next we give three-term differentiation formulae for the H -function.

d {Hm,n I:Zn|(al,Al) ----- (apsAp):I}

“az pa (b1,B1).....(bg.By)
_ nar—1) {H’"’” [ n|(a1,A1) ,,,,, (ap,Ap)]}
-4 pa |2 11,81, (bg.By)
N rmn [ _n@1—1,41).(a2,42),..., (a,,,Ap)]
+ Aal,q [Z |(b1,31) ,,,,, (bg.By) ; (1.74)
where n > 1;
d {Hm,n [ n|(@AD- (ap,A,,)]}
Laz \pa |2 11,81 (b4, Bg)
_nlap,—1) {H’”’" [ n|(a1,A1) ..... (a,,,A,,)]}
T4, pd | % |(b1,B1),n(by.By)
N mn [ n)@i.AD,..(@p—1,4p—1).(ap—1.4p)
- A, H,4 [Z |(b1,B1) ..... (b:,Bq)p ] (1.75)
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wheren < p — 1;

d m.n n (a],A]) ..... (dp,Ap)
Zdz {HPJI [Z ‘(bI:Bl) ,,,,, (bq,Bq)]}

_nh moun [ _n)@i,A0....(ap.Ap)
= B e E A |

77 Hm,n I:Zn|(al,A]) ----- (apsAp)

_Bl P4 (1+4b1,B1),(b2.B2),..., (bq,Bq)]’ (1.76)

where m > 1;

d m,n n (ap,A1)s... (ap,Ap)
Yz {HM [Z |6 B0). (bq,Bq)]}

_ an m,n n (al,Al) ..... (a,,,Ap)
T B, {HPJI [Z ‘(bI:Bl) ,,,,, (bq,Bq)]}

n m,n | _n (@1,41),..,(ap,Ap)
+ B, Hy. [Z |(b1,Bl) ..... (bq_l,Bq_l),(qu,Bq)], (1.77)

where m < g — 1.
The above results can be proved with the help of the following formulae:

—AlsF(l —da] — Als) = (Cl] - l)F(l —day1 — A]S) + F(2 —day — Als), (1.78)

Aps _ap—1 1 (1.79)
T(ap + Aps)  Tlap+ Aps) Tlap—1+ Aps)’ '
—BisT'(b1 + Bis) = b1I'(by + Bis) — I'(1 + by + Bys), (1.80)
and
B;s by 1
- = + . (1.81)
I'd—by—Bys) TI'(1—=by—Bys) TI'(=by— Bys)
which readily follow from the property of the gamma function
F'z+ 1) =zI(2). (1.82)

Nair (1972, 1973) has given four formulae for the derivative of the H -function. His
results are the extensions of the formulae proved earlier by Gupta and Jain (1968).
One of the formulae proved by Nair (1972) is the following:

d d s rym,n niai,Ar),....(ap,Ap)
(xdx —cl) (xdx —cr) {x Hy [zx o By o8 ]}
s gym.n+tr hi(c1=s,h),....(cr—s,h),(a1,A41),....(ap,Ap)
=X Hp+r,q+r [zx (b1,B1),....(bg,Bg).(c1—s+1,h),..., (cr—s-‘rl,h)] ’

(1.83)

where 1 > 0.
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Whency =c¢; =--- = ¢, =0, (1.83) reduces to a result due to Gupta and Jain
(1968, p. 191). Oliver and Kalla (1971) have derived four differentiation formulae
for the H -function which extend the results of Anandani (1970c), which itself are
the generalization of the results due to Goyal and Goyal (1967a). One of the results
proved by Oliver and Kalla is the following:

dr

dx”

N h (a],Al) ..... (ap,Ap)
{H;’fq" [(Cx +d) |(b],Bl) ..... (bg.By) ]}

r

_ ¢ m,n+1 R |(0,h),(a1,41),....(ap,Ap)
T (ex +d) Hp g+ [(cx T D) 1 By b By).(rih) ] ’ (1.84)

where ¢ and d are complex numbers and / is real and positive.

Note 1.7. We note that partial derivatives of the H -function with respect to the pa-
rameters are investigated by Buschman (1974b).

1.5 Recurrence Relations for the H -Function

Gupta (1965) has obtained four recurrence formulae for the H-function by the
method of integral transforms due to Meijer (1940, 1941). One of his results is
given below.

mun | _j@A41..@p.Ap) | _ pym,n [ @1,41).(a2—1,41),(a3,43).....(ap,4p)
(al — az)Hpq I:Z (b1,B1),... (bg.Bg) ] - Hpq I:Z (b1,B1);...» (bg,Bg) ]
mun [ _|(@a1—1,41),(a2,42),....(ap,Ap)

- HPJI [Z (b1,B1),..,(bg,Bg) ] ’

(1.85)

where n > 2.

Anandani (1989) has given six recurrence relations for the H -function which
follow as a consequence of the definition of the H -function (1.2). Two such results
are enumerated below:

S (al,A]) ..... (ap,Ap)
(b1A1 —a1B1 + B1)H ) [Z b1.B1) (b,,,B,,)]

= BiHp [z

(a1—1,41),(a2,42),..., (ap,Ap)]
»q

(blaBl) ----- (bquq)

(@1,A41)5e-.5 (ap,Ap)

+ A1H;rf(}n [Z (14b1,B1),(b2,B>),..., (b,,,Bq)] ) (1.86)
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where m,n > 1;

, (@r,A41),..(@p,Ap)
(by Ay — ag By + B H™" [z . (bq”,Bq”)]

= m,n (ag—1,44).(a2,A42),....(ap,Ap)
= B H [ (b1,B1),.r(bg,By) ]

m,n (al,Al) ..... (a,,,Ap)
— Aqu,q [Z (blvBl) _____ (bq—lqu—l)y(qu"lqu)] k) (1.87)

wheren > 1,1 <m <¢qg — 1.

For further results on recurrence relations of the H -function, see the work of
Bora and Kalla (1971a), Jain (1967), Srivastava and Gupta (1970, 1971), Raina
(1976), and Raina and Koul (1977). A set of contiguous relations for the H -function
are given by Buschman (1974b).

1.6 Expansion Formulae for the H -Function

Expansion formulae for the H-function are given by Lawrynowich (1969), Raina
(1979), and Kilbas and Saigo (2004). The four expansion formulae for the
G-function due to Meijer (1941a) have been extended to H -functions by Lawrynow-
icz (1969) by using a method analogous to the one adopted by Meijer (1941a) for
the G-function. The results are the following:

(1) Let m,n, p, and g be nonnegative integers such that 1 <m < g, 0 <n < p.
Further,let A;, j =1,...,pand B;, j = 1,...,q be positive numbers and
aj, j =1,....,pand b;, j = 1,...,q be complex numbers satistying the
condition (1.6) and u > 0, where u is defined in (1.9). Then if w and 7 are
complex numbers such that w # 0 and 1 # 0, then the following results hold:

m,n (a1,A1),..., (apyAp)
Hpyy [’7“’ (b1,B1)sr(by Bq)]

¢ —n‘“) (@1,41),.0(ap,Ap)
=t Z Hy (ol 5y s, ) (189
. . 1
where 7 is arbitrary for m = 1, and form > 1, [p81 — 1| < 1, arg(nw) =
1 1
Biarg(n®1) + argw and [arg(n®1)| < %
m,n (@1,41),..,(ap,Ap)
Hy, [’7 (b1,B1),r(by, Bq)]
(an - 1) (ay1,41),....(ap,Ap)
— B m.,n s sees\UpsAp
’7 ‘ Z H, [ (b1,B1)smms (bq_],Bq_]),(r+bq,Bq):|’

(1.89)
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1 1 1
where g > m, |nBs —1| < 1 arg(nw) = Bgarg(n 5« )+argw, and |arg(n e |< 7 ;

moun [ _@1,41),...(ap,Ap)
Hy4 [Z 1B (b,,,B,,)]

1
(aj—1n X 1=y Ay (a1—r,A1).(a2,42),....(ap,Ap)
_ ) ,A1),(a2,42),..., p-Ap
=n M Z ! Hyq [w (b1,B1),.-.(bg,Bg) ]7
r=0

(1.90)

1 1 1
wheren > 0, R(n41) > ; arg(nw) = Ararg(n“1) + argw and |arg(n 41 )|<7;

Hm,n I:n (a1,A1),..., (apyAp):I
p.q

@l(b1,B1),.(bgBy)

ap—1

1
(A7 = 1) pn T (@140 (@ p—1, A p—1)s(ap—r,A,)
=n 4 Z ,,! Hy4 [“’ (b1,B1),....(bgBy) ]
r=0

(1.91)

1 1 1
where p >n, R(n4r) > é arg(nw) = Aparg(n“»)+argw and |arg(n4r )| < 7.
By virtue of the following transformation formula for the Gauss hypergeometric
function (Erdélyi et al. 1953,2.10(1))

2Fi(a,bic;z) = ll:ii)fic);(z:gzﬂ(a,b;a +b—c+1;1-2)
F(C)l_lj((;’) ;’(Z)_ c) (l—z)c_a_szl (c—a,c—b;c—a—b;1-2z),

(1.92)

for |arg(1 — z)| < 7 we find that

o0

Z (@)n Z"Hm+l’n Z|(ap,z‘1p),(c+n,y)
n! T pELa+1 | Cl(b+n,y),(bg,Bg)

=0

_Tle—a-b) i (@)n (R — [ |(a,,,A,,),(c_a,y)]
T Tle-b) = a+b—c+l), nl Trrat le+n.y).(bg.By)
=

I'a+b—-c) 0 (c —b)n (1_Z)c—a—b+n
I'(a) ,;(c— —b+ 1)y, n!

m+1,n (ap,Ap),(b,y)
X Hp g+ [Z|(c+n,y),(bq,3q)] ’ (1.93)

where a,b,c € C,y > 0, |arg(1 —2)| < w,N(c —a—b) > 0ifz = 1.
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1.7 Asymptotic Expansions

The behavior of the H -function for small and large values of the argument has
been discussed by Braaksma (1964) in detail. Explicit power and power-logarithmic
series expansions for the H -fucntion are given by Kilbas and Saigo (1999, 2004). In
this section we present some of their results which are useful in applied problems.
Asymptotic expansions of the H -function are discussed by Dixon and Ferrar (1936).
Convergence of the Mellin—Barnes integrals are recently discussed by Paris and
Kaminski (2001, p. 63).

Theorem 1.2. Let a and p be as given in (1.13) and (1.9) and let the condition
(1.6) be satisfied. Then there holds the following results:

() If u >00rpu <0, >0,|argz] < éna then the H -function has either the
asymptotic expansion at zero given by

H''(2) = O(2), |z2| =0, or (1.94)
H(2) = 0| In(@)[V 7). |z = 0. (1.95)
Here,
E}{ .
¢ = min [ (bf)] (1.96)
1<j<m Bj-

and N is the order of the poles { j, in (1.4) to which some other poles of I (b; +
Bjs), j =1,...,m coincide. Also for n<0,a =0

H)'(2) = 0(2%), |z = 0, Jarg(z) < €, (1.97)
Rbi) RE) + 2
0 = min [%(bf), ©)+ 2] (1.98)
I<jsm | B; i

and €* is a constant such that

0<e* <’ min (A By). (1.99)

2 1<j<mim+1<k<q

(ii) If w < 0orpu > 0,0 > 0 then the H-function has either the asymptotic
expansion at infinity given by

H"(2) = 0(2%). |z] — oo, or (1.100)

H™(2) = 0 | In(@) M), |z] — oo, (1.101)

d = min [m(a")_l] (1.102)
1<j<n A;j
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and M is the order of the poles wyi in (1.5) to which some of the poles of
I'l—a;—Ajs), j =1,....n coincide. Also for p > 0,ac =0

H}' (@) = 0(2P), |z] = oo, |arg(z)] < e, (1.103)
Ra;)—1 RE) + !
p= max [m(a,) RE 2], (1.104)
1<j<n Aj 2

and € is a constant such that

0<e< Z min (A} By). (1.105)

=J=p;l=k=m

For n = 0 the H -function, for real argument x, vanishes exponentially for large x
in certain cases. The case m = 0 is also discussed. Let

m p
t=Y Bj— Y A (1.106)
j=1 j=n+1
Theorem 1.3.
(i) Letn = 0,0, B, 1,8 and T be given by (1.13), (1.8), (1.9), (1.10), and (1.106)

respectively. Further, let & > 0, > 0, € be a constant such that 0 < € < ”2” R
and the condition (1.6) and A;(1 —a; + k) # Ai(1 —a; +A),i # j.j =
1,...,n;k,A € Ny are satisfied then for real x there holds the following asser-
tion: We have

H O(X) ( [RE)+2 ]/”) exp |:cos (rn) ;,L,B_llixtll] , x > o00. (1.107)
I
In particular,
(x) ( R+ ]/“) exp [—/Lﬂ_tltxtll] , X — 00. (1.108)

(ii) Letm = 0,a, B, i, and § be given by (1.13),(1.8),(1.9) and (1.10) respectively.
Further, let 1 < 0, > 0;€* be a constant such that 0 < €* < ”|2”|, and the

condition (1.6) and Bj(b; + k) # Bi(b; +A),i # jii,j =1,....,m;k,A €
Ny are satisfied. Then for real x there holds the following assertion: We have

HO”(x) ( —[m<5)+£]/\m) exp |:cos (|§“n|) |M|,3|ll‘|x_llli| ,x — 0+,
n

(1.109)

§_ZA— ZB

j=m+1
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In particular,

Hg:g(x) =0 (x—[m(8)+£]/\m) exp [—|;L|IBI;1LIX_\:4\] ,x—>0+. (1.110)

Remark 1.5. Power logarithmic expansions in particular cases of the H -function
H{?) and H}J:p are investigated by Mathai (1973).

1.8 Some Special Cases of the H -Function
Notation 1.5.

G() =G, (=G, (Z Z:) =Gnr (Z e a:): Meijer’s G-function

or the G-function. (1.111)
Definition 1.5.

G@) = G )

m,n ap\ _ ~m,n A seees ap
Gp.a (Z|bq) =Gpy (Z Bl bq)

N e T+ O {Ta P00
2mi L{ ?=m+1r(1_bj_s)}{ f:nHF(aj—i—s)} ,
(1.112)
where0 <m <q,0<n <gq;a;,j=1,...,pandb;, j =1,...,q are complex
numbers and are such that
a;—b, #0,1,...;j=1,....msh=1,....m. (1.113)
The parameters are such that the points
s=—0b;j+v),j=1,....m;ve Ny, (1.114)
and
s=—(a;—v—1),j=1,....,n;v € N, (1.115)

are separated. Here L is the same contour taken for the H -function defined by (1.2).

A detailed and comprehensive account of the theory and applications of the
G-function is available from the monographs written by Erdélyi et al. (1953,
Sects. 5.3-5.6), Luke (1969), Mathai and Saxena (1973), Mathai (1993c¢), Prudnikov
et al. (1990, Sects. 8.2 and 8.4). The G-function itself is a generalization of a
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number of known special functions occurring in applied mathematics and mathe-
matical physics. Special cases of the G-function can be found in Erdélyi et al. (1953,
Sect. 5.6), Luke (1969, Sects. 6.4, 6.5), Mathai and Saxena (1973a, Chap. II), and
Mathai (1993c).

Notation 1.6. ,Fy(z) = pFylai,....ap;b1,...,by;2): Generalized hypergeomet-
ric series.

Definition 1.6.

oo

(@i (ap) F
F, =, F.(ay,...,a,:b1,....,by;2) = E , 1.116
pFa(2) = pFy(an P> b1 4:2) 2 (D) (bg)i k! ( )

where (a) is the Pochhammer symbol defined in (1.42);a;,b; € C,i =1,..., p;
j=1....9:bj # —v,v e Ny.

Notation 1.7. E(ai,...,ap;P1,....Bq:2): MacRobert’s E-function (Erdélyi et al.
1953, p. 203).

Definition 1.7.

. . 1 1,815 B
E@.opiBr.Bo2) = Gy [0

1 (=) [172 Tl +5) _
- sds. (1117
omi )y T, T +s) © O (1.117)

Notation 1.8. J}'(z): Bessel-Maitland function or Maitland—Bessel function
(Marichev, 1982, Eq. (8.3)).

Definition 1.8.

= (—2)"
iy — 2 :
7y (Z)_n=o F(w+npu+1)n! (1.118)

Notation 1.9. J f ,(2): Generalized Bessel-Maitland function (Marichev 1983,
(8.2)).

Definition 1.9.

B 0 (_l)n z\V+24+2n
- . 1.11
1, ’;F(v+nu+l+l)r(”+l+l) (2) 1

Notation 1.10. Z(z): Kritzel function (Kritzel 1979).

Definition 1.10.

oo
700 = f "~ exp [—zp - f] dt, veC,p>00z >0 (1.120)
0
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Notation 1.11. K, (z): Modified Bessel function of the third kind or Macdonald
function, see also Sect. 1.8.1.

Definition 1.11.
1 [® z 1. . 1
Ky (z) = 2/0 exp[—z(t + t)]r v=ldr, R < . (1.121)
2\" [
= ]/n ( ) / e (2 — 1) ds, R(z) > 0, (1.122)
I (2 — 1)) é 1

see Sect. 1.8.1 for more details.

Notation 1.12.

V() =¥ [ EZ” B ))] : Wright generalized hypergeometric function

(Wright (1935)).
Definition 1.12.

P
v [ b A”)] Z ey (1.123)
P [*(bg-Bg) “T14_, T(bj +nBj)n!’ '

where a;,b; € C and 4;,Bj € R = (—00,00); A;.B; #0,i =1,....p.j =
1,...,q;Z‘§=lBj —Z§)=1Aj > —1.

Notation 1.13. ¢(a,b;z),0V1(z): Wright function

Definition 1.13.

I’l

$(a,b;z) = oW [z|(b’a)] Z (an L hynl’ b,zeCia€ R,a#0.
= (1.124)

The H -function in the generalized form contains a vast number of analytic func-
tions as special cases. These analytic functions appear in various problems arising
in theoretical and applied branches of mathematics, statistics, and engineering sci-
ences. We present here a few interesting special cases of the H -function, which may
be useful for workers on integral transforms, fractional calculus, special functions,
applied statistics, physical and engineering sciences, astrophysics, etc.

HE (2| o | = B'25 exp (—2b 1.125
o1 |Zws | = 7B exp(—z5 ), (1.125)
1-v,1)7] _
i o] = T + 297 = T Fo(vs 5—2),1d < 1
(1.126)
2 7] a

A =(Z 5 (@), 1.127
0.2 [4 |( )57 | 2) v(2) ( )
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where Jy,(z) is the ordinary Bessel function of the first kind, see also Sect. 1.8.1.

2
H(i,ZO |:Z |(a+v )(a v 1):| ( ) KV(Z)» (1128)

where K, (z) is the modified Bessel function of the third kind or Macdonald func-
tion, see also Sect. 1.8.1.

20 v (a—v—l 1) B z\a
|: |(a v 1) (a+v ),(a—;—],l)] - (2) YV(Z)» (1129)

where Y, (z) is the modified Bessel function of the second kind or the Neumann
function, see also Sect. 1.8.1.

a, I r
Hy; [ E(l)l)(ll) cl)] FEa;CD( je—7) = FE?;IFI(CI;C;_Z), (1.130)

which are called the Kummer’s confluent hypergeometric functions.

—a,1),(1-b, I'(a)T(b)

H)? [z 81[)‘(11)_(;1) 1)] = o F(a,b;c;—z), (1.131)
T(@)T (b

= (lc.l,)(c)( )zFl(b,a;c;—z), (1.132)

which are called the Gauss’ hypergeometric functions. The relation connecting
H -function and MacRobert’s E-function is given by

U006 B
HE [ el = B api B Biia) (1L133)

The relation connecting Whittaker function and the H -function is given by

2
2,0 | 7 ((p—k+1,1) _ p.—%
e [4 (p+m+5),(p—m+;,1>} =2 Wiem (@), (1.134)

see also Sect. 1.8.1. We now give the special cases of the H -function which cannot
be obtained from the G-function:

1,1 0,1)
Hy, [—z (0,1),(0,@] = Eq(2). (1.135)

where Eq(z) is the Mittag-Leffler function (Mittag-Leffler 1903).

0,1
) [ Eoyli,(l_ﬂ,a)] = Eqp(2), (1.136)
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where Ey g(z) is also the Mittag-Leffler function (Mittag-Leffler 1903).

1 1,1 (I-y,1) y '
rop i3 [—z (0,1),(1_13’“)] = EJ 4(2). () > 0, (1.137)

where E;’ P (z) is the generalized Mittag-Leffler function.

1,0
H33 (2l 1y = S0, (1.138)

where J!'(z) is the Bessel-Maitland function or Maitland Bessel function (see
Marichev 1983, (8.3)).

2
1,127 (A+3.D g
Hi; [4 (A+;,1),(;,1),(u(x+;)—x—v,u)} = JM(Z), (1.139)

where J f 5, (2) is the generalized Bessel-Maitland function (Marichev 1983, p. 128,
8.2)

Hl,p (1 —ay,A1)s...(1—ap,Ap) _ |(‘1p p)
p.a+1 | 7%0,1),(1=b1,B1)....(1=by.By) | — (bg.Bg)
1 L) 152, T(a; — Ajs)
[1j=i T =4 (—z)~%ds, (1.140)

~2xi Jo TT4Z,T(bj — Bjs)

where ,W,(z) is the Wright generalized hypergeometric function (Wright 1935).

H02 |:z|(01)(v 1)] =pZ,(2),z€ C,p>0,veC, (1.141)

where Z ) (z) is the Kritzel function (Kritzel, 1979). The following special cases of
the H -function occur in the study of certain statistical distributions.

22271(1 — )Pt

H22 [ (@1 +B81—1,1),(a2+B2— 11)] _

(a1—1,1),(cx—1,1) T (B + a)
X 2 Fi(aa+po—ar, Br: B1+P2:1-2), |z < 1,
(1.142)
(@+5.1) _1 1
Hy’ [ s ]=ﬂ 21— 72,7 < L. (1.143)

((x+] 1)(01+2 1) 2 1. .
H [ (al)(al) ]_ZQZFI (3737191_Z 5 |1_Z|<1.

(1.144)
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1.8.1 Some Commonly Used Special Cases of the H-Function

(i) Psi function

_d T
V(z) = dZ(lnl“(z))— re)’ (1.145)
= /oo[t_le_t —(1—e ) e ]ds, R(z) > 0, (1.146)
0

=—y+ G- _[(k+D+k] "y ~05772156649.... (1.147)
k=0

(ii) Zeta function (Riemann zeta function)

(@) =) n".%(p) > L. (1.148)
n=1

tlp.a) = (n+a)”.R(p) > la#0-1,-2..... (1.149)
n=0

(iii) Whittaker functions

1
Myuo(@) =2 2e 2 Fy (2 —H+v2v+ 1;z) (1.150)
Vl 7/2 1
=7z"2e""1F 2+M+v;2v+1;—z (1.151)
r'a+2v)

1
— —z/2 v+;/ —zttv—u—%
) L L") R

1
x(l—t)"‘“‘_édt,m (2 +v:|:/,L) >0,|argz| < 7 (1.152)

c+ioo
= Fl(l 2 e~/ ) ~ /
r (2 +v— M) 2ri Je

—ioo

L (L +v—p—ys)

—z)7*ds, <m/2,2v# —1,-2,...
I+ 20— ) (—2)7ds, |argz| < 7/2,2v #

(1.153)
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Win@ = (;F(__i”i RCEN (;_(2:)+ M@, (1150
;—,u;év #0,—1,-2,...,2v #0,%1,...
=W, () (1.155)
_ e fooe—ft”—“—i(l + D=ty (1.156)

T +v—mn)Jo ?
m(;+v—u) > 0,|argz| < m,
Z,ue—z/Z 1 c+100

T (v T (L —v— ) 2mi /c_m Fe=s)
xl"(;—i—v—,u—i—s)l"(;—v—,u—i—s)z_sds (1.157)

3 1
|argz| < ) ,—2+uiv;éo,1,2,...

(iv) Parabolic cylinder function

Z2
5_’_1"1‘(2) (1.158)

s, dh (2
— (—1)"e<2/“cl . (6_2) (1.159)
Z
) 1 ctioo (1 L o\ () + AN
it ! Catall+s) (Z) ds, (1.160)
c—ioco 1—‘(5‘_24'4) 2

s
<
jargz] <)

(v) Bessel and associated functions

(o]

(=1)"(z/2)"*?" (z/2)" 2
PO=2 w4 = sl ( v 4) (1161
r=0

1 c+ioco r(v;—s) Z\—S
dri /c_ioo r(1+"%") (2) ds, =(v) < 1, |argz] <

(1.162)

1 ico I'(—s) z\V+2s
ds,z> 0,0M(w) > —1.  (1.163
i /_ioo Tw+s+1) (2) 52> 0.%(v) > (1.163)

B e (Z/z)v+2r _ (Z/z)v ' .ZZ
IV(Z)_;r!F(v—I—r—i-l) - F(v—l—l)OFl( SRS 4) (1164

— e—iv:’t/zjv(zei”/z)’ —m < argz < 7'[/2 (1165)
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1

W (3)= rn e

"\2 T'(m+1)
1 c+ioo F(s—=")I(s+"? 2N =S

Yo() = f ( v+21) (3+v2) (Z) ds  (1.167)
2700 Jemico T(s—="T1) T (P17 —s) \ 4

2
-3 <9Nw) < -1,

2—2m
= Mo m(2). (1.166)

2z =
Ky(z) = . Wo,v(22) (1.168)
1 c+ioco v v Z2 —s T
—47”./;_1_00 F(S+2)F(s—2)(4) ds,largZ|<2
(1.169)

(vi) Struve’s function

S (-1

H,(z) = (1.170)
Y ;F(V+S)F(v+r+g)
(z/2)v*1 ( 3 3 zz)
_ Bl v+ =" ). 1.171
r)re+3)'"202 T2 (1171
(vii) Jacobi polynomials
1 1—
PP (x) = (o +' )”ZF1 (—n,n + Ao+ 1 2x) (1.172)
n:
—1)" 1 1
_ =D ('3'+ o E (—n,n+x;ﬂ+1; ";x) (1.173)
n!
U gt @ ny bt
= Lnp! (I-x)"%(1+x) dxn{(l—X)"‘ (1 + )P
(1.174)
—2—"Xn: T K P N W
B k n—k T ’
k=0
(1.175)
(viii) Shifted Jacobi polynomial
R@P(x) = P@P (2x — 1), (1.176)
(ix) Legendre polynomials
dn
Pu(x) = (2= 1" = POO(y). (1.177)

27! dx?
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(x) Gegenbauer polynomial

(@+3) Qa + 1), plea)

A

(xi) Chebyshev polynomials

B )
Th(x) = (1/2), Py (x)
= cos(n cos™ ! x).
T)(x) =T,2x —1).
(n+ 1! (1,1)
G,
US(x) =U,(2x — 1).

Un(x) =

(xii) Laguerre polynomials

@ e*x« d" .
Lna (X) — e (G X\ n a)
1
_ @t )"1F1(—n;a+1;X)
n!
— lim p@B (1_ 2%,
B—o0 " ﬂ

LO(x) = L (x).

(xiii) Hermite polynomials

n

> d 2
a0 = (1ye” T ),
X

dn

2
dx” ).

H,,(x) = (—1)"e¥/?

1.9 Generalized Wright Functions

29

(1.178)

(1.179)

(1.180)
(1.181)

(1.182)

(1.183)

(1.184)

(1.185)

(1.186)

(1.187)

(1.188)

(1.189)

In this section, generalized Wright function is studied. Its existence conditions are
presented. In the preceding section the representations of the generalized Wright
function in terms of the Mellin—Barnes integral and the H -function were given.
Conditions for such representations are proved by Kilbas et al. (2002), also see

Kilbas et al. (2006).
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1.9.1 Existence Conditions

Existence conditions for the generalized Wright function are given by Braaksma
(1964, p. 326), also see Kilbas et al. (2002). In this section we will prove the exis-
tence conditions for the generalized Wright function. The main result is given in the
form of the following:

Theorem 1.4. Let p,q € Ny. Further;, let a;,b; € C and A;,B; € Ry,i =
L....p;j=1,...,¢q

(i) If w > —1 then the series in (1.190) is absolutely convergent for all z € C.

(ii) If w = —1 then the series in (1.190) is absolutely convergent for all values of
|z] < B and for |z| = B, R(§) > ; where (v and § are defined in (1.9) and
(1.10) respectively.

Proof 1.2. Equation (1.190) is a power series

(a
LU, [ (b:B:)] chz, (1.190)

1_1 I'(a; + Ain)

;-1 € No. (1.191)
[1%_, T(b; + Bjn) n!

Cp =

In order to investigate the asymptotic behavior of ¢, when n — oo we use the
Stirling formula for the gamma function (1.25) to obtain the following relations:

A g ndi -3
F(ai+nAz-)~Pl-( ) A T2 Py —(271)2A e Y, (1.192)
€

asn —»oofori =1,...,p;
n\"Bj nB; b | pbi=3 b,
r(b,+B,n)~Q,() B nbi=3 0 = (2n)2 B e, (1.193)
e
asn —»ooforj=1,...,q;and
1 /n\" 1
n'~(271)2< ) nie,n — oo. (1.194)
e

Using the results (1.192), (1.193), and (1.194) into (1.191) it yields the estimate for
¢, in the form

n

—n(u+1) L4 . g _B.
cn~R(Z) [T47 || T18% | n7¥*3. n > oo, (1.195)
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where p and § are defined in (1.17) and (1.18) respectively and

a; -3 _
(p—g—l) H?:l(Ajj 2e4)

R = (@m) q bj=5 b,
e[li=,(B; *e™%/)

(1.196)

The theorem now follows from the known convergence principles of the power
series in (1.190). O

Corollary 1.1. Let p,q € No. Leta;,bj € C,A;,B; € Ry,i =1,...,p;j =
1,...,q be such that the condition u > —1 is satisfied. Then the generalized Wright
Sfunction ,V,(z) is an entire function of z, where p is defined in (1.9).

Corollary 1.2. Let a be real and b € C in the Wright function ¢ (a; b; z) of (1.124).

(i) If a > —1 then the series in (1.124) is absolutely convergent for all 7 € C.
(it) If a = —1 then the series in (1.124) is absolutely convergent for all |z| < 1 and
for |z| = 1, R(B) > 1 where u is defined in (1.9).

Corollary 1.3. Ifa > —1 and b € C then the Wright function ¢ (a, b; z) defined by
(1.124) is an entire function of z.

Corollary 1.4. If & > —1 and v € C then the Bessel-Maitland function J}'(z)
defined by (1.118) is an entire function of z.
1.9.2 Representation of Generalized Wright Function

Notation 1.14.

2Ri(a,b;c,w; u;z): Dotsenko function (Dotsenko 1991, 1993) (1.197)

Definition 1.14.
Ple) & T@+Rrh+k)
Ri(a,b;c,o;u;2) = 1.198
2Ri(@,bic 07 2) F(a)F(b)kX:(:) Tc+k%) k! (1.198)
T'(c) (@1),(6,2)
- O, | DO 1.199
@) ()’ I[Zw’ ] (1199

The existence of the generalized Wright function ,W,(z) defined by means of the
Mellin—Barnes integral (1.140) is given by the following results which yield dif-
ferent conditions for the representation (1.140) with the contours L = L_,, L =
Lo and L = L;yeo. By following a procedure similar to that adopted in proving
the existence conditions of the H -function in Theorem 1.1, the following theorems
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can be established on the contours Lo, Lo and L;y (defined in Sect. 1.1). For a
detailed proof of these theorems, one can refer to Kilbas, Saigo, and Trujillo (2002)
and also to a recent article by Kilbas et al. (20006).

Theorem 1.5. Let p,q € No. Leta;,b; € Cand A;,Bj € Ry,i =1,...,p;] =
1,...,q and be such that the conditions “’;k # —v;k,ve Nog,i =1,...,pand
(ai +k)A; # (aj +m)A;,i # j,j =1,...,p;k.m € Ny be satisfied. Let either

of the following conditions hold:

w>—1, 740, (1.200)
w=-1,0<]|z <8, (1.201)
1
w=—1,lz[ = B,R(E) > 5 (1.202)

Then there exists the generalized Wright function ,WV,(z) defined by means of the
Mellin—Barnes integral (1.140), where the path of integration L. = L_o, separates
all poles given in s = —v,v € Ny to the left and all poles given by s = a’;k =

1,...,n;k € Ny to the right.

Theorem 1.6. Let p,q € No,a;,b; € C and A;,B; € Ry,i =1,....p;j =
1,...,q and be such that the conditions on the parameters in Theorem 1.5 are sat-
isfied. Let either of the following conditions hold:

w<-—1,z#0, (1.203)

w=-1z] > B, (1.204)
1

p==Ll=p.RE) > . (1.205)

Then there exists the generalized Wright function ,WV,(z) defined by means of
Mellin—Barnes integral (1.140), where the path of integration L = L4+ Separates
all poles as stated in Theorem 1.5.

Theorem 1.7. Let p,q € No,a;,b; € C and A;,B; € Ry,i =1,....p;j =
1,...,q and be such that the conditions on the parameters as stated in Theorem 1.5
be satisfied. Let either of the following conditions hold:
1— )
<1, |arg(—2)| < ( 2“) 2 #0, (1.206)
1 ,
w=100+wy+ 5 < N(8), arg(—z) = 0,z # 0. (1.207)

Then there exists the generalized Wright function ,W,(z) defined by means of
Mellin—Barnes integral (1.140), where the path of integration L = L;,« Separates
all poles as stated as in the Theorem 1.5.
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If we combine the Theorems 1.5-1.7 then we arrive at the following theorem
given by Kilbas et al. (2006, p. 125), which gives the conditions under which the
generalized Wright function can be represented as an H -function by (1.140).

Theorem 1.8. Let p,q € No,a;,b; € Cand A;,B; € Ry,i =1,....,p;j =
1,...,q and be such that the conditions in Theorem 1.5 be satisfied, and let y € R.
Let L be the contour which separates all poles as given in Theorem 1.5. Further, let
either of the following conditions hold:

() L = L_o and either (1.200), (1.201) or (1.202) holds (1.208)
(i) L = Lo and either (1.203), (1.204) or (1.205) holds (1.209)
(iii) L = Lyoo and either (1.206), or (1.207) holds (1.210)

Then the generalized Wright function ,V,(z) defined by (1.123) is represented as
an H -function by (1.140).

The utility and importance of the generalized Wright function is realized in recent
years due to its occurrence in certain problems of applied character. This function
is in the proximity of the H -function so its utility is further increased. Nearly all
the Mittag-Leffler functions and their generalizations can be expressed in terms of
this function; in this connection one can refer to the paper by Kilbas et al. (2002).
Various properties of the Wright function are studied by many authors in a series of
papers, some of which are enumerated below.

Wright (1933) showed the application of the results obtained for the function
¢(a, b; z) defined by (1.124) to the asymptotic theory of partitions. Dotsenko (1991)
developed fractional relations for the Wright function. Asymptotic relations and dis-
tribution of the zeros of this function ¢ (a, b; z) are investigated by Luchko (2000,
2001). Application of this function in operational calculus is given by Mikusinski
(1959) and in integral transform of Hankel type by Gajic and Stankovic (1976)
and Stankovic (1970). Mainardi (1994) derived the solution of fractional diffusion-
wave equation in terms of the Wright function. In this connection, the interested
reader can also refer to the book by Podlubny (1999, Sect. 4.12) and to the sur-
vey paper Mainardi (1997). Scale-variant solutions of some partial differential
equations of fractional order are given in terms of the special cases of the gener-
alized Wright function by Buckwar and Buckwar and Luchko (1998), Luchko and
Gorenflo (1998) and Gorenflo et al. (2000). Analytic properties of the Wright func-
tion with applications are obtained by Gorenflo et al. (1999). Existence conditions
and representations of the generalized Wright function in terms of Mellin—Barnes
integrals and the H -function are obtained by Kilbas et al. (2002). Wright function
representations of the Kritzel function are investigated recently by Kilbas et al.
(2006). Generalized Wright function has been used in the study of generalized
gamma functions by Srivastava et al. (2003). Generalized Wright function as a ker-
nel of an integral transform is recently studied by Saxena et al. (2006). Analytical
continuation formulae and asymptotic formulae for the generalized Wright function
are investigated by Kilbas et al. (2006).
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Exercises

1.1. Prove that if 3(§) > 0, then

5
()  fiS.oyl)=2 (Vax)z Ks[2(ayx) ],

(i) fOriony =) = TE)@+ 707 9@ +y) > 0. < 1.

1 -1,,2
(iii))  f(x:;6,a,, —2) =219 (28)a? exp (a Sy o
o2

(v)  f(x;8,0,7,=2) =T(§)(2yx)~ 2eXP[— ]D—a[a(ZVX) ],

) Doss[(20) Sy,

where f(x;8.0.y.¢) = a8 Hy3 [a?yx|(8, ). (0. 1)] (Buschman 1974a).
1.2. Prove that
s [0 ]
Z( o M=ir[1=ay 4, ()] |
A=+ () JHIT = [0 = ()]
(Braaksma 1964, p. 279)

1.3. Prove that
o 4 yma [ s)@pAr) gmontt [ 8]08).Gap,
@ z dzr { P [x (bq-Bq) ]} p+1.g+1 [ |t B2, (r8)]
o 4 fgma [ -s|@pa oy gl [ =808 ap.Ap)
(i) 2 dz” { P4 [ |(bq Bg) :I} =(D'H pt+l,q+1 I:Z |(bq’Bq),(155) :|’

giving the conditions of validity of the result. Hint: use the formulae

N L1458
CarC) T rtss—n)°
and
- d’ (Z_S(S) _ =)' (r +s8)z_55

dz I(s8)
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Show that
d” ¢ 5|(@p.Ap) Amr gymant1 §|(~4.8).(ap.Ap)
dz” {Z Hgfqn I:ﬂZ |(bq’Bq):|} =2 er+1’q+1 I:ﬂZ |(bquq),(V—158):| ’
(Anandani 1970)

1.4. Establish the following identities:

. m,n+1 (,8),(ap,Ap) _ rym+1,n (ap,Ap),(a,8)
) Hplig [Z|(bq,3q),(a+r,5)] = D Hp g g [Z|(a+r,8),(bq,Bq)]'

(Anandani 1970, p. 191)

1
N a0 [ _|(3+a1).(1-a) _(7T 2 ! !
W g |:Z|(0,1),(5,1),(b,1),(—b,1) B 2) Wap 222 )Woap(222).

where W, ,(2) and W_, (z) are Whittaker functions.
(iii) gmnt2 [Z|(—U,h),(a—a,h),(ap,Ap) ]

p+2,q+2 (byg,By),(a—0—v,h),(—1—B—0c—v,h)

_ v yym+1l,n+1 (=o,h),(ap,Ap),(a—0,h)
- (_1) HP+2JI+2 I:Z‘(Q—U—U,h),(bq,Bq)s(_l_ﬁ—U—V,h)] ’

. m+1,n (ap,Ap),(a—B—1,h)
V) Hpiign [x (@=B.1).(bq.By) ]

_ gym+1,n (ap,Ap),(a+1.h) m,n (ap.4p)
= Hptig+1 [x|(a+2,h),(bq,Bq)] —(B+2)H, [x|(bq,34)]

(Anandani 1969).

1.5. Prove that

d d § gym,n hiap.4p)
(dxx _Cl) (dxx — cr) {x H, [zx |(b,,,B,,) ]}
8 yymn+r h|(cr—8—1,h),....(c1—8—1,h),(ap,Ap)
=X Hp v gir [Zx (bgBy)s(cr—8,h),....(c1—8,h) ] ’

where 4 > 0 and the symbol d‘;x indicates that the function of x in front of it is
first multiplied by x and then the product is differentiated with respect to x. Hence
deduce the following result:

d d d {
(dxx—c) (dxx—c+e)---(dxx—c+(r— )e)

Se+c—1 gym,n he|(ap,Ap)
x {x Hyy [zx |(bq,Bq)]}

_ r Setc—1 ym,n+1 he|(1=r=8,h),(ap,Ap)
=ex Hp g+ [Zx b8y L8) |

provided e # 0,7 > 0.
(Nair 1972)
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1.6. Establish the following differentiation formulae:

o @
W H (cx +d)" |G B:)]

(—C)r m+1.n B 1(@p.Ap).(0.h)

T (ex +d)yr pHLat [(Cx +d) |(r,1}7t),(Zq,Bq) ]
1 d’ m,n I 1 (ap,Ap)
(i) A’ Hyq | (cx + d)h |(b,, By)

_ c” m,n+1 1 |(a,,,A,,),(1—r,h)
- (cx +d)r p+1,g+1 (cx +d)h (1,h),(bg,Bg) ’

..o dr Hm 1 (@pd)

(iii) dr (cx _|_d)h|(bq B
N CoY<) LA ‘a—r,h),(ap,Ap)
T (ex +d)r PELRL| (ex 4 q)h [Ba B, (L) |

where ¢ and d are complex numbers, r is a positive integer and 4 > 0. (Oliver and
Kalla 1971).

1.7. Prove the following results:

) r

. , (@1,0),...(ap—1,4p—1)(ap,no)| _ -1 1 !

O A Ao s St EES D D (l_k)
r=0

m,n | _|(@a1—r.0),(a2,42),....(ap—1,4p—1),(ap,uno)
xH [ (b1.B1),....(bg.By) ]

where 1 <n < p—1,u > 0,0 > 0and A and z are complex numbers.

)

(blaBl) ----- (bquq)

_Hm,n[ (14a1,0),(az,42),..., (ap—l9AI)—l)’(aP’/“U):|
- (b1,B1);--,(bg,Bg)

m,n (a1,0),(az2,A42),....(ap—1,Ap—1),(ap+1,u0)
+uH [ (b1.B1).....(bg,By) ]

where ] <n < p—1Tlandpu > 0.

(i) (ap—pan) Hp [x]F gy G ey ne]

(iif) gmtin (1+ay,0),(a2,42),....(ap—1,Ap-1),(ap,no0),(a;+v,o)
p+1.g+1 | M (@, +v+1,0),(b1.B1),....(bg . By)

_va,nl: (1+ay,0),(az2,A42),..., (ap—l,Ap—l),(ap,lw)]
- (b1,B1),...,(bg,Bg)

m,n (a1,0),(a2,42),....(ap—1,4p—1):(@p,u0)
- [x b1.BV) 6By ]

where ]l <n < p—1landpu > 0.
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) -1 d @-n " man —o |(a1,0),(az,42),....(ap—1,Ap—1).(ap,no)
(iv) [x AP TE Hyg [Zx A O S ]

(1 )r (ap—r—1)
= X n
7

m,n —o |(@1,0).(a2,42).....(ap—1.Ap—1).(@ap—1.u0)
xHpg [Zx 6180 (bq:Bq) '

where ] <n < p—1landpu > 0.

(Srivastava and Gupta 1970)

Hint: The above results can be proved by representing the H -functions on the right
by their Mellin—Barnes representations, taking the common factors out and then
combining the terms.

1.8. Let

d(bi.ap —k) = det [Z‘I “"AP k} :

in which the first row of the determinant is written by our notation. The second
row of the determinant is always to be completed with the appropriate A’s and
B’s corresponding to the a’s and b’s of the first row. Further, we employ the no-
tation H[b; + 1] to denote the contiguous function in which by is replaced by
b1 + 1, but with all other parameters left unchanged. Similar meanings hold for
all other contiguous H -functions occurring in this problem. In the following results
H will denote the H -function. Prove the following relations of contiguity for the
H -function.

ApH[by + 1] — Bila, — 1] = d(by,a, — 1) H. (1.211)
ApHlay — 1]+ AHlap, — 1] = —d(a; —1,a, — 1) H. (1.212)
ByHla; —1]— A H[by + 1] = —d(a) — 1,by)H. (1.213)
BqH[bl + 1]+31H[bq+ 1] Id(bl,bq)H. (1.214)
A]H[bl+1]+BIH[611—1]Zd(bl,al—l)H. (1215)
ByHlap, — 1]+ ApH[bg + 1] = d(ap — 1,bg) H. (1.216)
ByH[by + 1] — BiH[by + 1] = d(by. by) H. (1.217)

AzH[al—l]—AlH[az—l] =—d(a1—1,a2—l)H. (1218)
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Ap 1 Hla, — 11— A,Hlap—y —1] = d(ap —1.ap_1 — 1)H. (1.219)
By 1Hby + 11— ByHby1 + 1] = —d(bg.bg—1) H. (1.220)

d(a, —1,bg)Hla; — 1] — d(by —ay — 1) Hla, — 1]
= —d(ay —1,a, — )H[by + 1]. (1.221)

d(ap —1.bg)H[by + 1]+ d(by. by)Hlap — 1]

=d(by,ap —1)H[by + 1]. (1.222)
d(ar — 1,by)Hlby + 1] — d(bg, b1)Hlar — 1]
=d(by,a1 — I)H[bq +1]. (1.223)

d(ay —1,bg)Hby + 1] — d(by.b1) Hla, — 1]

=d(by.ay — 1)H[b, + 1]. (1.224)
d(ay —1,a, —1)H[by + 1] —d(ap — 1,b1)H[a; — 1] (1.225)
=—d(b1,a1 —l)H[ap—l]. (1226)

d(b2,b3)H[by + 1]+ d(b3,b1)H[by + 1)

— —d(by.bo)H[bs + 1]. (1.227)
d(az —1,a3 — 1)H[a1 — 1] +d(as—1,a; — I)H[az — 1]
— —d(ai — 1,a» — \Hlas — 1]. (1.228)

dap-1—lapr—1)Hlap — 1]+ d(ap— —1,ap, —1)H[ap—1 — 1]
=—d(ay—1.ap1 — DHlap_ —1].
(1.229)
d(bg—1.bg—2)H[bg + 1]+ d(bg —2.bg) H[bg—1 + 1]
= —d(bg.by)H[bg2 +1].  (1.230)

d(ap—1,b))Hlap_1 — 1]+ d(b1.ap1 — ) Hla, — 1]
= —d(ay_1—l.a,— DHpb +1].  (1.231)
d(bg.ay — )V Hbg—1 + 1]+ d(ay — 1.bg—1) H[bg + 1]
= —d(by_1,by)Hla, — 1]. (1.232)
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d(ay —l,ap, —1)H[a; — 1] +d(ap —1,a; — 1)H[az — 1]
=d(a1—1,a—1)H[ap —1].
d(ba,bg)H[b1 + 1]+ d(bg,b1)H[by + 1]
=d(b1,b2)H[by + 1].

dap-1—l,ai—1)Hlap, — 1]+ d(a1 — 1,ap, — 1)Hap—1 — 1]
=d(ap-1.ap—1 — )Ha; —1].
d(bg—1.b1)H by + 1]+ d(b1.bg) H[bg—1 + 1]
=d(bg,bg—1)H[by + 1].
d(az —1,bg)H[a; — 1] + d(bg, a1 — 1)H[ap — 1]

= —d(a; — 1,a, — 1)H[by + 1].

d(ba,ap—1)H[b1 + 11+ d(ap—1,b1)H[by + 1]
— —d(b1.by)Hlap — 1].
d(as—1,b))Hlay — 1] + d(by,ay — 1) Hlas — 1]
=d(ay —1,a, —1)H[b; + 1].

d(bz,ay —1)H[by + 1]+ d(ay — 1,b)H[by + 1]
= d(b1,b2)H[a1 —1].
d(ap-1 —1,bg)Hlap — 1] + d(bg.ap — 1) Hlap_r — 1]
=d(ap—1l,ap—1 — 1)H[by + 1].

d(bg—1,ap —1)H[bg + 1] +d(ap — 1,bg) H[bg—1 + 1]
=d(bg.bg-1)Hl[ap —1].
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(1.233)

(1.234)

(1.235)

(1.236)

(1.237)

(1.238)

(1.239)

(1.240)

(1.241)

(1.242)

(Buschman 1972)

Hint: First establish the basic relations (1.211) and (1.212) given above and then
derive all the others from two of them and using the transformation formula of

H(x) going to H(}C).

1.9. Establish the following results associated with the Mellin transforms of the

partial derivatives of the H -function with respect to their parameters.

d
i M % 9, H;'f;l"(x)% = x(=s)¥ (b1 + Bys), m >0

i) M % 831 H;'f;ln(x)} =—x(—s)¥v(1 —ay — Ays),n >0
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0
(iii) M % % H'"”(x)} —x(=s)¥(ap + Aps),n < p
p
bl
(iv) M%Bb Hyl (x) (=s)¥ (1 —by — Bgs),m < q
q
v)y M % 3183 Hyw( )% (—=s)y (b1 + Bys),m >0
1
(vi)y M % leHZn )} —sx(—=s)¥ (1 —a; — Ays),n >0
bl
(vii) M % 94 Hm”(x)% —sy(=s)Y(ap + Aps),n < p
p

(viii) M % 82 Hm"(x)§ =sy(=s)Y(1 —by — Bgs),m < q

where M denotes the Mellin transform, ¥ is the psi-function and y(s) is given as
®(s) in (1.3). (Buschman 1974a, p. 151).

1.10. Prove that
o0
(a,A) -1 (=1)*z
H [ (a,4),(0, 1)] A Z k+a)\’

where A > 0.

1.11. Prove that

(1—a,A),(1,1) (—1) Z “ A K
Hl,ll [ a,A),(1, ] A~ -1 2 :
2, z (1—a,A —h— ’
a,A) — r (1 (a—k 1))

where A > 0.

1.12. Prove that

d 11 @A) (a—A,4)
dZHl,z [Z (a,A),(O,l):| = H [ (a—A4,4),(0, 1)] A4>0.

1.13. Prove that

1 INE)) MO ) I~ Z
2m'/L rp—as) 9 ds_kgar(ﬂ +ak)’
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1.14. Prove that

1 1=V 1
Z;(Z)=—'OH11 [201) ")]ZGC,z;éO,p<O,ER(v)<0.

1.15. Evaluate
1) = / F(s — a)eds,

where C is a loop which embraces all the poles of I'(s — a) at the points s =
a—v,v e Ny.

1.16. Prove that the Mellin—Barnes integral (Paris and Kaminski 2001, p. 113)

-
1./y T g,
271 Jy—io S+ a

defines the incomplete gamma function y(a, z) defined by y(a,z) = fé t¢ e~ de,

where |arg(z)| < 7 and the contour C separates the poles at s = —v, v € Ny from

the pole s = —a (a is not a positive integer).

1.17. Prove that the Wright function (or Dotsenko function) , R (a, b;c;w, 1;z)
can be expressed by the Mellin—Barnes integral (Kilbas et al. 2006, p. 123) in the
form

wSs )

B2 (=)~ ds,

['(s)'(a—s)C'(b—
SRi@bicio i) = ) 1/ ()T (a — 5)I(

I'(@)T(b) 2mi I'(c— ‘”us)

where the contour of integration L. = L_4, separates all poles of I'(s) to the left
and all the poles of I'(1 — 5) and T"(b — ‘;’j ) to the right.

1.18. Prove that (Braaksma 1964, p. 289)

1
2 2(a_1) _ 1
0[ |(ap)] _ (2m) x(lab)e_axa [+ O(X_;)]’ as x ’

(bg) \/(a)

P q
1
a=q—p,b=Za,~—ij+2(q—p+l).
i=1 j=1
1.19. Prove that the function Ag,”)(z) defined by the integral

(n) (27[) «/n ny _n i
Ay (z)—F( +1_1) / " — 1)’ ne ¥ dt,
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forn € N,N(y) > rl; — 1,9 (z) > 0 can be expressed in terms of the H -function as

()/+l (1 n) I’I}/-‘rl n)
HY; [ (n7.1).(0. ] )} (27) 27 @

1.20. Prove that the function Ag,ﬁ g (z) defined by the integral

(ﬂ)(z) ey +1_ﬂ)/ (tﬁ '~ Be_“dt

for B > 0,RN(y) > ;3 —1,9(z) > 0,0 € C, can be expressed in terms of the

H -function as
a (a+1)

2,0 ) Y
iz |:Z|(ny D.(y=4 ‘)} =400

1.21. Prove the following results:
Z\7
2@ =2(3) K.

and

Y
2= (2) K

where K_, (2) is the modified Bessel function of the third kind.

Notation 1.15. Multi-index Mittag-Leffler functions: E ( ) )(z)

(ki
Definition 1.15. Let m = 1 be an integer, p1,...,pm > 0 and puy,..., U, be
arbitrary real numbers. By means of “multi-indices” (p;), (i), the so-called multi-
index (m-tuple, multiple) Mittag-Leffler functions are introduced (Kiryakova 2000,
p. 244) as

k

= . 1.243
@ gmw Y Tm + f ) (249

1.22. Prove that the multi-index Mittag-Leffler functions in Definition 1.15 can be
expressed as follows:

_ (1,1)
E(;i),(ui)(z) - [ I A (it p‘m)}

11 10,1
- Hl,mH[ Z|(0,1),(1—m,p‘1) ,,,,, (U=toms ph, )}
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1.23. For the multi-index function E ( | ) ) (z) prove the following result (Saxena
Wit

et al. 2003, p. 369): For p; > O,u; > 0,i = 1,...,m,r € N there holds the
formula

r—1 h

'E L () =E - ¢ .
‘ (;i)’(”f+of)(Z) (plf)’(ui)(Z) }; I—[;Ll I'(pj + phj)

1.24. Prove the following asymptotic estimates for the Mittag-Leffler function
Ey(z). For 0 < o < 2 show that

1 —k
Eo(z) ~ ; exp(ze) —_kZ}?’:l F(i—ak)’ |arg(z)| < 3”“
- tho=1 I‘(i—ak)  Jarg(—2)| < ;77(2 —a)
as |z] — oo. Further, show that for @ > 2 the following asymptotic estimate holds:
N —k

1 1 2mir > é
Ey(z) ~ o rZZ_N exp{z2e « }— I; ra —ozk)’_n < arg(z) < m,

as |z| — oo, where N = [éa — ;] (Paris and Kaminski 2001, p. 189).



Chapter 2
H -Function in Science and Engineering

2.1 Integrals Involving H -Functions

This chapter deals with integrals involving H -functions. We propose to present
the results for Mellin, Laplace, Hankel, Bessel, and Euler transforms of the H-
functions. Further, on account of the importance and considerable popularity
achieved by fractional calculus, that is, the calculus of fractional integrals and frac-
tional derivatives of arbitrary real or complex orders, during the last four decades
due to its applications in various fields of science and engineering, such as fluid flow
rheology, diffusive transport akin to diffusion, electric networks and probability, the
discussion of H -function is more relevant. In this connection, one can refer to the
work of Phillips (1989, 1990), Bagley (1990), Bagley and Torvik (1986) and So-
morjai and Bishop (1970) and the book by Podlubny (1999). In the present book,
fractional integration and fractional differentiation of the H -functions will be dis-
cussed. A long list of papers on integrals of the H -functions is available from the
bibliography of the books by Mathai and Saxena (1978), Srivastava et al. (1982),
Prudnikov et al. (1990) and Kilbas and Saigo (2004).

2.2 Integral Transforms of the H -Function

2.2.1 Mellin Transform
In order to present the results of this section, a few notations and definitions are
given first

Notation 2.1. M{f(t) : s}, f*(s), Mellin transform of f with respect to a
parameter s.

Notation 2.2. M~'{ £*(s); x}: Inverse Mellin transform

A.M. Mathai et al., The H-Function: Theory and Applications, 45
DOI 10.1007/978-1-4419-0916-9 2, (© Springer Science+Business Media, LLC 2010
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Definition 2.1. The Mellin transform of a function f(¢), denoted by f*(s), is
defined by

£2(5) = MLf():s] = /0 T pde, 1> 0, @.1)

provided that the integral converges. The inverse Mellin transform is given by the
contour integral

y+ioo
£ = MY () x) = 21 . / £ (s)x=ds. 22)
Tl

y—ioo

If f*(s) is analytic in the relevant strip then f(x) is uniquely determined by
f*(s) by using the formula (2.2).

2.2.2 Ilustrative Examples

Example 2.1. Find the Mellin transform of Gauss hypergeometric function » F .

Solution 2.1. By definition (2.1), we have to evaluate the integral
o0
I = / 5L, Fi(a, b c: —t)de,
0

where a, b, c € C, min{di(a), R(b)} > N(s) > 0.

If we use Euler integral representation of the hypergeometric function then the given
integral becomes

_ *© s—1 F(C) ! b—1 c—b—1 —a
I—/O t F(b)F(c—b)/o u”’ (1 —u) (1 + tu)"“dud?

_ T Yo epor [ 7]
=TT (e — b) /(; u (1—u) /; (1+m)adtdu

)@ —9)T(c) 1 ub_s_l(l—u)c_b_ldu _ T)C(a—s)C ()T (b—s)
T T(@T(B)T(c—b) Jo B C'@)T ()T (c—s)
(2.3)

for N(s) > 0,N(a —s) > 0,N(b —s) > 0,N(c —s) > 0. The interchange of the
order of integration in the above steps is justified under the conditions given along
with the integral. This completes the solution of Example 2.1.

Example 2.2. Find the inverse Mellin transform of the right side in (2.3).
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Solution 2.2. By virtue of the results (2.2) and (2.3), we find that

I'(c) 1 Yoo D()[(a — s)I' (b —s) _
F bic:z) = —2)7%d 2.4
2£1(@.5:¢:9 = 1 r ) 2mi /y_ioo T(c—s) (~o7ds, 24
where a, b, c € C, min{N(a), N(b)} >y >0and c£0,—1,-2,--- .;|larg(—2)|< 7.

The path of integration separates the poles at s = a +m, s = b + m from the poles
ats = —m,m € Ny.

Example 2.3. Prove that the Mellin transform of the generalized Mittag-Leffler
function E 5(2), defined by (1.47), is given by

M%E,Z,ﬂ(—z);s§ = Ty @.5)

T —as)’

where R(s) > 0,M\(y —s) > 0;a € R, B,y € C,B # 0,—1,—2,... and when
['(y) is defined.

The result (2.5) follows from Example 1.5, and (2.2).

Note 2.1. From (2.5), we see that the Mellin transforms of the Mittag Leffler func-
tions Eq(z) and E, g(z), defined by (1.44) and (1.45) respectively, are given by

| _T@ra-s
M%Ea(—z),s} = Fll_ay 0N <1 2.6)

e (s)r(1
M {Eqp(—2);s} = 1("S()ﬂ ¢ a_s)S)’O <9(s) < 1. @.7)

In what follows, the H -functions considered satisfy the condition Eq. (1.6) and
a, B, u and & have the values given in (1.13), (1.8), (1.9), and (1.10), respectively.

2.2.3 Mellin Transform of the H-Function

In view of the Mellin inversion formula (see, Titchmarsh (1986), Sect. 1.5) the
Mellin transform of the H -function follows from the Definition 1.1). We have

] (ap,Ap)
/ xs_lH;'f’q" ax dx
0

(bg,Bgq)
I:H?;l F(bj + BjS)] [H?:] ra- aj — Ajs)]

[ tjl'=m+l r—b;— Bjs)] [nf=n+1 I'(a; + Ajs)]

—a , (2.8
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) b; \ 1-%(a;
where a,s € C;— min ER(B") < N(s) < max [ A(fl’)], |arg a| < ;noe,
1<j<m J 1<i<n 7

a > 0. Further, uM(s) + N(§) < —1, when o = 0,arga = 0 and a # 0.

2.2.4 Mellin Transform of the G -Function

If weset A; = B;j = 1, foralli and j and use the identity (1.112), we obtain the
Mellin transform of the G-function.

[e°] (ap)
/ x5! G;ﬁ;ln ax dx
0 (bg)

_ ., [Wares w9 [Mara-a -9 o)

[n‘§=m+1 ra-o;— S)] [H?=n+1 I'(a; + 5)]

where a,s € C, — min N(b;) < N(s) < 1— max N(a;), |arg a| < ;nc*,c* >0
1<j<m 1<i<n

and ¢* is defined in (1.22).

2.2.5 Mellin Transform of the Wright Function

T[T T = 459)]
[T, T ) = By9)]

where s € C,)(s) > 0, (a; — A;s) >0,j =1,---,p, |arg a| < énb, b =
1+ Y7 A - Z‘;_l Bj;u > —1and p is defined in (1.9).

o
— LA —
/0 W7 [ - ax] dx =a . (2.10)

2.2.6 Laplace Transform

Notation 2.3. F(s) = L{f(t);s} = (Lf)(s) : Laplace transform of f(z) with
parameter s

Notation 2.4. L™'{F(s);t} : Inverse Laplace transform

Definition 2.2. The Laplace transform of a function f(¢), denoted by F(s), is de-
fined by the integral equation

F(s) = L{f():sy = (L f)s) = /0 e f(t)dt, 2.11)
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where 9 (s) > 0, which may be symbolically written as

F(s) = L{f();s}or f(t) = LT {F(s):1},

provided that the function f(¢) is continuous for ¢ > 0, it being tacitly assumed that
the integral in (2.11) exists.

Definition 2.3. The inverse Laplace transform is given by the contour integral

flt)y=L7Y{F(s):t} = 1./y+me”F(s)ds. (2.12)
2wi J,

—ioo

2.2.7 Illustrative Examples

Example 2.4. Find the Laplace transform of the Mittag-Leffler function x#~! Eqp
(ax®).

Solution 2.3. We have

o0
L{tﬂ_lEa,,g(axo‘);s}zf e_”xﬂ_lEa,ﬂ(ax“)dx
0

© (xk
ﬁ 1 e
/0 Z « T'(ak + ﬂ)

- e—sx ak B—
2 (ak+ﬂ)/ e

B
= R@) > 0.MB) >0, Jas < 1. (2.13)
—d

sCt

Note 2.2. We note from the above result that
K
L{Eg(ax®:s)y = . (2.14)
g

where a,s,a € C, N(a) > 0, N(s) > 0, and |as™™| < 1.
Example 2.5. Find the inverse Laplace transform of s 8 (1 — as™®)~7.

Solution 2.4. We have

k o—ak—pB

o0
—1y.—B —a—y. o 7 —1 (Y)ka®s .
L {sPA—as ™) 7";x} =L E Kl Tx
=0
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Applying the formula
xP~1
L Ys™P:x} = ,p.s € C,N(s) > 0,N(p) > 0, (2.15)
T'(p)
the above line reduces to
e a\k
B—1 (Y)k(ax®) — B-1EY o 216
* kg(:)l"(oek—i-ﬂ)k! X Eg pax®), (2.16)

where a0, a, B, yeC, R(a) > 0,N(B) > 0,NR(y) > 0, |as™| < 1 is the generalized
Mittag-Leffler function defined in (1.46).

Remark 2.1. When y = 1, Example 2.5 gives the interesting transform pair
LY P(1—as™) " \ix) = xP1E, g(ar®), (2.17)

where «, §,aeC, R(w) > 0,R(B) > 0, and |as ™| < 1. For B = 1, (2.17) re-
duces to
L™ Ys Y1 —as ™) Lix} = Eq(ax®), (2.18)

where a, aeC,R(a) > 0, |as™| < 1.

2.2.8 Laplace Transform of the H-Function

Let either & > 0, | arga| < ;noe ora =0 and N(§) < —1. Further assume that

oa>0; p,a,s € C, 0 > 0, satisfy the condition

NR(p) + ominj<j<m [mél’jf)} >0fora > 0ora =0, > 0;and
N . ; RS+ 1
E}t(p)—l—amlnlﬁjsm[mgy)—l- (l):rz] > 0,

for o = 0 and u < 0. Then for N (s) > 0, there holds the formula

(ap,Ap) 41
. _ —ppgm.n —0
1Sy =8 Hp+1,q as

(bg3bg)

p.q

(1—p,0),(ap,Ap)
LxP L H™ | qx° ,

(bg+Bag)
(2.19)

for RN(s) > 0,5 € C. (2.19) can be established by virtue of the definition of the
H -function (1.2) and the well-known gamma function formula.
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2.2.9 Inverse Laplace Transform of the H-Function

Due to the importance and utility of inverse Laplace transforms of special functions
in physical problems, we present the inverse Laplace transform of the H -function
in this section.

By virtue of the cancelation law for the H -function (1.56), the result (2.19) can
be written in the form

—1 gym,n (@p,Ap) . I , —o|(ap.Ap)
L{xp Hp,q+1[axo|(b:;bq§,(1—p,a)}’3} =s"PHLY [as U|(b:,B:)]’ (2.20)

If we use the property of the H-function from Mathai and Saxena (1978, p. 4,
Eq. (1.38)) then the desired result follows:

L7} { sTPHT |:as"

@2:4p) 1 gym,n (@p,Ap),(p;0)
g = T [az—“|(b::3;)’ ’ ] 2.21)
(bq.Bq)

where p,a,s € C,N(s) > 0,0 > 0, R(p)+0 maxi<i<n [;i

én@, 6 = «a — 0. Two interesting special cases of (2.21), which are applicable in

fractional diffusion problems, are given below. If we use the identity

- mﬁzi)] >0, | arga|<

} — X%, (2.22)

we obtain

L™ Ys P exp(—as®);t} = t"_lHll,’{) |:at_‘7

(p,0)
, (2.23)

(0,1)

where N(s) > 0, N(a) > 0,0 > 0. Further, if we employ the identity

HEY |:x ] — 2K, (2x2), (2.24)
(5-1).(=%.1)
we obtain
a2x—20 (p,20)
2L Ys P Ky(as®);x} = xP T HEY A , (2.25)
5.1).(=%.1)

where R(s) > 0, R(a?) > 0,0 > 0, and K, (x) is the modified Bessel function of
the third kind or Macdonald function.
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Remark 2.2. 1t will not be out of place to mention here that one-sided Lévy stable
density can be obtained from the above result by virtue of the identity (Mathai and
Saxena 1973a)

1
T2
‘Kié(x)zz[zx] e, (2.26)

and can be conveniently expressed in terms of the Laplace transform
o
/ e D, (x)dx = exp(—sP), p,s € C, R(s) > 0,N(p) > 0, (2.27)
0

where
1

1 10
Dp(x) = le,’l |:x

(1,1
J,p>0. (2.28)

(1 1
o

This result is obtained earlier by Schneider and Wyss (1989) by following a dif-
ferent procedure. Asymptotic expansion of @, (x) is given by Schneider (1986).

2.2.10 Laplace Transform of the G-Function

In what follows, the G-functions involved satisfy the existence conditions. When
A; = B; = lforalli and j, the H-function reduces to a G-function and conse-
quently we arrive at the following result:

ap
i =s_pH1',"jr"1j;11 as™®
bq

(1—p,0),(ap,1)
L

p—1 ~m,n o
X Gp,q |:ax

] ., (2.29)
(bg:1)

where p,s € C,N(s) > 0,0 > 0,9N(p) + ominj<;<, N(b;) > 0,|arga| <
éc*,c* > 0, c* is defined in (1.21).

If weseto = i,k, A € N in (2.29), we arrive at a result given by Saxena (1960,
p. 402):

L

xp—le,n axl)i “ =
P:q )
bq
_ S—p(zn)(l—k)c*-f-;(l—k)lts-i-lkp_é

A(k;1-p),A(X,a1),..., A(/l;ap)i|

k Aok
o fAmAn+k |:k as (2.30)

Aptk.Aq | ) (g—p)A

A(A;b1),...,A(A:bg)

where p,s € C, R(s) > 0,§ﬁ(p)+(§) minj <<, N(b;) > 0,]argal < ;nc*,c*>
0, ¢* is defined in equation (1.21) and the existence conditions of the G -function are

satisfied. Here, A(k; b) represents the sequence
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b b+1 b+k—1

Ok K .k eN.

Several special cases of the general result (2.30) can be obtained by using the tables
of the special cases of the G-function (Mathai and Saxena 1973a; Mathai 1993c)
but for brevity one interesting case is presented here, associated with the Whittaker
function, given by Saxena (1960, p. 404, Eq. (15))

1
L {x”_l exp (—2ax_§) Wf,v(ax_llc);s} = s_p(2n)5(2_k_k))f+ékp_5

Ak
% G2,1+k,0 as
A2A+k )L’lkk

A(As1-1)
A(Z)L;l:i:Zv),A(k;p):| ’
(2.31)

where p,s € C,RN(a) > 0,N(s) > 0. One interesting particular case of (2.31) can
be obtained by using the identity

Wy 11(x) = exp (—lx) .
E2 2
That is,
LA™ exp(max4)is| = 57 2m) 20T Pkem2 A
% GAHk0 [alsk

0ask | Ak : (2.32)

A(A;O),A(k;p)]

where p,s € C,0(a) > 0, %(s) > 0.

Remark 2.3. The result (2.32) is very useful in problems of physics. Regarding its
application in nuclear and neutrino astrophysics, one can refer to the monograph
of Mathai and Haubold (1988). An alternative derivation of this result based on
statistical techniques is given by Mathai (1971).

2.2.11 K-Transform

Notation 2.5. R,{ f(x); p}: K-Transform

Definition 2.4. The transform defined by the following integral equation

RAS(): p} = g(piv) = [0 (p)} Ko (p) f(x)dx, (233)

is called the K-transform with p as a complex parameter.
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This transform was defined by Meijer (1940) who obtained its inversion formula
and representation theorems. Its inversion formula is given by

—ioo

1 y+ioo .
G(p) = T / (px)21,(xp)g(p)dp, (2.34)
Y

where /,(x) is Bessel function of the first kind defined by

B e (1/2)v+2k
L@ _I;)klr‘(v+k+l)' (2.35)

2.2.12 K-Transform of the H-Function

Let us assume that either « > 0, | argh| < ;na ora = 0 and N(5) < —1. Further

assume that o > 0; p,v,a,b € C, o > 0 satisfy the condition

R(p) + RO +0 min [mg’f)] >0,

<j<m J

1

fora > 0, |argh| < ,

raora =0, > 0;and

’

R(b;) RE) + !
R(p) + [R()| + 0 min [ (bj) )+ 2} >0,
I<jsm| B; i

foro = 0 and u < 0. Then for N(a) > 0,0 > 0 there holds the formula

(ap.4p)
dx

(bg,Bq)
— 2p—2a—pHm,n+2 b 2\’
- pt2.q a

The result (2.36) can be computed directly from the definition of the H -function
(1.2) if we use the formula (Mathai and Saxena 1973, p. 78)

o0
/ xP1 K(ax)H " |:bx°
0

(1=5(0=),%),(1= 5 (p+),%).(@p, A p)

j| . (2.36)

(ba-Ba)
o0 +

/ P71 K (ax)dx = 2°72aPT (p , V) , (2.37)
0

where N(s) > [N(v)|, N(a) > 0. If we apply the definition (1.2) of the H -function
to the given integral then we have
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(ap.A4p)
dx

(bg,Bq)

o0
/ x”_lKv(ax)H;,'f;I" |:bx"
0

1 o0
= . / @(s)b_s[ xPS97 1K (ax)dxds
2mi Liyoo 0

1 v 2\
:yﬂwwz,/' r(p Y ”)@@wﬂ( ) ds,
7 JrL,e 2 a

and the result (2.36) readily follows from the definition of the H -function (1.2).

Remark 2.4. Whenv = + ; in (2.36) then by virtue of the identity (2.26) one can
obtain the Laplace transform of the H -function with argument bx?, o > 0.

2.2.13 Varma Transform

Notation 2.6. V(f,k,m,s): Varma transform

Definition 2.5. Varma transform is defined by the integral equation

V(f k,m;s) = /Ooo(sx)m_i exp (—;sx) Wiem(sx) f(x)dx, R(s) > 0, (2.38)

where Wy ,, represents a Whittaker function, defined by

vmﬂa=§jr£fﬁiwmm@, 239)

m,—m 2

where the summation symbol indicates that the expression following it, a similar
expression with m replaced by —m is to be added. For the definition of My ,,(z)
see, Sect. 1.8.1. This transform is introduced by Varma (1951), who gave some
inversion formulae for this transform.

2.2.14 Varma Transform of the H-Function

1
2

N(p) + [N(v)| + min |:
1<j<m

Leta > 0, |argh| < ;waora = 0and N(§) < —1; further, v,a,k,bp € C,o > 0,

mmq>_{
: 2
1

fora >0, |argh| < ,

maora =0, > 0and

Rb;) RE) + ! 1
wm+mwu—mn[(”,()3]>—,
I<j<m| Bj I 2
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for@ = 0 and p < 0 then for N (a) > 0, the following result holds:

[ee] 1 (apsAp)
/ xP"Lexp (—Zax) Wi w(ax)H ' | bx? dx
0

(bg,Bq)
(5-v=p.0).(5+v=p.0).(ap,Ap)

P+2.4+1 | 4o

:a—pHm,n-i-z |:b
(bg,Bq),(k—p,0)

:| , (2.40)

which can be computed directly from the definition of the H -function (1.2) and
from the following formula (Mathai and Saxena 1973, p. 79):

F(p+v+;)T(p—v+ ;)

F k4 p) , (2.41)

© 1
/ xPexp (—2ax) Wi v(ax)dx =a™"
0

where N(a) > 0,N(p £ v) > —;.

Remark 2.5. 1t is interesting to observe that for k = v + ; the Varma transform
defined by (2.38) reduces to the Laplace transform (2.11) by virtue of the identity

1 1
Wv+%’iv(x) =x""2 exp (—2x) . (2.42)

Consequently the Laplace transform of the H-function (2.19) can be derived
from the result (2.40) by taking k = v+ ; . Certain properties of the Varma transform
involving Meijer’s G-functions and Whittaker functions are investigated by Saxena
in a series of papers in Saxena (1960, 1962, 1964).

2.2.15 Hankel Transform
Notation 2.7. H,{ f(x); p}: Hankel transform of order v of f(x).
Definition 2.6. The Hankel transform of a function f(x), denoted by g(p;v) or in
short by simply g(p) is defined as
© 1
g(piv) = / (px)2 Jy(px) f(x)dx, p > 0. (2.43)
0

The inverse Hankel transform is given by

£ = /0 2 Lp)g(p)dp. R > —1. (2.44)

Remark 2.6. This transform is self-reciprocal. It is used in solving problems of ap-
plied mathematics and physical sciences.
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2.2.16 Hankel Transform of the H -Function

Suppose that @ > O or @ = u = 0 and 9(5) < —1. Then if p,v,b € C,0 > 0
satisfy the conditions

N(b;
R(p) + R(v) + 0 min [ (1)] > —1,
1<j<m| B;

and

1 ER(aj) 3
m - )
(p)+olr§njaén|:Aj Aj <2

for N(v) > — ; Then for a, b > 0 there holds the formula

(ap.4p)
dx

(bq:Bq)

(1—°3,9)(ap,4),(1—°37,%)

o0
/ xP1 Jolax)H ') |:be
0

_2p_1Hm,n+l b AN
Togp P24 a

(2.45)

(bg,B4)

The result (2.45) can be established with the help of the definition of the H -function
(1.2) and the formula

o r (’1;”)
/ xA_IJV(ax)dx =241 ,
’ r(i+3)

where a > 0,—-N(v) < N(A) < ; If we use the definition of the H -function (1.2)
and the result (2.46), then
(ap,Ap)
dx

(bg,Bq)

(2.46)

oo
/ xP1 Juax)Hpy' " | bx?
0

1 o0
/ @(s)b_S/ xP7571 T (ax)dxds
Liyoo 0

= o
I r(75) 2\~

e [ o U ()
2

Interpreting the above result with the help of (1.2), the result (2.45) readily follows.
When v = :l:i then by using the identities

J; (x) = \/(nzx) sin(x), (2.47)

iyoo
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J—; (x) = \/(nzx) cos(x), (2.48)

we arrive at the following results which provide the sine and cosine transforms of
the H -function
(apaAp)
dx

(bqsBq)

((];ﬂ) ,g),(ap,Ap),((zzﬂ),g)

and

o0
/ xP1 sin(ax) H ' |:bx°
0

2p—1 ) o
_ \/nHm,n+1 b( ) i (2.49)

aP p+2,q a

(bg,Bq)

1

where a,a,0 > 0,p,b € C; |argh| < ,

To;
(aj —1)

] <1.
Aj

b.
N(p) + 0 min %( j)>—1;5ﬁ(p)+a max [
1<j< B; 1<j<n

J=m J

oo
/ xP1 cos(ax)H " |:bx”
o ;

><I_Im,n-‘4-1 b 2 7
p+2.q a

(ap ,Ap) 2p—1 T
j| dx = p\/
(bg.Bq) a

(%27.8)@p.ap).('57:3)
, (2.50)

(bg,Bq)

. 1.
where a,a,0 > 0,p,b € C; |argh| < ;7ma;

b; i — 1
N(p) + 0 min SR( ]) > 0;MN(p) + 0 max (@; ) <1.
1<j<m B; j A

I<j=n J

2.2.17 Euler Transform of the H-Function

t
/ XPTNE = x) T H |:bxk(t —x)"
0

(ap.Ap)
dx

(bg,Bq)

_ 4pto—1 ggmn+2 k+t
=1 Hp+2,q+1 bt

(1—=p.,k),(1—0,7),(ap,Ap)
, (2.51)

(banq)y(l_P_Uyk'i‘T)
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Let o > 0 and |argh| < ;mx ora > 0,N(§) < —1. The result (2.51) holds
provided the parameters p,0,b € C, k and T > 0 satisfy

b; b;
N(p) + k min [m( J)}o, N(p) + T min [m( f)]>o,
1<j<m B; 1<j<m B;

1

fora > 0, |argh| < ,

roeora =0, >0,and

R(b,) RE)+ )
B, ’

, [m(bj) R(S) + ;] o

N(p) + k lm’in N |:

=Jj=m

:| > 0, NR(p)

+7 min N
/ B; I

1<j=m

fora = 0 and u < 0. The result (2.51) can be proved in the same way if we use the
well-known beta function formula

! F()T(B)
X711 = x)Pldx = = B(a, B). (2.52)
/; [(a+p)
where min{M(«), R(B)} > 0. The result (2.51) has been given by Goyal (1969). As
7 — 01in (2.51), it yields the Euler transform of the H -function:

(ap.Ap)
dx

t
—1 -1 , k
/ xP7He —x)° H;,’fq” |:bx
0 (bq,Bq)

(2.53)

_ spto—1 m,n+1 k
=1 T(o)H) [bz

(1—p,k),(ap,Ap) :|
(bg,Bg),(1—p—0,k)

which holds under the same condition as given with the result (2.51) with 7 = 0.
By an obvious change of variable in (2.53) we arrive at its companion the integral

(ap ,Ap)
dx

o0
- - ) k
/ X (x —1)° IHI','fq” |:bx
t (bq,Bq)

(2.54)

_ 4pto—1 m+1,n k
= o ir (o) |:bz

(ap,Ap),(1—p,k) i|
(1—p—0,k),(bgq,Bq)

which holds for p,b,06 € C,N(0) > 0,p € C and k > 0; either @ > 0, | argh| <
;na ora = 0,9(6) < —1 and the following conditions are satisfied:

S)’t(aj) —1

kmax|:
J

1<j<n

} +9%R(p) + N(o) < L,
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fora > 0,|argh| < ;na ora =0, <0;and

1<i<n i

NN 1
k max [9‘(“’) 1, m(éif 2] + NR(p) + NRo) < 1,

foroe =0and pu < 0.

2.3 Mellin Transform of the Product of Two H -Functions

o) ap,Ap) dpy,Dpy)
s—1 yym,n o miy,ny
/ XTUH LG | ex Hplq" | nx dx
0 (bquq) (eq] ,qu)
N N (1—eq,—sEq,,0Eq,),(ap,Ap)
__ S gmoThy,nTmi —0
=1 HP+¢11¢1+P1 a0 ’
(bm,Bm),(l_dp] —st] ,UDpl )s(bm-H ,Bm-&-]) ~~~~~ (bq,Bq)

1

S, fargn| < Yak, k> 0;

where ,5,z,€ C,0 >0, > 0, 0 > 0, | argz| < >

P1

ni mi q1
k=>"Di— Y Di—Y E— » E=>0,

i=1 i=n+1 i=1 i=m+1

— 0 min |:m(bh)i|— min |:?Ti(ej)i| < N(s)
By, 1<j<m Ej

1—N(a; 1—2¢ i
< 0 max (aj) + max gﬁ(dj) .
l<j=n Aj 1<j=n D;

Remark 2.7. For the applications of this result in the theory of statistical distribu-
tions, see the work of Mathai and Saxena (1969). It can be established with the help
of the definition of the H -function and the result (2.8).

2.3.1 Eulerian Integrals for the H-Function

In this section, certain Eulerian integrals for the H -functions will be evaluated in
terms of the H -function of two variables. In order to present the results, we need the
definition of the H -function of two complex variables introduced earlier by Mittal
and Gupta (1972). The analysis developed here is based on the work of Saxena
and Nishimoto (1994), Saigo and Saxena (1998). To unify and extend the existing
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results on Riemann-Liouville fractional integrals available in the literature, certain
new Eulerian integrals associated with the H-function are investigated by Saxena
and Nishimoto (1994). The importance of the derived results lies in the fact that a
table of Riemann-Liouville fractional integrals can be prepared by using the tables
of the special cases of the H -function given in the monograph by Mathai and Saxena
(1978, pp. 145-151). Further special cases of these integrals can be used in studying
statistical density functions.

Notation 2.8.

(ajsei Ai)1,p1i(cisvidr,pai(ei Ei)1,p3

X | _ pgonyimo,namzns | X .
H[ ] = H o a1:pa5: 0305 |: i| : (2.55)
Y Vb8, 1.a1:d; 81,025 . F)Las

The H -function of two variables.

Definition 2.7. (Srivastava et al. 1982, pp. 82-83; also see Srivastava and Panda
1976)

X o X (a;sa;,Ai)1,p1:(ci,vi)l,p2;(ei,Ei)1,p3
_ RARIPN ENIEW
H |: j| = Hp 41 pra5:03.05 (2.56)
Y Y, :8;.8)1.a1:(d;.8))1.a2:(f7 F )1
T T 42 [ / B (s, 1)1 (s)p2(1)x* y' dsdt, (2.57)

where x and y are not equal to zero. For convenience the parameters (a;; o;, A;)1, p1
and (c;, ¥i)1, p2 will abbreviate the sequence of the parameters (a1; a1, A1),. ..,
(ap,iap,, Ap,)and (c1, 1), ..., (cp,., Vp,) respectively, and similar meanings hold
for the other parameters (b;; B, B;)1,q1 and (d;,8;)1, q2, etc. Here

l_[n] I'd—a; +ajs + Ajt)
1) = (2.58)
6.0 [ 1 n1+l [(a;i —a;s — Ait)][ ;11:1 ra-—ob; +ﬂjs+Bjt)]

[1_[ Dy = 8)NIT2, TA —¢i + yis)]
= , 2.59
PO = e P d; 4 SR T — o)) )

bal) = [H VTS — Ft)][]—[l_lF(l—el-+Ei,)] | oo,
[ J =m3+1 I fJ+Ft)][ i n3+1 (e — Eit)]

It is assumed that all the poles of the integrand are simple. An empty product is
interpreted as unity. Further, we suppose that all the parameters a;, b, ¢;, d;, e; and
fj be complex numbers and associated coefficients o;, A;, B;, B, yi.8,, E; and
F; be real and positive for the standardization purposes, such that
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Pl P2 q1 q2
pr=)ai+) vi=) Bj—) 8 =0 (2.61)
j=1 j=1

i=1 i=1

P1 P2 q1 q>
DA+ Ei—) Bj—) F <0 (2.62)
Jj=1 j=1

i=1 i=1

D1 q1 ma
@=- > =35+ 3
j=1 j=1

P2

i=ni;+1
P2 np P2
- > 8 +D> vi— Y. vi>0. (2.63)
j=my+1 i=1 i=n,+1
P1 q1 m3
Q=— Y A-> Bi+) F
i=ni+1 j=1 j=1
pr3 n3 D3
- > Fj+) E— Y E >0 (2.64)
j=m3+1 i=1 i=n3+1

It can be seen that the contour integral (2.56) converges absolutely under the condi-
tions (2.61)—(2.64) and defines an analytic function of two complex variables x and
y inside the sectors given by

1 1
|arg x| < 271521 and |argy| < 271522, (2.65)

the points x = 0 and y = 0 being tacitly excluded.

The conditions given here from (2.61) to (2.65) are the sufficient conditions for
the convergence of the Mellin—-Barnes double integral (2.57), for details the reader
is referred to the book by Srivastava et al. (1982).

Remark 2.8. In a series of papers Buschman (1978) has given a detailed analysis
of the sufficient conditions for the convergence of H -function of two variables of a
general character. Simple criteria are provided for the determination of the conver-
gence of certain double Mellin—Barnes integrals in terms of their parameters by Hai
etal. (1992). A systematic and comprehensive account of the double Mellin—Barnes
type integrals or rather H -function of two variables can be found in the book by Hai
and Yakubovich (1992).

2.3.2 Fractional Integration of a H-Function

Theorem 2.1. If min{% (), R(B)} > 0.0, B.y € C.pt > 0.b % a,| D

|arg(d +cb)/(d +ca)| < m;¢p,n >0, |argk| < ;nqb, then there holds the formula

<1,
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b (ap.Ap)
/ (x—a) (b —x)P"ex +d)' H)} k(cx +d)™" dx
a (bg.By)

= (b —ay "~ (ac + d)T(B)

. I+y:nl:—
x HO.l.:m‘nll..l (gc-td)" -
Loepatinz | 0 (@A) @y Ap)s (1= a1
(b1, By), ..., (bas By), (1 +y.1); (0, 1), (1 —a = B, 1)

(2.66)

n V4 m q
$=> 4,— > A;+) B~ ) B >0
=1 =1

j=n+I1 j=m+1

Proof 2.1. To establish (2.66) we express the H-function in terms of the contour
integral (1.2), interchange the order of integration, which is permissible due to abso-
lute convergence of the integrals involved in the process, and evaluate the x-integral
by means of the integral (Prudnikov et al. 1986, p. 301):

b
f (x—a)* (b —x)PV(ex + d)’dx

= (ac +d)" (b —a)“+ﬂ_lB(a,ﬂ)2F1 (a,—y;a + B; (Ca(j ; Z))) \

(2.67)

where R () >0, N(B) >0, |c(a—b)/(ac+d)| <1, |arg(((d + bc)/(ac+d))| <1,
the integral transforms into the form

! —b
(b—a)* P~ (ac+d)" -[6(5)(a6+d)“’zF1 o, —y—sn;a+p; ca=by\ 4
27i JL ac+d

If we now employ the formula

2Fi(a,b;c;z) = (—2)°ds,

(2.68)

I'(c) 1 Vioe T'(—=s)T'(a + s)I'(b + )
I'(a)l'(b) 2ni /y_l-oo I'(c+5s)

where |arg(—z)|] < = and the path of integration separates the poles at s =
0,1,2,... from the polesat s = —a —n,s = —b —n,n = 0,1,..., the result
readily follows from (2.57). O

On applying the identity (1.58), we obtain the following theorem:

Theorem 2.2. If min{N(«),N(B)} > 0, a, B,y € C,u > 0,b # a, |[(a — b)c]/
(ac +d)| < 1, |arg(d + cb)/(d + ca)| < 7, ¢p,n >0, |argk| < ;mp, then there
holds the formula
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b
/H (= a)* (b — x)P(cx + d) HIM [k(cx +dy ig;;g;;] dx

= (b—a) " ac +a)'T(B)

(I+y:inl):—
0.1:n,m:1,1 k_l(ac + d)_ﬁ —
XHl,ozq»P-ﬁ-l:l.z za(lb_:;) (= b1, B (1= by B (1 —a 1)
(I —a, A1), (1 =ap 4,), (L+y,m); (0,1), (1 —a = 8,1)
(2.69)
When A; = B; = 1foralli and j, then we obtain the following corollaries

from the above theorems, involving Meijer G-function.

Corollary 2.1. If min{R(«), R(B)} > 0,a,B,y € C,u > 0,b # a, |[(a — b)c]/
(ac +d)| < 1, |arg(d + ¢b)/(d + ca)| < 7; c* > 0,|argk| < énc*, then there
holds the formula

b
/a (x—a) ' (b — )N (ex +d) G [k(cx +d)|y ] dx
= (b—a)* P (ac + d)'T(p)
. (I+y:inl:—
x HO.I'Im,)lZl.'l (ac-‘:d)’7 - . 270
L0:p.g+1:1.2 Ca(f+f1) (ar,1),....@ap, ;1 —a,1) ( )

(b1, 1), (b, D), T+ y.m); (0.1, (1 —a =B, 1)

Corollary 2.2. If min{R(«), N(B)} > 0,a,B,y € C,u > 0,b # a, |[(a — b)c]/
(ac +d)| < 1, |arg(d + cb)/(d + ca)| < 7; c* > 0,|argk| < Lmc*, then there

2
holds the formula

b (ap)
/a (x —a)* (b — ) (ex + d)' G [k(cx + d)”|(b:)] dx
= (b —a) P ac +d)'T(B)

I+y:inl):—
k!
0,1:n,m:1,1 (ac+d)" -
*Hivigptin o) (I=bi.).....(I=bg. ) : (1 —a.1)
(1_01,1) """ (l_aprl)s(l+y7n);(0~1)7(1_a_ﬁ'1)

2.71)

where ¢* is defined in (1.22).

On the other hand, if we use the identity (Mathai and Saxena 1978, p. 4) then we ar-
rive at the following corollaries associated with Wright generalized hypergeometric
functions.

Corollary 2.3. If min{R(x),N(B)} > 0,a,B,y € C, u
(ac + d)| < 1, |arg(d + ¢b)/(d + ca)| < n; Q =
|argk| < ;nQ then there holds the formula

b # a,llc(a—"0b)]/
1 >

207
uw+ 0,7 > 0 and
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b o i ) (@A) ey Ap)
/; (x—a)* '(b—x)"ex + d) , 9, [—k(cx +d) |<b..31).....<b(,.3[,) ] dx
= (b —a) TP ac + d)'T(B)
. A+y:inl):—
HO.I':l,p:l,l' (1{(:+d)ﬂ N
X Hyy ki ‘a(éb_:f,) (I—api, A),....,(1—a,, 4,) : (1—a,1)
0.1),(1 =by,By),..., (I =bg.Bg). (1 +y.1);(0.1).(1 —a = . 1)
2.72)

where  is defined in (1.9).

Corollary 2.4. If min{N(x),N(B)} > 0,a,8,y € C,nu > 0,k # 0,b # a,

l[c(a —b)]/(ac +d)| < 1, |arg(d +cb)/(d +ca)l<m; Q=p+1>0,n>0
and | argk| < énQ then there holds the formula

b (@141 ap. Ap)
/a (=@ T b = 0P ex + d)7 Wy [k + dy e | ax

= (b—a)* TP ac + d)'T(B)

1 A+y:n:—
0,1:p,1:1,1 k(ac+d)n -
X H . . =
1,0:q+1,p+1:1.2 Ca(f+‘;) (1,1), (b1, By). ..., (bq, Bq) T(1—a,l)
(ar, Ap),..., (ap. Ap). (1 +7.m); 0. 1), (1 —a—B.1)

2.73)
where | is defined in (1.9).

When d = 0, (2.66), (2.69) give rise to the following theorems:

Theorem 2.3. If min{N(«), R(B)} > 0,a,B,y € C,u > 0,b # a,a # 0,
1 - 2| < 1, |arg(b/a)| < &, ¢,n > 0,|argk| < ;nqﬁ, then there holds the

formula
(ap ,Ap)
dx
(bg,Bq)

I+y:nl:—

b
/ xY(x —a)* (b — x)ﬂ_lHl’,'f;I” |:kx_'7

=a’(b—a)*PIT(B)

k

0,1:m,n;1,1 an

X Hl,O:p,q+1;1,2 b _ 1
a

(ap,Ap);(1—a, 1)
(bq?Bq)’(l + )z 77)?(0? 1)’ (1 - _ﬂv 1)

(2.74)

Theorem 2.4. [f min{N(x), N(B)} > 0,a,B,y € C,u > 0,b #a,a # 0,k #0,

|1—Z| <1, |arg(b/a)| < w; ¢, n >0, |argk| < ;m,b, then there holds the formula
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b
f— - 7 ’A )
/a X (x—a) b —x)f T H [kx”}?i{_g';)} &

=a’(b—a)*P7IT(B)

A+y:nl):—
1
0,1:n,m;1,1 kal -
*Hiogptina | 02 (1=b1.B)).....(1 = by By); (1 —a 1)
(I—ay, Ay),..., (I—ap, A4p). (L +y. ;0. 1), (1 —a—p.1)
(2.75)
Alternative form of Theorem 2.1. Let
f@) =G@—a)f ez + A Hy'k(cz +d)7"],
then there holds the formula
D@ = (2= a)* TP ac + dy
. (I4+y:vl):—
0,1:m,n;1,1 (ac+d)v -
X H1.0:p.q+1;|.2 ca(;:ji) (@, Ay, ... (tlp,Ap); (=81 s (276)

(b1, By), ..., (bg. By). (1 +y.v);(0.1), (1 —a=B. 1)

under the conditions stated along with (2.66) with b replaced by z and 1 replaced
by +v, where ¢ D7 is the fractional integral operator, see Chap. 3 for a discussion
of fractional integrals and fractional derivatives.

Alternative form of Theorem 2.2. Let
@ =G@—a)P e+ d) HIMk(cz + d)],
then there holds the formula

DT @) = =) TP ac + )Y

I+y:v1):—
1
x HO.I.:n,m:l.} k(t‘u;i-d)“ -
Ll | e (1=b1. By).....(1= by, By; (1= B, 1)
(I—ai, A, (1 =ap.Ap), (1 +y,0); (0, 1), (1 —a = B, 1)

Q.77)

under the conditions stated along with (2.69) with b replaced by 7 and n replaced
by +v.

It may be mentioned here that for generalization of the results of this section, one
can refer to the papers by Saxena and Saigo (1998), Saigo and Saxena (1999, 1999a,
2001) and Srivastava and Hussain (1995).

Remark 2.9. On the integration of H -functions with respect to their parameters,
see the works of Nair (1973), Nair and Nambudiripad (1973), Anandani (1970b),
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Taxak (1971). Golas (1968) and Pendse (1970). Integration of products of
generalized Legendre functions and H -functions with respect to a parameter is
discussed by Anandani (1970b, 1971d).

2.4 H -Function and Exponential Functions

The following integrals are evaluated by Bajpai (1970) with the help of the integral

T

2 r
/ (cos 6)* exp(iB6)d6 = +’;+1(“) sy 27®
T — o o—
K 2t () (5
where N («) > 0.
72r . (apsAp)
/ (cos ) T4 2 expli (k — M)OIH " | z(e" cos 6) " de
-3 (ba+Bq)
T . .\ (ap,Ap),(k,h)
= )7 AP L , (2.79)
2kta—2p(y) LAt (k-+A—1,h),(bg.By)

where R(k + A —h4) > 1— 1 .i=1,....nh>0kLeCp=00a>0,

|argz| < ;mx.

f ® (cos )42 expli (k — A)OIH [zefh"(sec )"
2

(ap,Ap)
deo
(bg,Bq)

(ap.Ap).(A.h)
, (2.80)

. T m+1,n 2 z
= _ +lg+1
2k+A-2D (k) Pt (k+A—1,h),(bg,By)

where (k + A —h§)>1— . i=1,...nh>0kieCpu=0a>0,

largz| < Mma.
72r (apsAp)
/ (cos 0)F A2 expli (k — X)O1H " | z(sec 6)>" de
_72r (bq,Bq)

T pmiin [22”1 (2.81)

T ok+a—2 Tpt2.4+1

(ap,Ap),(k,h),(A.h) j|

(k+A—1,2h),(bg,Bg)

where Rk + A —h%)>1-"i=1,..nh>0kAieCpu>00as>0,
|argz| < ;noe. By means of the following integral (Nielson 1906, p. 158)
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7B
4 2T 1
/ (sint)*e Pldr = e +ip ot b i\’ (2.82)
Tl oa—l
0 2 (14 “47) 1 (14 #57)

where 9 («) > —1, Saxena (1971a) has established the following results:

1

(i) Leta >0, |argz| < ,

maora = 0,9(6) < —1 then there holds the formula

4 (ap,Ap)
/ (sinf)?~te M9 Hpy'w' | z(sin 0)2h do
0

(bg,Bq)

_ exp( nn) gmntl |:z (1—y,2h),(@p,Ap) j|
e - f1.g+2 | 4 A | ’
2v—1 2 P 4 (bq’Bq)’(1_1’2+m,h),(1—1’2—ln,h)
(2.83)

where y, neC, h > 0 are such that X(y)+2h mini<;<m [mébjj)] >0 fora > 0,

. Rb,) RE+L ]

largz| < ;maora =0, > 0, and R(y) +2hmin1§j§m|: B, *
>0fora =0and u < 0.

(ii)

T
. —1_-—n6 s i2h0
/ (sinf)’ ‘e H;'fq" |:ze’
0 (bq-Bq)

(apyAp)
dé

7l (y) g zeih |@pdp) (15 )
T el

Fmon
2v—1 2

p+1,q+1 4h . (2.84)

(bquq)’(]_yz_m’h)

where y,n € C,h > 0, |argz| < ;mx,a > 0,N(y) > 0.

(iii) Leta > 0,N(y) > 0ora = 0, R(5) < —1 then

(ap,Ap)
deo
(bg,Bq)

(1=y,24),(ap,Ap) ]

s
/ (sin @)Y ~te M0 Hyt |:z(sin ) ei2h?
0

inh

_ T TN\ gma+1 | 2€
= Hy—1 °XP (— ) )Hp+l,q+2|: 42

(bqBo),("5 T An), (1T a—h) ’
(2.85)

holds for i > 0,1 > h,y,n € C, such that R (y) + 24 minj<j<m [mgy)] >0

D KRG+
0o
foro =0and u < 0. Whenh = 1and A; = B; = 1foralli and j, then the
H -function reduces to a G-function and from the results (2.83) and (2.85) we
find that

foroe > Ooroe = Oand 0 > 0;and N(y)+2A minj << |:
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(ap)
deé
(bg)

1— 2—
Y252 4

s
/ (sin G)V_le_"gGZ’,;;' |:z sin? @
0

T
= Jmexp (— 5 ) G;"g_";;+2 |:Z

’ ] , (2.86)

b 1—y+in l—y—in
q> 2 2

where M(y) + 2minj<;j<, N(b;) > 0,y.n7 € C,c* > 0,]|argz| < ;nc*,
where ¢* is defined in (1.22) and
ap
dé
bq

7 N , :
= 2y_ll*()/) exp (— 5 )G;”_:’Lqﬂ i

s
/ (sin Q)V_le_"gGl'Z;;' |:zeZ’9
0

1 —i
ap, +1§ n

. (287)

(bg), 1%

Lre* e* > 0.

where 9(y) > 0, |argz| < ,

2.5 Legendre Function and the H -Function

Letp,z€ C,a > 0, |argz| < ;na ora = 0,N(u) < —1. Further,letp € C,k >0

satisfy the conditions

N(p) + k 1min

<j<m

RbHT 1
[ 5 ]>2|m(/¢)|

1

fora > 0, |argz| < ,

raeora =0, > 0and

R(b;) NE) + ! 1
R(p) + k min ( f), ©)+2 > R,
1<j<m Bj " 2

for « = 0, u < 0 then there holds the formula (Singh and Varma 1972)

(apsAp)
dx

(bq:Bq)

1
/ (1 =X PR () Hp'Y! [Z(l — Xy

1

_ 2*
T (24v-A 1-v—A
()

(I—Pi%ak),(‘lpaAp)
x H™"+2 |, (2.88)

p+2,9+2 v N
(bg,Bq),(1=p+ 35 ,k),(=p— 3 k)



70 2 H -Function in Science and Engineering

For a definition of P,fu(x) see Sect. 1.8.1. On making use of finite difference
operator E (Milne-Thomson 1933, p. 33 with @ = 1), which has the following
properties:

E,f(a)= fa+1) (2.89)
E! f(a) = E4[EX" f(a)). (2.90)

Singh and Varma (1972) have further shown that

1
f(1—x2>P—1P3(x)UFV(a1,...,au;ﬁl,...,ﬁv;ca—x2>d)
-1

(ap.4p)
dx

(bg.Bg)

x Hm |:z(1 —x?)

B 2 = (@) @)y ©

B r<2+;—fl) (1 v— ,1) < (BU)r -+ (By)r 1!

(1—p—rd+% .k),(ap,Ap)
, (2.91)

< Hyly o |:Z
(bg»By).(1—p—rd + 3 k),(—p—rd =} k)

which holds under the conditions given with the result along with the conditions

that k and d are positive integers, U < V or U = V + 1 and |c| < 1 and none of

Bj.j = 1,...,V is a negative integer or zero. In case A = 0 and v = A, where A

is a positive integer, then the result (2.91) reduces to

1
/ (1= X2 Py (0)y Fy (@1 a0 Bro - Byic(l — x2)4)
-1

(ap.A4p)
dx

e |:z(1 —x2)k
(bg,Bq)

o (@) (@) ¢

Zr(zgk) r(154) 5 B ) !

% Hm ,n+2 |:Z

1—p—rd k),(1—p—rd k), (ap,A
ity ( p—r ) ( p—r ) (al) I)) ] (292)

(bg.Bg),(1—p—rd+2 k),(—p—rd—3 k)

where P (x) is the Legendre polynomial and the conditions of the validity are the
same as stated in (2.91) with A = 0 and v replaced by A.
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2.6 Generalized Laguerre Polynomials

From the integral (Mathai and Saxena 1973, p. 76) it can be easily shown that

(ap,Ap)
dx

(bg,B4)

o0
/0 xye_focg)(x)H;'f;I" |:zx'7

(27_[)(157]) )”y+k+é

k!
I A(m;—y),1),(A(n;0—y);1),(ap,Ap)
m NG
x H 0 L an” , (2.93)
(A(n;0—y+k),1),(bg,Bq)

where 7 is a positive integer, either « > 0, | argz| < éna ora = 0,N(5) < —1.

Further, the parameters z, y, 0 € C are such that i(y) +nmini<j<m [&Rl(?bj{)] > —1
Rb;) R+

B; ~ "
—1 fore = 0 and p < 0. For a definition of Laguerre polynomials see Sect. 1.8.1.

fora >0, |argz| < ;noe ora=0, 1 >0;and N(y)+nmini<;<m

Remark 2.10. Solutions of certain integral equations involving general H -function
were developed by Galué et al. (1993). It is interesting to observe that the results
given earlier by Kalla and Kiryakova (1990) for the Erdélyi—Kober and Weyl oper-
ators follow easily from the results of this section.

Exercises

2.1. Prove that

t
;) . o X , (ap,Ap)
/oxp (=) 2 Fatabrest = DHY [dxe G750 ax

— tp+c_1F(c)H’"’"+2 [dto|(l—p,o),(l+a+b—c—p,0),(ap,Ap) ] ’

p+2,9+2 (bg,By),(1+a—c—p,0),(1+b—c—p,0)
(2.94)
where either ¢« > 0, |argd| < ;na or v = 0,N() < —1 and the param-

eters p,a,b,c,d € C,N(c) > 0,0 > 0 be such that N(p + ¢ —a — b) +

ming <g<m [mgy)] > 0 for ¢ > 0,|argz] < ;mx ora = O,u > 0 and

Rb;) RE)+)

ﬂi(p—}—c—a—b)—i—minlsjsm[ B, n :|>Of0roz=0and,u<0.
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2.2. Establish the following integrals:
®

! 1
ar—1/1 _ _1 B mon z @p )
,lj[l/O X8V = xp) 2 Ty, 21, — DHY |:(xlx2,,,xt)h|(bq,Bq):|dxr
(ap,Ap), (g —ny + ;,h),(al +n + ;,h)
oo —ng + A ) (o +ng+ 3 k)
(bg. Bq). (a1, ). (er + 5. h). ... ’
(e, h), (e + 5. 1)

__ryem42t,n
- ﬂsz+2t,q+2t <

where z, o, € C, either ¢ > 0,]argz| < ;na ora > 0,9() < —1. [For

a definition of 7, (x) see Sect. 1.8.1]. Further, the parameter % is such that

N(or) > hmaxi<j<p [m(‘i‘jg_l] >0,r=1,...,tfora >0o0ora =0, <0

Ria,;)-1 RE+

andm(a,)—l—minlsjsm[ A o :|>0,r=1,...,tf0ra=0and

w > 0.
(ii)

tool
— -1 ’A
1—[/ X8 N1 = xp) 2 Ty, 2, — DHJLT [Z(XlXZ"'Xt)h EZ:,B:))] dx;
r=170

(l—al,h),(é —O[l,h),
...,(l—ozt,h),(; —ot,,h),(ap,Ap)
(bg. Bg). (A —ar —ni,h), (3 —ar +n1.h) ...
(2 —ow—nih), (5 = +neh)

L yymun+2t
=n2H, 5 o | 2

where z,a, € C, either > 0, |argz| < lraora = 0, N(8) < —1. Fur-

2
ther, the parameter 4 > 0 is such that (c;) + A minj<;j<p [mébjj)] > — 1,

r=1,...,tforea > O0Oora = 0, u > 0,and Np+c¢c —a —>b) +
) 1
minlgjgm Sﬁébjj),ﬂi(811+2

use the integral (Prudnikov et al. 1990, p. 681, Eq. (8.4.31.1))

> 0,r =1,...,t forae = 0and u < 0. Hint:

23. Leta, B,y € C,eithera > 0, |argy| < ;mx ora = 0,N(§) < —1. Further,
letn > 0.b # a,| &0 o < LJarg(d + cb)/(d + ca)| < 7
Rb;)

be such that N () + A minj<;<p [m;b;)] > 0, N(e) + nminj<; <y [ B, ] >0

<1,

Rb;) RE)+L

fora>00ra=0,/LZoaﬂdm(a)‘i‘lminlsjsm|: B, * u

j| > 0, N(a) +

. 1
nmini<;<m [mébjf), ER(S/):FZ :| > 0 fora = 0, u < 0 then there holds the formula
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b —1 —1 X —v|@ap.Ap)
/ (=@ T b = 0 ex + ) [y = @)} (b =0 (ex + )7 [ dx

=((b—a)* TP ac +d)

(IT=a;4, D), (1 +ysv, 1)t =

0.2 +1:1.0 y(b_a))d»” -
x HY m.n oL (ac+d)»
2.1:p+1,q+1:0,1 c(b—a) . _
ot d (ar,41),..., (ap, Ap); (1—B. 1)

(I —a=B54+n.1); (b1, Br)..... (bg: By). (1 +y.v); (0. 1)

Hence or otherwise show that

b
/a (x—a)* (b — x)f T H [ Y —at b= ] dx
=(b- a)ot+ﬂ—1a1’

1—azA, 1), (14+y;v,1): —

y(b_a)l+ﬂ
XHOZmn—‘,—I ;1,0 av
2.1:p+1.g+1:0.1 c(b—a)

(ar, Ar), ..., (ﬂp,Ap);(l—ﬂ,n);—
(I—a—=BA+n1): (b1, B),..., (bg. Bg), (1 +y,v);(0, 1)

and give its conditions of validity (Saxena and Saigo 1998).
2.4. Notation 2.9. F3: Appell function of the third kind
Definition 2.8. The Appell function of the third kind is defined in the form

(@ (@) (D) (B 27"
2.

Fs(a,a’.b,b';cix,y) = n!
()m+n m:n:

m,n=0

o
A)m(b x™
— Z ( )m( )szl(a’,b';c';y) .
o m!
where max{|x|, |y|} < 1. Prove the following result:

b
/ (t —a)* (b — )P (ut + v) (vt + 2)"dr

= (b—a)* " au +v)? (by + 2)" B(e, )

(b—a)u (b- a)y)

x F3 (a,ﬂ,—y,—n;aJrﬂ;— aut+v ' by+z

where for convergence

max {

(b—a)u
au +v

(b—a)y

by 4 : } < 1I;b # a, min{R(x), R(B)} > 0.

73
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2.5. Show that

1 B B oy
/_1(1 + 0 =P PP [1= T o] Hpy [0 =0 G a

_ oM 1(oe+1),,r(p) (- v)r (I 4o+ B1)r r
Z (14 a), ( 2 )

m,n+1 h_|(A=A=r,h),(ap,Ap)
XHp g+ [2 Z|(bq,Bq),(l—/l—p—v,h)] J

Vra; R(p) > 0,M) + h

where z,A,p € C,h > 0,0 > 0, @ > 0,]argz| < ,

2.6. Prove that
o0
—p N 2h|ap,Ap)
/0 t Jv(l‘)-]w(t)Hgfqn I:at |(bq,Bq) dr

~ e [ b (75 ot (1), <)]
p+4, ‘I‘H (p,2h),(bg,Bq) ’

where J,(-) is the ordinary Bessel function, 2 > 0,p,v,0 € C,u > 0,a > 0,

|arga| < ;na, Rw + v — p + 2h) minj<j<m [mébf)] > —1 and N(p) >
- = J

m(ai)—l:l

2h maxj<;j<p [ ’
- - 1



Chapter 3
Fractional Calculus

3.1 Introduction

The subject of fractional calculus deals with the investigations of integrals and
derivatives of any arbitrary real or complex order, which unify and extend the no-
tions of integer-order derivative and n-fold integral. It has gained importance and
popularity during the last four decades or so, mainly due to its vast potential of
demonstrated applications in various seemingly diversified fields of science and en-
gineering, such as fluid flow, rheology, diffusion, relaxation, oscillation, anomalous
diffusion, reaction-diffusion, turbulence, diffusive transport akin to diffusion, elec-
tric networks, polymer physics, chemical physics, electrochemistry of corrosion,
relaxation processes in complex systems, propagation of seismic waves, dynamical
processes in self-similar and porous structures and others. In this connection, one
can refer to Caputo (1967), Glockle and Nonnenmacher (1991), Mainardi (1995,
1996), Mainardi and Tomirotti (1997), Metzler et al. (1994), and monographs by
Podlubny (1999), Dzherbashyan (1966), Oldham and Spanier (1974), Miller and
Ross (1993), Hilfer (2000), Kilbas et al. (2006) and references therein.

The importance of this subject further lies in the fact that during the last three
decades, three international conferences dedicated exclusively to fractional calculus
and its applications were held in the University of New Haven in 1974, University
of Strathclyde, Glasgow, Scotland in 1984, and the third in Nihon University in
Tokyo, Japan in 1989 in which various workers presented their investigations deal-
ing with the theory and applications of fractional calculus (see, for details, Ross
(1975), McBride and Roach (1985), and Nishimoto (1991)). The works of Srivastava
and Owa (1989), Kalia (1993), Rusev et al. (1995, 1997), Gaishun et al. (1996) also
deal especially with the subject of fractional calculus.

A comprehensive account of fractional calculus and its applications can be found
in the monographs written by Kiryakova (1994), McBride (1985), Oldham and
Spanier (1974), Miller and Ross (1993), and Ross (1975). In particular, the five
volumes work published recently by Nishimoto (1984, 1987, 1989, 1991, 1996)
contains an interesting account of the theory and applications of fractional calculus
in a number of areas of mathematical analysis, such as ordinary and partial differ-
ential equations, summation of series, special functions, etc.

A.M. Mathai et al., The H-Function: Theory and Applications, 75
DOI 10.1007/978-1-4419-0916-9 3, (© Springer Science+Business Media, LLC 2010
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This chapter deals with the definition and basic properties of various operators
of fractional integration and fractional differentiation of arbitrary order. Among the
various operators studied, it involves the Riemann-Liouville fractional integration
operators, Riemann—Liouville fractional differentiation operators, Weyl operators,
Kober operators, Saigo operators, etc. Besides the basic properties of these opera-
tors, their behavior under Laplace, Fourier, and Mellin transforms are also presented.
Application of Riemann-Liouville fractional calculus operators in the solution of
kinetic equations, fractional reaction, fractional diffusion and fractional reaction—
diffusion equations, etc. are demonstrated. The results are mostly derived in a closed
form in terms of the H -functions and Mittag-Leffler functions suitable for numeri-
cal computation.

3.2 A Brief Historical Background

. . . 7 . .
In order to give a meaning to the notation gxfj for the nth order derivative, when
n is any number: fractional, irrational or complex, fractional calculus came into
existence. In fact G.A. I’Hopital wrote to G. W. Leibnitz to know the meaning of

32% ,whenn = ; Leibnitz replied in a letter of 30 September 1695 to I’Hopital that

“d2x will be equal to x+/dx : x, an apparent paradox from which one day useful
consequences will be drawn”. The name “fractional calculus” is probably due to
I’Hopital’s question “what if 7 is ;?” In another letter of Leibniz to J. Wallis dated
28 May 1697, Leibniz discusses Wallis’ infinite product for v, mentions differential

. 1 .
calculus and uses the notation d2 y to denote a derivative of order ;
Lacroix (1819) observed that

am !

= e N=1,2,3,...; meNyg=NUIOY: n>m.
dxm (n—m)!
3.1)

Sincen! = I'(n+ 1) and (n —m)! = I'(n —m + 1), the above equation was written
by Lacroix (1819) in terms of the gamma function in the form

L, T+

n

= n—m 32
dxmx F(n—m+l)x (3-2)

and then set m = ; and n = 1 to obtain

1 1
d2x 2x2
1 1 °
dx2 T2

During the eighteenth century, several mathematicians have contributed to the de-
velopment of fractional calculus, which includes Fourier (1822), Abel (1823-1826),
Liouville (1822-1837), and Riemann (1847).



3.3 Fractional Integrals 77

Gruiiwald (1867) defined the differintegration in terms of the following infinite
series:

“f o ([x—a)yN IR Tk—9q) x—a
[d(x—a)]q_I\fll—r>n<>o§ I'(—q) I;)F(k+l)f(x_k[ N ])§

(3.3)

where ¢ is arbitrary. The above definition was further generalized by Post (1930) to
the form

arf
dx”

= s?ﬁo § G (=DF @) fx - k8x)} ., n € Ny, (3.4)

k=0

ny n!
k] k'n—k)

The theory of fractional calculus by complex integral transformations approach
has been developed by many mathematicians including Augustin—Louis Cauchy
(1789-1857) and Edward Goursat (1858-1936). Further, Sonin in 1869 wrote a
paper entitled “On differentiation with arbitrary index” from which the present def-
inition of the Riemann—Liouville operator appears to follow. Letnikov (1872) in his
four papers presented an explanation of the main concept of theory of differentiation
of an arbitrary index which provides extension of Sonin’s work. A detailed account
of the origin of the Riemann-Liouville definition and its applications can be found
in the monograph of Miller and Ross (1993). The works of Davis (1927, 1936),
Love (1936-1996), Erdélyi (1939-1965), Kober (1940), Riesz (1949), Gelfand and
Shilov (1959-1964), and Caputo (1969) may also be mentioned in this connection.

A chronological bibliography of fractional calculus given by Ross is available
from the monograph of Oldham and Spanier (1974, pp. 1-15). Ross (1975) has also
given a brief history and exposition of the fundamental theory of fractional calculus.

where,

3.3 Fractional Integrals

Notation 3.1. 4I7,,D;";n € Ny : Fractional integral of integer order 7.

Definition 3.1.
Iy —D = " f()d 3.5
(aly [)(x) =aD" f(x) = F(n)/a (x=0)""" f(t)dt, x > a, (3.5)

where n € Ny.
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We begin our study by introducing a fractional integral of order n in the form
(Cauchy formula):

WD f)(x) = / (x — 0y f(0)dr. (3.6)

1
()

It will be shown that the above integral can be expressed in terms of n-fold integral,
that is,

D" £)(x) =/: dx; /axl dx, /:2 dx3.../ax"_l foyde, 3.7

Proof 3.1. When n = 2, then using the well-known Dirichlet formula, namely

Lb dx /ax S(x,y)dy = /ab dy fyb f(x, y)dx (3.8)

Equation (3.7) becomes

/adeCl/;XI f(t)de =/:dtf(;)/txdxl

= [x(x — 1) f(t)dr. (3.9)

This shows that the twofold integral can be reduced to a simple integral with the
help of Dirichlet formula. For n = 3, the integral in (3.7) gives

WD = [ Tdn [ s /  foa

_ / . [ / " / ” f(z)dt} . (3.10)

Using the result (3.9) the integrals within big bracket simplify to yield

D)) = / " dv, [ / M- t)f(l)dt} . 3.10)

If we use (3.8), then the above line reduces to

X x X _\2
(aD;3f)(x)=/a def (1) Ut (Xl—t)dx1:|=/a (x 2!” f(de, (3.12)

O
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Continuing this process, we finally obtain

WD f)(x) = f (x— 0" f(n)dr =

1)' /ax(x — )" f(t)dr.

(3.13)

1
I'(n)

It is evident that the last integral in (3.13) is meaningful for any number n pro-
vided its real part is greater than zero.

3.3.1 Riemann-Liouville Fractional Integrals

Notation 3.2. 1Y, D;%; 1] “ : Riemann—Liouville left-sided fractional integral
of order «.

Notation 3.3. 1 ;‘ , xDb_"‘, I} : Riemann-Liouville right-sided fractional integral
of order «.

Notation 3.4. L(a,b): Space of Lebesgue measurable real or complex valued
functions.

Definition 3.2. L(a,b) consists of Lebesgue measurable real or complex valued
function f(x) on [a,b]:

b
L(a.b) = §f¢||f||1=[ | f(t)|dt < 400 (3.14)

Definition 3.3. Let f(x) € L(a,b),a € C, )% («) > 0, then

P f(x) =D f(x) =17, f(x) = r(la)/ (x=0)*"' f(t)dt,x > a, (3.15)

is called the Riemann—Liouville left-sided fractional integral of order «.
Definition 3.4. Let f(x) € L(a,b),a € C,R(x) > 0, then

1 b
AR f(X) =D f(x) = TP f(x) = '@ / (t—x)*"L f(r)dt,x < b, (3.16)

is called the Riemann-Liouville right-sided fractional integral of order .

3.3.2 Basic Properties of Fractional Integrals

Proposition 3.1. Fractional integrals obey the following property:

@I 120)(x) = (I2TPp)(x) = (12a1%9)(x).
GIEIL9)(x) = GIETP o) (x) = GIE < If ) (). (3.17)



80 3 Fractional Calculus

Proof 3.2. By virtue of the definition (3.14) and the Dirichlet formula (3.8), it fol-

lows that
1 x dt 1 " o(u)du
I'(a) /a (x —t)I=* T'(B) /c; (t —u)'=#

1 ¥ x dr
= F(oe)I‘(,B)/a dmp(u)[ (r — D)1 (t — 1= (3.18)

If we use the substitution y = ; :‘; , the value of the second integral is

WI& 1P o) (x)

1
L) (B)(x —u)'~F

(x _ u)(x+ﬁ—1

1
B—1 _ a—1 —
[0 Y (= y)* T dy Fa+p)

which when substituted in (3.18) yields the first part of (3.17). The second part can
be similarly established. In particular,

I f(x) = (@I} aI2 f)(x). n €N R@a) >0, (3.19)

which shows that the n-fold differentiation

(d(fn e ) (x) =412 f(x),n € N,%(a) >0, (3.20)

for all x. When o = 0, we obtain

dn
WIZN) = 1005 @I N = |, fx) = P, (321)

O

Note 3.1. The property given in (3.17) is called the semigroup property of fractional
integration.

Proposition 3.2. The following result holds:

b b
/ £ (1% g)dx = [ ¢ (IS ). (3.22)

The result (3.22) can be established by interchanging the order of integration in the
integral on the left of (3.22) and then by using the Dirichlet formula (3.8).

Remark 3.1. Stanislavsky (2004) derived a specific interpretation of fractional cal-
culus. It was shown that there exists a relation between stable probability distribution
and the fractional integral. The relation investigated shows that the parameter of the
stable distribution coincides with the exponent of the fractional integral.
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3.3.3 Illustrative Examples

Example 3.1. TIf f(x) = (x —a)P~" then find the value of , 1 f(x).
Solution 3.1. We have

1 X
1 = -0 Yt —a)Pdr.
WENW = Lo [ e=—0ta-a
If we substitute 1 = @ + y(x — a) in the above integral, it reduces to

r'B) (x —a)*+B-1,

I'(e+p)
where N(B) > 0. Thus,
r
@I = (a(f) g F =@ (3.23)
provided o, B € C, min{MN (), N(B)} > 0.
Example 3.2. 1t can be similarly shown that
i@ = P e < (324

I'(x + B)
where g(x) = (b —x)#~1, o, p € C;min{MR(a), R(B)} > 0.

Note 3.2. 1t may be noted that (3.23) and (3.24) give the Riemann—Liouville inte-
grals of the power functions f(x) = (x—a)?~! and g(x) = (b—x)?~, min{R (),
(MNP} > 0.

Exercises 3.2

3.2.1. Prove that

(@ £c)r!

Gl ™ = 10

(x —a)*2 Fy (1,1—y;a+1;a_x),
atc

where N(«) > 0,a,y € C,

axe| <1

3.2.2. Prove that

(== ") ()

LB (x—a)**F!

T T@+p) b-a)t 2PN~ yiat iy ).

b—a

where (@) > 0,R(B) > 0,a, 8,y € C, [47%| < 1.
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3.2.3. Prove that
(721%1) () = 2 (x = @) E1 g1 (hx — Aa).

where x > a,a,A € C,9(«) > 0and E; o+1(.) is the Mittag-Leffler function.

3.2.4. Prove that

N0

T(@+ B) (x—a)*P71 Fi(Bia + B: Ax — da),

(12e™ (x = @)P71]) () = et

where o, f € C, min{N (), R(B)} > 0.

3.2.5. Prove that

(72 =@ In(r—a)) ()

N0)

_ _ \etB-1 _ _
= I+ p) (x —a) [In(x —a) + ¥ (B) — ¥ (a + B)l.

where o, B € C, min{N(«), R(B)} > 0; and (.) is the logarithmic derivative of
the gamma function.

3.2.6. Prove that
(e —@* aivx—a) 0 = (}) G- 0 -a),

where o, v € C, N () > 0,N(v) > —1.
3.2.7. Prove that
(12 = P Bl = 1) (0) = (6 = @) P Ep gl — @),
where 8, u,v € C,%(v) > 0.
3.2.8. Prove that

(o1 [x"* " sinax]) (x)
B xutv—1 T(M)

2i F(//L—i-l)) [lFl(/'lulfl«‘i‘V,lCZ)C)—lFl(M,M_|_v,_lax)]7

where f,v € C,a > 0, min{R(v), R(n)} > 0.
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3.2.9. Prove that

b b b 1 b
tpow=[ an [Cane [ gwin= C [0 eou, e,

3.2.10. Prove that Riemann—Liouville fractional integrals , I and x I} with % («) >
0 are bounded in L [a, b]. That is

(b—a)™@®
T ()9 (ex)

(b —a)t®

I(X
lla ¥Rl = M (@)@

1Al Il < 1711, (3.25)

where o € C, 9i(a) > 0.

3.2.11. Prove that the Riemann-Liouville fractional integral /', of the H -function
exists and the following result holds:

o ,o—1 gm,n O’(apsAp) _ pta—1 gmn+1 o (1_P~,0)v(apyAp)
(10+t Hyg |} |(bq,Bq)]) (x)=x Hy g+ |:x |(bq,3q),(1_p_a’g) ,

provideda € C,%(a) > 0,a;,b; € C,A;,B; >0,i =1,....,p;j =1,....,¢q,
p € C,0 > 0. Further let

n y4 m q
a* =Y "A;j— Y Aj+> Bi— > B;>0. (3.26)
j=1

j=n+1 j=1 j=m+1

or
R(b;)

a* =0,yu+ RE) < —1;0{“51“1-5,” |: B,
j

i| + NR(p) > 0, (3.27)
and

yo < N(p), where the contour of integration is L = L;ycc. (3.28)

3.4 Riemann-Liouville Fractional Derivatives

Notation 3.5. {a} means the fractional part of number «r, 0 < {a} < 1.
Notation 3.6. [a] means the integral part of number «.

Note 3.3. We note that
a = {a} + [o].
Notation 3.7. ;DY ¢; DF L e Riemann-Liouville left-sided fractional derivative

of the function ¢(x) of order «.

Notation 3.8. , D¢ ¢, I ¢: Riemann-Liouville right-sided fractional derivative
of the function ¢(x) of order «.



84 3 Fractional Calculus

Definition 3.5. The left-sided Riemann—Liouville fractional derivative of order o €
C, N () > 0 of the function ¢(x) is defined by

(DS 9)(x) = (Dg, ¢)(x)

1 d\" r* d
T T(n-a) (dx) / (xip(tt))a_tnﬂ’ n=[Roa)]+1;x>a (329

where [ («)] means the integral part of N (w).

Definition 3.6. The right-sided Riemann-Liouville fractional derivative of order
a € C, N(a) > 0 of the function ¢(x)is defined by

(xDy ¢)(x) = (Dy_ ¢)(x)
(=" ( d )" b p@n)dr

T I(n—a) \dx (—xyen+ T R(@)] +1; x <b. (3.30)

In short, one can express (3.29) in the form

n

d
(aDFe)(x) = dn (alX ) (x), (3.3

and (3.30) as

n

d _
GD§ 90 = (D" |, GI ). (3:32)
Fora € R, the equations (3.29) and (3.30) take the forms

(DT @) (x) = (Dg, ¢)(x)

1 d\" rx d
oo (o) [ =i G

and

xDy 9)(x) = (Dy_ ¢)(x)
n n b
- &b (di) / ( w(n)di n=la]+1; x <b (334

CT'(n—a) t— x)entl’

We shall also employ the notations

(anf) Q= (alx_a) Q= (alg)_l<ﬂ§ a > 0.

Similarly, we have

(ng)(p = (xlb_a)(/) = (xll‘,x)_lfp§ a>0.
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Remark 3.2. Geometric and physical interpretations of fractional integration and
fractional differentiation were given by Podlubny (2002), also see Nigmatullin
(1992).

Notation 3.9. Q = [a,b],—0c0 < a < b < 00,2 may be a finite interval, a half
line or a whole line.

Notation 3.10. AC(S2), the space of absolutely continuous functions.

Notation 3.11. AC™(R2). If n € N, the space of complex-valued functions /(x)
which have continuous derivatives up to order n — 1 on [a, b] with A"~V (x) €
AC|a, b] is denoted by AC"[a, b]. That is

AC"[a,b] = {h:[a,b] — C and (D""'h) (x) € AC[a.b]}. D = d‘i, (3.35)

where C is the set of complex numbers. It is evident that AC '[a, b] = AC|a, b].

We now present some properties of the operators defined by (3.29) and (3.30)
(see Samko et al. (1993)).

Proposition 3.3. Let AC [a, b] be the space of absolutely continuous functions h on
[a, b]. It is known [see Kolmogorov and Fomin 1984, p. 338] that AC [a, b] coincides
with the space of primitives of Lebesgue summable functions:

X

h(x) € ACla,b] & h(x) =c¢ +/ e(t)dt, o(t) € L(a,b). (3.36)

a

Hence absolutely continuous function h(x) has a summable derivative h'(x) =
@(x) almost everywhere on |a, b]. Thus (3.36) gives

o(t) = I'(t) and ¢ = h(a). (3.37)

The following lemma can be established with the help of (3.36), which provides
the characterization of the space AC"[a, b].

Lemma 3.1. The space AC"[a, b] consists of those and only those functions h(x),
which are represented in the form

1 * n—1 = r
h(x) = n— 1)!/(1 (x — )" Lp(t)dr + Z(:)cr(x —a)’, (3.38)
where (x) € L(a,b)and c,,r =0, 1,...,n—1 are arbitrary constants. It follows
from (3.38) that
h)
o) = KOG ander = @y Z0 1 -1, (3.39)

r!
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The next theorem characterizes the conditions for the existence of the fractional
derivatives in the space AC"[a, b], defined by (3.35)

Theorem 3.1. Ifa € C,N(x) > 0;n = |N(a)| + 1, and h(x) € AC"[a.b], then
the fractional differentiation operators o DY h and x Dy h exist almost everywhere on
[a, b] and may be represented in the forms

= " 1 * pM(1)dr
DI = 2 ity T oy [ e
(3.40)
and
= =)0 —1" [P R (n)de
(PR = ; ;(1)+ r _(a)) (o Fin —)a) x (1= x)(“)—"“’
(3.41)
respectively.

To prove the first part of the theorem, we observe that since #(x) € AC™, conse-
quently the representation (3.38) holds. Using this in the definition of the fractional
derivative , D$ h (3.29) and taking (3.39) into account, the result (3.40) follows. The
second part can be proved similarly by using the Definition 3.6 and the representa-
tion for the function f(x) € AC"[a, b] of the form (3.38):

f(x) = (_ ):)'/ (r —x)"" 10(t)dz+2( De(b—x), (342

where

")
6) = F®(0) ande, = r'(b) : (3.43)

Corollary 3.1. Ifa € C,0 < R(x) < 1,a # 0, and h(x) € AC|a, b], then there
holds the relations

(aDIh)(x) =

M) [ h/(t)dt], (3.44)

1
F(l—a)[(x—a)“ a (x—0)*

and

o 1 h(b) bop'(r)de
(xDph)(x) = I - ) [(b—x)a —[x p —x)“:|' (3.45)
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Lemma3.2. Ifa € C,M(a) > 0 and h(x) € Lpy(a,b),1 < p < oo, then the
following formulae

(D% JI%h)(x) = h(x) and (; D¢ (IFh)(x) = h(x), R(@) >0  (3.46)

hold almost everywhere on [a, b).

Remark 3.3. The above assertion shows that the fractional differentiation is an op-
eration inverse to fractional integration from the left.

Lemma 3.3. Ifa. € C,%(a)>N(B) > 0, then for h(x) € Lp(a,b), 1< p<oo,
the composition relations

@DE JI2h)(x) = J127Ph(x) and (D} (Ifh)(x) = I Ph(x). (3.47)

hold almost everywhere on [a, b).

The first part in (3.47) readily follows from the results (3.40), Theorem 3.2 and
Lemma 3.2. The second part can be proved similarly.

Notation 3.12. 41%(Lp) : Space of functions.
Notation 3.13. x Iy (L) : Space of functions,
Definition 3.7. The space of functions ,/¥(L ) is defined by

Wd¥(Ly) ={h:h=41%:¢ € L,ya.b)} (3.48)

fora € C, () > 0 andl < p < 0.
Definition 3.8. The space of functions x 7}’ (L ) is defined by

Iy (Lp) =1{h:h= Ip;p € Ly(a,b)}, (3.49)

fora € C,N () >0 and 1 < p < c0.

Theorem 3.2. Let « € C,N () > 0,n = |N()| + 1 and let hyp—o(x) =
(e I127%h)(x) be the fractional integral of order n — o, defined by (3.15). Then the
following results hold:

(i) Ifh(x) € oI(Lp). 1 < p < 00, then
(a2 D2h) (x) = h(x). (3.50)

(ii) If h(x) € Ly[a.b] and hp—o(x) € AC"[a.b), then the formula

"o @)

(T3 aDyh) (x) = h(x) = ) o 74 1)

Jj=1

(x —a)* 7, (3.51)

holds almost everywhere on [a, b).
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3.4.1 Illustrative Examples

Example 3.3. Prove that

r'y+1

X% a>0,yeC,NRy)>—-1,x>0, (352
y—a+1) =0,y ) (3.52)

ODSI"D() = |

Solution 3.2. We have

1 dn X
ODSDE) = b [ et
_ Fiy+1 - y—a
S T(y+n+1 —ot)(y o+ Dnx
_ Tiy+1D —a
= Iy +1-a) X’ (3.53)

fory € C,N(y) > —1.
Note 3.4. Itis interesting to observe that for y = 0, (3.53) yields
—a

(0D%1)(x) = F()lc_a);ayél,Z,..., (3.54)

which is a surprising result and indicates that the fractional derivative of a constant
is, in general, not equal to zero. Thus it is not difficult to show that

o _ (x—a)® o (b=
DS (x) = r(—a) and (x Dy 1)(x) = r(—a) 0 < N(w) < 1. (3.55)
Example 3.4. Prove that
G = F =y =y + 1)

where y is the Euler’s constant and ¥ (z) = 11:/((5)) .

Solution 3.3. We have

(oI [Int](x) = /Ox(x — )" Vint dr.

1
I'(v)

If we use the substitution t = xu, then

1 1
(ol [Int])(x) rw) [ x”(1 —u)” Y(Inx + Inu)du
0

xVInx xV 1
= + 1 —u)" 'inudu.
ro+1) T(v) [0 ( )
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We know that

/1 N1 =P nedr = B f)Y (@) — Y@+ B, (3.56)

0
where o, B € C,N(x) > 0,N(B) > 0. Applying the formula (3.56) for « = 1 and
noting that ¥ (1) = —y, we see that
¥V
I = [ T Inx =y =Y+ DL
Similarly, we can prove the result in the next example.

Example 3.5. Prove that

—V

D)= " [nx—y—y(—v+1)

ra-v)
Example 3.6.
o
(0D D(x) = (1l —a) 1F1(1; 1 — s ax).
Solution 3.4. We have
©
(o Dfexp(an () = - % oDE(")
r=0

3 i @ Tr+1)
B bl Fr—a+1)

x—a
Fi (1;1 —«; .
r(—a)' 1 ( o;ax)

Remark 3.4. One can unify the definitions of Riemann-Liouville fractional integral
defined by (3.15) and Riemann-Liouville fractional derivative defined by (3.29) of
arbitrary order o, € C, () # 0,n € N, in the form

F(la) [ —0)7 f(0)de, R(e) <0

3.57
(&) @I27 f)(x). K@) > 0 — 1 < R(a) <, 3-57)

D)) =

which is called differintegral of f of order . This process is also called fractional
integro—differentiation. (Butzer and Westphal 2000)
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Exercises 3.3

3.3.1. Prove that

I'(p+ HxP~@

(DS explan) ) = 10T

1Filp+ 1:ip—a+ liax),
where o, p € C,N(p) > —1.
3.3.2. Prove that
Jo(z) = 772217077V, DT (D (s5in ).
3.3.3. Prove that
Y(x) = —y +Inz—T'(x)z' oD} (Inz),

where ¥ (x) is the logarithmic derivative of the gamma function and y is the Euler’s
constant.

3.3.4. Prove that
y(a,z) = T(a)e oD, “(exp2),

where y(a, z) is the incomplete gamma function.

3.3.5. Prove that
(0PI 2 7,0 2)]) (x) = 27247 (x2),

where u € C,M(n) > —1.

3.3.6. Prove that

I'(c) _ . g
2F1(a,b;e;z) = FEb;Zl oD’ (1 -2
3.3.7. Establish the result
ra+1 _
(oDYIx*2 Fi(a, bic;ix)(x) = F(A(_v Jr)l)xA P3P+ 1.a.bic; A—v+1:x),

where A,v,a,b,c € C,R(A) > —1,N(A —v) > —land ¢ # 0,—1,-2,...; and
|x] < 1.

3.3.8. Prove that
(a D% al$h)(x) = h(x).
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3.3.9. Prove that
(@D? aI%h)(x) = o127 P h(x),

where o, f € C, min{N (), N(B)} > 0, h(x) € L(a,b).

3.5 The Weyl Integral

Notation 3.14. W<

00 X

1%, I* Weyl integral of order .

Definition 3.9. The Weyl integral of f(x) of order «, denoted by W<, is de-
fined by

(1 “f)(x)—(l‘*f)(x)
/ (t—x)*"Lf()dt, —co<x <oo  (3.58)

(W /) (x)

['(a)
where o € C, 9i(«) > 0.

Notation 3.15. D¢ D¢ : Weyl fractional derivative.

oo’ X

Definition 3.10. The Weyl fractional derivative of f(x) of order «, denoted by
» DY, is defined by

(D2 £)(x) = (D% £)(x) = (—1)™ ( d ) (W ()

dx

B m(d > f(r)dt
=0 () rona | < x <
(3.59)

wherem —1 <a<m; me N,ax € C.

3.5.1 Basic Properties of Weyl Integrals

Proposition 3.4. The following result holds.

/ () (oY (1)) dx = / V) (W) dr.  (3.60)
0

Equation (3.60) is called the formula for fractional integration by parts. It is also
called the Parseval equality. Equation (3.60) can be established by interchanging
the order of integration.
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Proposition 3.5. Weyl fractional integrals obey the semigroup property. That is

(s WEF) 1) = GWEL )0) = (WL WES) (o),
Proof 3.3. We have
1 0o
(swe WLF) = o [ are =
1 0o
1 B) [t (u—1)P7! f(u)du.
Using the modified form of Dirichlet formula (3.8), namely
a a a
fx dr(e —x)*™! / (=07 fu)du = B(a, B) f (=0 ""dy

and letting a — o0, (3.62) yields the desired result

(+W2 WL F) () = WP ().

The second part of Eq. (3.61) can be similarly proved. [

3.5.2 Illustrative Examples

Example 3.7. Prove that

—Ax
Aa

(&

(+le™) () =
where N («) > 0.

Solution 3.5. We have

CHEED = o[-t M0

—Ax oo —Ax
= ¢ / W le Mgy = ©
(o) Jo A

Example 3.8. Find the value of (ngo[e_“])(x), A > 0.

(3.61)

(3.62)

(3.63)
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Solution 3.6. We have
d m
(DL = 1 (o) e

— (—l)m (dd )m )L—(m—oc)e—/lx — /'{ote—lx.
X

Exercises 3.4

3.4.1. Prove that

T(A—v)

ro) XA — v, Aa/x),

(W [x ™ expla/x))(x) =

where A,v € C,0 < N(v) < R).
3.4.2. Prove that

(WL exp(—ax)))(x) = 72 (x/a)" 2 exp(—ax/2)K, 1 (ax/2),
where N(ax) > 0,v € C,R(v) > 0.
3.4.3. Prove that

GWEX*TVE} (ax P))(x) = x 7 Ej,,, (ax7P),

where min{NM («), N(B), N(y)} > 0; «,B,y € C,a € R.

3.4.4. Prove that the Riemann-Liouville fractional integral /* of the H -function
exists and the following relation holds:

(a 5A ) _ a—1
(b By) D () =7

a,p—1 rym,n o
(seotag [

m+1,n o
><Hp+1’qJrl |:x

(ap, Ap). (1 —p,0) i|
(1—p—a,0),(bg, Bg) ’

provided @ € C,d(x) > 0 and further the constants a;,b;, € C,4;,B; > 0
i=1,....p; j=1,...,9,p € C,0 > 0 satisfy

E}i(aj)—l
A

] + R(p) + R(e) < 1,
J

omax|:

and 1 4+ yo > N (p) + N(«); the contour of integration being L = Ly oo.
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3.6 Laplace Transform

In this section, we derive the Laplace transforms of fractional integrals and fractional
derivatives which are applicable in certain problems associated with fractional reac-
tion, fractional diffusion fractional reaction—diffusion, etc.

3.6.1 Laplace Transform of Fractional Integrals

We have

ORNW =13, 0 = [ e—ooa, e

1
L)

where v € C, % (v) > 0.
Application of the convolution theorem of the Laplace transform to (3.64) gives

v—1

L{ol;f:s}=L{’

F(v);S} LA{f();s}

= s "F(s), (3.65)

where s,v € C,%N(s) > 0, RN(v) > 0.

3.6.2 Laplace Transform of Fractional Derivatives

Letn € N, then by the theory of the Laplace transform, we know that

dn n o n—r— r
L{dx,,f:s} = F(s)—;os LrO04) (3.66)
n—1
=s"F(s) =Y _s" D04, (3.67)
r=0

where s € C, M (s) > 0 and F(s) is the Laplace transform of f(¢).
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By virtue of the definition of the Riemann-Liouville fractional derivative, we
find that

n

d
Lonsfis] = L

oli‘_"‘f;S}

n—1 dr—r-1
=s"L [()I;l_af§s] - Zsr dxn—r—1 olﬂ_af(0+)

r=0
n—l1 doe—r-1
= s%F(s) — Zs’dxa_r_l £(04) (3.68)
r=0
n . de—r
=5 F() =) 5" 04), (3.69)
r=1

n
d
=s“F(s)—Zs'_1D“_'f(0+),(D= ) n—1<a<n,
ot dx

(3.70)

where N (s) > 0.

3.6.3 Laplace Transform of Caputo Derivative

Notation 3.16. gD;‘ f : Caputo fractional derivative of f(¢).

Definition 3.11. The Caputo fractional derivative of a casual function f(¢) (that is
f(t) = 0fort < 0) with « > 0 was defined by Caputo (1969) in connection
with certain boundary value problems arising in the theory of viscoelasticity and the
hereditary solid mechanics in the form

EDLfYx) =10 dci:n f(x) = oD F™(x) (3.71)

_ 1 * _ \n—a—1 r(n) _
= F(n—a)/; (x—1) S Mdt,n—1<a<n  (3.72)

dn
= f,ifa:n,neN. (3.73)
dx”

From the Egs. (3.65), (3.67) and (3.71), it follows that

LS D% s} = 57O L r M @)y, (3.74)
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On using (3.66) and (3.73), we see that

n—1
L{§ D2 fis) =570 [S”F(s) S (0+>]

r=0
n—1
=s*F(s) — Zs“_’_lf(’)(0+),n —l<a=<n, (3.75)
r=0

where o, s € C, R(s) > 0, N(«) > 0.
Note 3.5. From (3.71), it can be seen that

Ep*A=o0, (3.76)

where A is a constant, and whereas the Riemann—Liouville derivative

l: ‘1 F] a; 1929"" (3"‘)
07 ( C{)’
"thh 1Isa SUIFIlsnlg IeSUI[‘

Remark 3.5. In arecent paper, Freed and Diethelm (2007) have extended the Fung’s
elastic law to one that is appropriate for the viscoelastic representation of soft bio-
logical tissues, and whose kinetics are of fractional order.

3.7 Mellin Transforms

Notation 3.17. M (0, 00), : a subspace of L ,(0, 00).

Definition of the subspace M, (0, 00) : M, (0, co) denotes the class of all func-
tions f(x) of L,(0,00), with p > 2, which are inverse Mellin transforms of

functions of L, (—00,00);q = pil'

Theorem 3.3. The following result holds true.

M (IZf)(s) = F(Fl(;is_)s)f*(s +a), (3.78)

where s,a € C,N(a) > 0 and R(a + 5) < 1.
Proof 3.4. We have

M (oI2f) (5) =[O 2 r( )/(z—t)“ U f(r)dedz (3.79)

_ 1 s—=1._ _ a—1
_F(oe)/o f(t)dt/z 27 (z—1)%" "dz.
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Setting z = t/u, the z-integral becomes
1
roets—1 / w1 —w)* 'du = t*P 1 Ba, 1 —a —5), (3.80)
0

where N(a) > 0, N(a + 5) < 1. The result (3.78) now follows from (3.80). O
Similarly, we can establish the following result:

Theorem 3.4. The following result holds true:

MG O = L fais) (381)
T .
SRTRVACEYL (3.82)

where s,a € C,N(a) > 0,N(s) > 0.

3.7.1 Mellin Transform of the nth Derivative

Theorem 3.5. [fn € N, then

(s)

M {f(t);s —n}, (3.83)
(s —n)

M{rO@ysh =

where s € C,N(s —n) >0

Equation (3.83) can be proved by integrating by parts and using the definition of
the Mellin transform.
3.7.2 Illustrative Examples

Example 3.9. Find the Mellin transform of the Riemann—Liouville fractional deriva-
tive g DY.

Solution 3.7. We have

oDF f = (DfoDI™) f = (oDf ol ™) f. (3.84)
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Therefore,

M (oD% f) (s) = (;8 _F’S) M

_ D' —(s—aw)
- I'(s—m)(01—s+n)

(I f)(s—n), n—1<%R(@) <n (3.85)
M{f(t);s —aj, (3.86)

where o, s € C,N(s) > 0, N(s) < 1 + R(w).
Example 3.10. In a similar manner, we can prove

(=D (s)sin[r (s — n)]

M (ontf) (s) = I'(s — ) sin[r(s — )]

M{f(t);s —a}, (3.87)

where o, s € C, N(s) > 0, N(x —s) > —1.

Exercises 3.6

3.6.1. Find the Mellin transform of the Caputo derivative.

3.8 Kober Operators

Kober operators are the generalization of Riemann-Liouville and Weyl opera-
tors. These operators have been used by many authors in deriving the solution of
single, dual, and triple integral equations possessing special functions of math-
ematical physics, as their kernels. These operators (/(q,,) f)(x), are also called
Erdélyi—Kober operators.

3.8.1 Erdélyi-Kober Operators

These operators are applicable in deriving the solution of certain integral equations
involving special functions of mathematical physics which possess a Mellin—Barnes
type integral representation. In this connection, refer to the works of Fox (1961,
1963, 1965, 1971), Saxena (1966, 1967, 1967a), Narain (1965, 1967), Nasim
(1983), Habibullah (1977), and others. For further details see the survey paper en-
titled “Operators of fractional integration and their applications” by Srivastva and
Saxena (2001).

Notation 3.18. I[f(x)], Tla,n; f(x)], Eqy f. I f.(I,f, f)(x) : Erdélyi-Kober
fractional integral of the first kind.
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Notation 3.19. R[], Rlet. & f(0)]. K& £ K& £ (Ko 1)) (K (e, £/)) (x):
Erdélyi—Kober fractional integral of the second kind.

Definition 3.12.

I[f)] = Ion: f(0)] = Egy f =11 f = (1], /)(x) = (I(e.n) ) (x)
= e t"(x =) f(t)dt,a,n € C;R(ar) > 0, (3.88)
C(a) Jo

Definition 3.13.

R[f(x)] = R, & f(0)] = K&5, f = K& f = (Kp oy /)(X) = (K(@, ) f)(x)

¢ [es)
= / 1757 = x)* T f()de & e CR(e) > 0. (3.89)
I(e) Jx

Equations (3.88) and (3.89) exist under the following set of conditions :

1 1 1
f €Ly0,00), () >0,R(1)>— NRCE>— , + =1Lp=>1
q pr 4

When n = 0, (3.88) reduces to Riemann-Liouville operator. That is
1P f =x"%I¢f (3.90)
For ¢ = 0, (3.89) yields the Weyl operator of the function t=* f(¢). That is
KO f = cWZ™ f(1). (3.91)

Theorem 3.6. (Kober 1940) If a,n,s € C,N(a) > 0,N(n —s) > —1,f €
Ly(0,00), 1 < p <2(or f € Mp(0,00), a subspace of L ,(0,00) and p > 2),
N(n) > —;; 11) + ; = 1, then there holds the formula
ra+n—s)

MA@ = Ly

M {f(x):s}. (3.92)

The proof of (3.92) can be developed on similar lines to that of Theorem 3.3. In
a similar manner, we can establish

Theorem 3.7. (Kober 1940) If «,s, € C,N(ax) > 0,N( + s) > 0,f €
L,(0,00),1 < p <2(or f € Mp(0,00), a subspace of L,(0,00) and p > 2),
N > —;; 11] + ; = 1, then there holds the formula

I'¢+s)

MR@ONO)= L0t et

M {f(x):s}. (3.93)
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Semigroup property of the Erdélyi—Kober operators has been given in the form
of the following theorem, which can be proved in the same way:

Theorem 3.8. Ifa,n € C,R(a) > 0,NR(n) > max{—;,—;};f € L,(0,00),g €
L4(0,00),1 < p <2(or f € Mp(0,00), a subspace of L ,(0,00) and p > 2),

;17 + ; = 1, then there holds the formula

/0 ¢(0) (e n: £)) (x)dx = /0 £ (R@nig) (dv.  (3.94)

Remark 3.6. Operators more general than the operators defined by (3.88) and (3.89)
are defined by Galué et al. (2000) in the form

I} )(x) = F_:_)" xt"(x—t)o‘_lf(t)dt,oz,ne C: (@) >0. (3.95)

Exercises 3.7

3.7.1. For the Erdélyi—Kober operators defined by

—2oc —2n

N a0

where N («) > 0, establish the following results (Sneddon 1975):

() 1o x?P f(x) = PP IE 4 (%),

o + +
(i) I'I Otln-i-a B In a+p IrH-ot ﬂlﬂ ar

(iii) (I,5,)"" =11,

n+o,—a

Remark 3.7. The results of Exercise 3.7.1 also hold for the operator, defined by

Knad 0 = poos [ =y o,

where N(x) > 0.

3.7.2. Prove that the Erdélyi—Kober fractional integral I o of the H -function exists
and the following result holds:

+ p—1 ggm,n a
(177,06[ HP,tI |:t

= xP~ le ,n+1 |:xg

i)

(be B 1)
P"?»U),(apw‘lp) i|

(bg, Bg),(1 —p—a—n,0) |’

pH+1,g+1
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provided o, n € C, (o) > 0, and further the constants a;,b; € C, A;, B; > 0,
i=1,....p;j=1,...,q9,p € C,o0 > 0satisfy

min [m(bj)

isjsm| p. } + M(p) + min[0, R(n)] > 0.

and yo < —N(p) — min[0, N(n)]. (Here the contour of integrationis L = L;yoo.

3.7.3. Prove that the Erdélyi—Kober fractional integral K, , of the H -function ex-
ists and the following relation holds:

)
(b By) |)

(ap. Ap). (1 —p+o+ n,o)}
(l_p‘f"?,a),(bquq) '

— p—1ggm,n o
(K,]’al HPJI |:t

_ p—lpgm+l,n o
=x Hp+1,q+1 X

provided o, n € C, (o) > 0, and further the constants a;,b; € C, A;, B; > 0,
i=1,....p;j=1,...,q9,p € C,o0 > 0satisfy

max [m(aj) -1

1<j<n A, i| + NR(p) < 1+ NR(n)

and 1 —yo > NR(p) — N(n).

3.9 Generalized Kober Operators

Notation 3.20. Ia, B,y :m,k,n,a: f(x)], I[f(x)]
Notation 3.21. Ja, B,y :m,k,8,a: f(x)], K[f(x)]

Notation 3.22. R[f(x)], R [Z’ ﬂ’z: ; f(x):|

s M

Notation 3.23. K[f(x)], K [‘z By ; f(x)}
,p,a

Leta, B,y,k,n,¢,0,p€ C,x € Ry.
Definition 3.14.

If()] = Te.B.y :m.k.n.a: f(x)]:

kx—n—b X atk
- e n
= Ti-a ), 2 Fy (Ot,ﬁ +m;y; ok )t f(t)dr, (3.96)

where , F (+) is the Gauss hypergeometric function.
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Definition 3.15.
K[f(0)] = Kle, B,y :m,k, 8 a: f(x)]
¢ 00 k
_ F(’:x_a)[ o F (a,ﬂ—l—m;y;a;( )ff—lf(t)dr. (3.97)

Operators defined by (3.96) and (3.97) exist under the following conditions:

(i) p=1.g<oo, ,+,=1]ag(l —a)| <mk >0.

i) N —a) > —m,R() > —1/¢,REC) > —-1/p Ry —a—p—m)>—1,m €
No;y #0,—1,-2,...

(iii) f € L,(0,00).

The equations (3.96) and (3.97) are introduced by Kalla and Saxena (1969).

Remark 3.8. 1t is interesting to note that for y = f,a = k = 1, the equations
(3.96) and (3.97) reduce to the generalized Kober operators introduced and studied
by Saxena (1967b).

Definition 3.16.

Rf()] = R [“’ﬁ’y f f(x)}

o,p,a:
x~o—P X

= 17(x =)L Fy [a,ﬁ;y;a (1 - Z)} f()de. (3.98)
(o) Jo X

Definition 3.17.

_g|®By:
KUl = & [ 07 pw|
x¢

= ') xoo;—t—p(t—x)p—lel [a,ﬁ;y;a (1 - );)]f(t)dt. (3.99)

The conditions of the validity of the operators (3.98) and (3.99) are given below:

i) p=1l.g<oo, , +,=1lag(l—a) <=

(i) N(o) > —1/¢, R () > —-1/p, R(y—a—p) > 0,RN(p) >0;y #0,—1,-2,...
(iii) f € Ly(0,00).

Remark 3.9. The operators defined by (3.98) and (3.99) are given by Saxena and
Kumbhat (1973). For multidimensional generalized Kober operators associated with
Gauss hypergeometric function, which provides an elegant multivariate analogue of
the operators (3.98) and (3.99), see Saxena et al. (1990).

When a is replaced by a/o and « — oo, the operators defined by (3.98) and
(3.99) reduce to the following operators associated with confluent hypergeometric
functions:
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Definition 3.18.

RGN = k| P75 po] = tim k| ©P0E ]

o,p,a o,p,aja:
x"oP ¥ t
= °(x —1)P 1 |:,B; y;a (1 — ):| f(t)de. (3.100)
I'(p) Jo X
Definition 3.19.

kUfwl =& | F7E pe)| = i k| P72 pw)]

_ FX(; e —wrte e (1)) rwan - caon

where N(p) > 0, R(¢) > 0; and P(B, y; z) is the confluent hypergeometric function
(Erdélyi et al. 1953, p. 248).

Many interesting and useful properties of the operators defined by (3.98) and
(3.99) are investigated by Saxena and Kumbhat (1975), which deal with relations of
these operators with well-known integral transforms, such as Laplace, Mellin, and
Hankel transforms. Equation (3.98) was first considered by Love (1967).

Remark 3.10. In the special case, 0 = 0, when « is replaced by @ + B,y by @ and
B by —n, then (3.98) reduces to the operator (3.102) considered by Saigo (1978).
Similarly, (3.99) reduces to another operator (3.104) introduced by Saigo (1978).

3.10 Saigo Operators

An interesting extension of both the Riemann—Liouville and Erdélyi—Kober frac-
tional integration operators was introduced by Saigo (1978) in terms of Gauss’s
hypergeometric function. In a series of papers, Saigo (1978, 1979, 1980,1981),
Saigo et al. (1992, 1992a), Saigo and Raina (1991), Srivastava and Saigo (1987),
Saigo and Saxena (1998), and others obtained several interesting properties of these
operators and then applied in many problems. In this section, we present definitions
and certain important properties of Saigo operators. Following Saigo (1978), we de-
fine the following generalized fractional calculus operators associated with Gauss
hypergeometric function in the kernel.

Notation 3.24. 1 g:ﬂ V. Left-sided generalized fractional integral operator.

Notation 3.25. 1%P- : Right-sided generalized fractional integral operator.
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Notation 3.26. Dgf V. Left-sided generalized fractional derivative operator.

Notation 3.27. D%P-7 : Right-sided generalized fractional derivative operator.

Leta,B,n € C, and let x € N4 the generalized fractional integral and gener-
alized fractional derivative of a function f(x) on 94 are defined in the following
forms:

Definition 3.20.

—a—ﬂ x
(Iaﬁ ThHx) = (x —1)* L F (a+ﬂ,—n;oe; 1- ;) F(0)dt, R(e) >0

['(a)
(3.102)

U )0, 90 < 0 = )] + 1
(3.103)

Definition 3.21.

=PI = / -0 B (0 B - 7)) f0de @ >0
(3.104)

= (- 1)" (1a+"ﬁ £ (x), M) < 0:n = [R(—a)] + 1. (3.105)
Definition 3.22.
(DEPY ) = (127 £ ()

( ) ( —ot+n ,—B—n,a+n— ”f)(x)’f}{(a) >0;n = [E}{(Ot)] + 1.
(3.106)

Definition 3.23.

(D&PY f)(x) = (1Z%7PF7 f)(x)

N (_dd) (It £ (x), R(@) > 0in = [R(@)] + 1.
(3.107)

For B = —a, the operators defined by (3.102), (3.104), (3.106) and (3.107) re-
duce to the classical Riemann—Liouville fractional calculus operators for i () > 0,
namely the Riemann-Liouville operator /§ , defined in Sect. 3.2 by the equation
(3.15), the Weyl operator /¢, defined in Sect. 3.4 by the equation (3.58) and the
fractional derivative operators D N and D¢, defined below by the Egs. (3.109) and
(3.111) respectively.
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Notation 3.28. D{ L Riemann-Liouville left-sided fractional derivative of order c.

Notation 3.29. D* : Riemann-Liouville right-sided fractional derivative of order .

Definition 3.24.
ot—oc d [R(e)]+1 —oc y
e = (05 ) =(0) (BT w0
(3.108)

—(d)[m(a)] AL
-~ \dx F(l—a+ R@]) Jo (x—r)e-Brer ™ -

(3.109)
Definition 3.25.

D — (p® _(_d BRI+ 1o+ (@)
ey = () 0 = (=g ) (O ) .0
(3.110)

_(_d)[”("‘”“ 1 [ IO s
o\ dx F(l—a+ [R@)]) )y (—x)e @77
(3.111)

where the symbol [¢] means the integral part of a real positive number ¢ that is the

largest integer not exceeding ¢. In particular for real @ > 0, Dg, and D¢ take the
interesting forms

g = (051 = (L) () o

_ ( d )[‘”“ 1 S0

dx r(—{ad) Jo (x—pyerd x>0 G112

and

d [a]+1
(D= £)(x) = (D% f)(x) = (— o) ()W

AT 1)
- (_dx) ra —{a})/ {a}dl, x>0, (3.113)

where {¢} denotes the fractional part of ¢, thatis {¢} = ¢ — [¢].

If we set B = 0, then the operators defined by (3.102) and (3.104) yield the
Erdélyi—Kober operators, defined by (3.88) and (3.89) respectively.
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3.10.1 Relations Among the Operators

We note that the relation connecting the operators (3.102) and (3.104) is given by

(r=onr [y =sr (2 [ r0]) (1) e

To prove the result (3.114), we observe that if we start from its left hand side then
by a simple change of variable, we obtain the desired result.

When 8 = —a, in (3.114), it gives the relation between the operators (3.111) and
(3.58) given by Kilbas (2005):

(s [o= ([ Yor=rzar [

—et (o)) () = G oD ()

(3.115)

On the other hand, for § = 0, we obtain the relation between the operators (3.88)

and (3.89) as
(=0 [1]) 0= (Kot [ [ 0 =2t (g0 1 7o) 1)
(I [T D)) (i) . (3.116)

Note 3.6. We observe that the operators (3.106) and (3.107) are inverse to the oper-
ators (3.102) and (3.104):

DS‘;’S’” = (13‘;’3”7)‘1 and DA = (BT (3.117)

3.10.2 Power Function Formulae

By making use of the following integral

. - T(T (T (p+c—a—=>b) ,io
PNt —x) 5 Fy (a,bei1 = )dx = poret

/Ox (E=x)"" 1(a ¢ t) o F'p+c—a)l(p+c—>)
(3.118)
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where p,a,b,c € C,N(p) > 0,N(c) > 0,R(p+¢c—a—>b)>0and

> —1 _ el R t _ F(c)l"(] _IO_C)F(] _,O_Ll_b) +e—1
/t xP7 (x — 1) " L Fi(a,b;c; 1 x)dx— Il —p—a(l—p—b) tP ,
(3.119)

where p,a,b,c € C;N(c) > 0,N(p+¢) < 1,N(p +a + b) < 1, we obtain the

following power function formulae for the operators (Igjrﬂ ’") and (12"’3 "’):

wha i) o TA+DTA+A+0—p)
(10+ t )(x)_F(l+)L—ﬂ)F(l+)L+a+n)x , (3.120)
where o, 8, nand A € C, N(«) > 0 and R(A) > max{0, R(B —n)} — 1;
wpa ) o  LB=MTO=2) ;4
(I_ "t )(x) B F(—)L)F(Ol—f—ﬂ—i-ﬂ—)&)x ' (3.121)

where «, 8,1, and A € C, N(a) > 0, R(A) < min{R(B), N(n)}, or if R(x) < 0;
0<N(@)+n <land R(A) < min{N(B) —n, N(n)}, where n is a positive integer.
For 8 = —«, (3.120) and (3.121) give rise to the formulae

a A _ F(l +A) Ao
(Io+l )(X) =it (3.122)

where o, A € C, () > 0, R(A) > —1; and

o,—A _ F()L—Ol) a—A
(1_; )(x)— N (3.123)

where o, A € C, (1) > N(«) > 0.
Similarly, for 8 = 0, we obtain

o TU+r+n
(In,at )(x) = rUtatitns (3.124)

where o, A, n € C,N(A + n) > —1 and

Fm=21) 4

Ky t* = , 3.125
( ne )(x) Ta+n—21)" (3-125)
where o, A, € C,N(a) > 0, N(n) > N(A).

The discussion in the next two sections is based on the work of Saigo et al.

(1992).
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3.10.3 Mellin Transform of Saigo Operators

Theorem 3.9. If o, 5,1 € C,N(x) > 0, and R(s) < 1 + min[0, R(n — B)], then
the following formula holds for f(x) € L,(0,00) with 1 < p < 2or f(x) €
M (0, 00) with p > 2:

ra—-s)rmp—pg+1-—y)

B ra.B.n o, _ .
M{x 1 "f,s}_ (s B) et 1o g™ S Gs] G126

where M (0, 00)is defined in Sect. 3.6.

Theorem 3.10. If o, B8,n € C,N(a) > 0, and N(s) > —min[R(B), R(n)], then
the following formula holds for f(x) € L,(0,00) with 1 < p < 2 or f(x) €
M, (0, 00) with p > 2:

Brapams \_ LTB+OT0+s) .
M{x ¢ "f,s} = ) Tt oy M CST (3.127)

3.10.4 Representation of Saigo Operators

A representation of Erdélyi—-Kober operators (3.88) and (3.89) in terms of the
Laplace transform operator L and its inverse L~! was given by Fox (1971, 1972).
Certain relations connecting L and L™! operators, and fractional integration oper-
ators of Saxena (1967) were derived by Kumbhat and Saxena (1975) generalizing
the results of Fox (1971, 1972). In this section we present certain representations of
the Saigo operators by L and L™!.

Theorem 3.11. Let o, 5,7 € C,N(a) > 0,0 (n — B) > 0and R(n) < 0. Ifa
function f(x) satisfies the following conditions:

(i) £(x) € L(0,00)

(ii) y~2 f(y) € L(0,00), where f(y) is of bounded variation near the point y = x

(iii) M{Jlf(x);s} =F(s) e L()—ioo, ) +ioco)

(iv) yP=2 Ig_;_ﬁ’"f € L(0,00) and y# Igf’"f is of bounded variation near the
point y = x, then there holds the relation

Ig_;_ﬂ’"f — =By -1 [l_“_”L {xﬂ L} [;”L {xn_ﬂf(x)}]}] . (3.128)

Remark 3.11. For B = 0, (3.128) reduces to a result given by Fox (1972, p. 198).

Theorem 3.12. Let o, 8,7 € C,N(a) > 0, N(B) > 0 and R(n) > 0. If a function
f(x) satisfies the following conditions:
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(i) f(x) € L(0.00)

(ii) y~2 f(y) € L(0,0), where f(y) is of bounded variation near the point y = x

(iii) M{Jlf(x);} =F(s) e L(y—ioo, ) +io0)

(iv) yP=21%P1 f € L(0,00) and yBI%PB-" f is of bounded variation near the
point y = x, then there holds the relation

JOBN f—ymam2Bont1y |:t_°‘_"L {xﬂL—l [t"L {x"_lf (i)””xZI .

(3.129)

Remark 3.12. For B = 0, (3.129) reduces to a result given by Fox (1972, p. 199).

Exercises 3.9

39.1. Leta® > Oora® = 0 and yu + N(6) < —1. Further, let o, 8,7 € C,
N(a) > 0, N(B) # R(n); p € C and k > 0 satisfy the conditions

R(by)

N(p) + k min |:
J

1<j<m

:| + min[0, R(n — B)] > 0.

fora™ > 0ora™ =0, > 0, and

N(p) + k min

1<j<m

Rb;) RS+ 2
Bj

:| + min[0, R(n — B)] > 0,

for @™ = 0 and u < 0. Then show that the generalized fractional integration 7, gf &
of the H -function exists and there holds the formula

~ A,)
Ia,ﬂ,'ltp le,n |:tlc (aP’ D i|) ()C)
( O+ P (bq, By)
— xp—ﬂ—lHTn,n-i-Z XK (1 - P, K), (1 + ﬂ —n—- va)v (apv Ap)
pt2.4+2 (bq’BlI)7(1 +ﬁ_P»K)7(1_P—05_77»K) '
(3.130)

where 1, 8, ™ and y are defined by (1.17), (1.18), (3.26), and (3.28) respectively.

3.9.2. Let either o* > 0 or @™ = 0 and yu + N(8) < —1. Further let o, 8,1 €
C,N(x) > 0,N(B) # NR(n); p € C and k > 0 satisfy the conditions

m(a,’) —1

1

N(p) + k max |: :| < 1+ min[R(B), R(n)],
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fora™ >0ora™ =0, <0, and

R(a)—1 RE) + 3
Aj ’ %%

1<i<n

N(p) + k max |: :| < 1+ min[R(B), R(n)],

for @* = 0 and > 0. Then show that the generalized fractional integration /%A
of the H -function exists and there holds the formula

(ap, Ap) i|)
(bg. By) )
(Clp,Ap),(l—,O,K),(l +04+ﬂ+77—/0,’<):|
(1_p+ﬂvK)v(1_p+an)7(blI’BlI) '
(3.131)

a,B.n =1 ggm,n | .k
(I_ t HM [t

_ p—B—1gm+2,n K
=X Hp+2,q+2 X

where a* is defined in (3.26).

Note 3.7. In Exercise 3.9.1, left-sided generalized fractional integral 1, B0 of the
H -function is considered, whereas Exercise 3.9.2 gives the right-sided generalized
fractional integral %#-" of the H -function.

393. Leta,B,ne C,N(a) >0, R+ B+n) #0,pe C,k >0.Leta® > 0or
a* =0, and yu + RN(8) < —1 satisfy the conditions

1<j=m

R(p) +« min [m;b_’)} + min[0, R(a + B + n)] > 0.
J

fora™ > 0,ora™ =0,u >0, and

N(p) +« 1m_in

=Jj=m

- . N 1
|:§)i(b,)’ RS + 2] + min[0, R(a + B + )] > 0,
B, 5

for «* > 0 and u < 0. Then show that the generalized fractional differentiation

Dgf’" of the H -function exists and there holds the formula

(ap. Ap) :|)
(bg. B 1)
(1_P,K),(l_P_n_a_ﬂ»K)»(ap»Ap)}
(bg, Bg), (1 —p—B.x), (1 —p—n,k) 7
(3.132)

a,B.n . p—1 yymn | Lk
(x|

_ p+B—-1 ggm,n+2 K
= Hpiagia |

where a* is defined in (3.26). Hence or otherwise show that the Riemann-Liouville
fractional derivative Dg+ of the H -function exists and the following result holds:
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o — m.,n o ’ A
(pgmtmzy oo | ey | o

(1=p,0),(ap,Ap)

— xp—oc—l Hm,n-‘rl |:xo
(bg. Bg), (1 —p+a,0)

p+1.g+1

] , (3.133)

provided o € C, N («) > 0, and further «.8,n € C,N(a) > 0, N(x + B + 1) # 0,
p € C,0>0;eithera® > 0ora* = 0,and yu+N(§) < —1 satisfy the conditions

N(p) + 0 min [mébj)} >0

I<j<m j

fora™ > 0and «* = 0, > 0, and

N(p) + 0 min

1<j<m

R(b;) RE) + )

( J) , ( ) 2 > 0
B; Iz

fora™ =0, u < 0, ™ is defined in (3.26). (Kilbas and Saigo 1998)

3.94. Leteithera™ > Oora™ = 0and yu + N(§) < —1. Further let o, 8, € C,

RNa)>0,pe C;R(a+pB+n)+[NR@)]+1 # 0, and k > 0 satisfy the conditions

R(p) + max[Ii (B), [ ()] + 1. —R(& + )] + & max [m(“;‘l) - ‘] <1,

1<i<n i

fora™ > 0ora™ =0, u <0, and

N n 1
9H(p) +max[R(B). H(@)]+ 1.~ (a+m)]+ max [Eh(a;l). 3 91(5L+ 2] L

for «* = 0 and u > 0. Then show that the generalized fractional differentiation
DB of the H-function exists and there holds the formula

a.B.no—1 gym.n | 1k
(D_ t Hp,q [t

(apa Ap) i|) (X) — (_1)[9R(a)]+lxp+ﬂ—l Hm+2,n

(bq, By) pH2.4+2
K (ap,Ap), (1 —p,k),(1 —p—B +1n.k)
X|:x (l_p_ﬂ"()’(l_P+a+77,K),(bq,Bq):|' (3.134)

Hence or otherwise show that the Riemann—Liouville fractional derivative D% of
the H -function exists and the following relation holds:
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o — m.,n o ’ A
(et v |Gy | o

- (_1)[m(a)]+1xp—a—1Hm+1,n |: o

(ap,Ap), (1 —p,0)

prlatl (1=p+a,0),(bg, By)

i|, (3.135)

provided o, 8, € C,N(a) > 0, N+ B +1n) #0,0 € C,o > 0, furthera™ > 0
ora® =0,and yu + N(5§) < —1 satisfy the conditions

R(a;)—1
A.

N(p) + 0 max |:
1<j< j

j<n

:| —{R(@)} >0,
fora™ > 0ora™ =0, u < 0; while

m(aﬁ, 1’ ?Tf(5L+ 2:| — (@)} > 0.

N(p) + 0 max |:
1<j<n

for «* = 0 and p > 0 where {9 («)} is the fractional part of R(w).
(Kilbas and Saigo 1999)

Note 3.8. In Exercise 3.9.3, we consider the left-sided generalized fractional deriva-
tive Dgf’" of the H -function, whereas Exercise 3.9.4 provides the right-sided
generalized fractional derivative D%#-" of the H -function.

Note 3.9. It is observed that the result of Exercise 3.9.1 also holds for the general-
ized fractional integro—differentiation /, g‘ A1 of the H-function defined by (3.103).

Similarly the result of Exercise 3.9.2 also gives the generalized fractional integro—
differentiation 7% of the H -function defined by (3.105).

Remark 3.13. Certain properties of the Riemann—Liouville fractional calculus op-
erators associated with generalized Mittag-Leffler function are obtained by Saxena
and Saigo (2005). Saigo-Maeda operators of fractional calculus associated with
Appell function F3 (Saigo-Maeda 1998), which are the generalizations of Saigo
fractional Calculus operators, are studied by Saxena and Saigo (2001), which pro-
vide the extensions of the theorems given in this section (Exercises 3.9.1-3.9.4). For
further results on Saigo-Maeda fractional calculus operators, refer to the papers by
Saxena et al. (2002) and Kiryakova (2006).

3.9.5. With the help of the following chain rules for the Saigo operators

B, .8, B8,
U P11 £y ) = (g TP 1)),

and
(TP LB £)(x) = (1PN £)(x),
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derive the inverses

—1

(1gm) ™ = gt (3.136)
and 1

(If,ﬂn) = [T Patn, (3.137)

3.9.6. Establish the following property of Saigo operators called “integration by
parts”

/Ooo 7@ (16779) (r)dx = /OOO g(0) (1997 1) (x)dx. (3.138)

3.9.7. Show that

L(@)I(o+n—p)
(=P +a+mn)

bx
X3F2(1,77—ﬂ+1,—6;1—ﬂ,a+17+1;—a )

(Igf"’x"_l(a + bx)c) (x) =a° r

Also give the conditions of validity of this result.

3.11 Multiple Erdélyi-Kober Operators

Fractional integration operators associated with the H-functions are studied by
Saxena et al. (1974), Kalla (1969), Kalla and Kiryakova (1990), Srivastava and
Buschman (1973). A detailed and comprehensive account of fractional integra-
tion operators and their applications studied by various authors during the last four
decades can be found in the paper of Srivastava and Saxena (2001). The discussion
in this section is based on the work of Galué et al. (1993).

Notation 3.30. 1 ((,_3; 1]:)) ((fz ; . Multiple Erdélyi—Kober operator of Riemann-Liouville
type.

Notation 3.31. C,: Space of continuous functions.

Notation 3.32. K ((;’C‘; ’((g:))n f(x): Multiple Erdélyi—-Kober operator of Weyl type.

Notation 3.33. CJ. : Space of continuous functions.

Definition 3.26. Space of functions C,, is defined as

Co ={f(x) =xPf7(x): p>a, f7(x) € C[0,00)}
with o =% _ [—B(yx + 1)] (3.139)

T 1<k<m
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Definition 3.27. Space of functions CJ. is defined as

Cos = {f(x) =x%g(x);q < a*,g € C(0,00); |g|§Ag} with ¢*= min (Bty)

1<k<m

(3.140)

Definition 3.28. A multiple Erdélyi—Kober operator of Riemann-Liouville type is
defined in the form

1l =100
g [ S ] o

=\ Y > 0. (3.141)

f(x), if 6 =0 and A =B, k=1,....m

where m € Z*, B > 0,8 > 0, and yx,k = 1,...,m are real numbers.
Furthermore

KA 2o

DBPUED DI

oMo P

and f(x) € Cq, where Cy is defined by (3.139), and

o > max [—Ag(yx + 1]
1<k<m

The definition (3.141) can be rewritten in the familiar form :

1o1\”
7 x)-Gk) flx) = /x ™m0 4 (Vk o+ 1- Bi’ ﬂk)l f(t)dt.

T8>, 0 m mm | ( ; )'"
Yk + 1 - Ak Ak
(3.142)

Remark 3.14. 1t is interesting to note that for Ay = B,k = 1,2,...,m, we obtain
the operator defined by Kalla and Kiryakova (1990). If, however, we set m = 1 and
Br = Ax.k = 1,...,m, we obtain a slight variant form of Erdélyi—Kober operator
defined in (3.88). The following properties of this operator holds.

3.11.1 A Mellin Transform

2 Tl +1
M { ((f];/];)) ((i)’/]:; ACO } = H T'(ye + 8k + 1 )M{f(x) P (3.143)
k=1



3.11 Multiple Erdélyi—Kober Operators 115

where

G IG |
kX:; " —](2:; B > 0 and N(s) < lérllgélm[)tk(l + vl

3.11.2 Properties of the Operators

Some basic properties of the operator defined by (3.141) are given below:

m T +14 0
1G5 = T ey s o oy (3.144)
ooy Lk + 8+ 1+
where R(p) + maxy<g<m[Ax (1 + yi)] > 0.

i), (6x) (tx), (k) (T @)D T () )
I(ﬁk),(kk),mI(Sk),(ék),nf(x) - I((ﬂk)’{’,(sk)’,’),((kk)ﬁ”,(ék)’,’),m+nf(x)’ (3.145)

where
= b

maxi<g<m[l — Ak (yx + 1)] < 0 < maxy<f<nlEx (& + 1) — 1], and

()

. 0.6
The inverse of the operator / ((g 112)) ((/12 ; 1 1S given by

"1 | K
Zak>O,A=k2=;Ak—kX=;ﬂk>O,

k=1

< (7A4)2).

-G )7 _ k80, (=5%)
(’(ﬂff),(x';),m) JG) =155 gom - S (3.146)

The results (3.143) and (3.146) are useful in deriving the solutions of a certain
class of integral equations.

Definition 3.29. Another multiple Erdélyi—Kober fractional integral operator of
Weyl type is defined by

(te +ox + . glk )1
1 1
(T + g g

i), (¢, b n 1
K[f()] = KZ9@8) £(x) = / Hn;,?[u ]f(xu)du,
(3.147)

if > 7 ax > 0,and f(x),ifax =0andeg = &,k = 1,...,n, where

"1 "1
_ 0,
,;Ek Z ”

&
k=1 °k
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neNe>0,& >0, >0and 7,k = 1,...,n are real numbers, f(x) € C
where C. is defined by (3.140) and

0{* )
a* < min (§1i).
1<k<n
The definition (3.147) can easily be put in the familiar form :
K@@ =
Tk )\ n,0
Koo eon T () = /x H

provided that

l)n

(Tk +Otk + sk o
n
(tk + Ek’ Ek)

] F(o)de, (3.148)

n
Zak > 0.
k=1

Remark 3.15. It is interesting to note that for e, = &,k = 1,2,...,n, we obtain
the operator defined by Kalla and Kiryakova (1990). If, however, we set n = 1 and
exr = &,k = 1,...,n, we obtain a slight variation of the Erdélyi—Kober operator
of Weyl type defined in (3.89). The following properties of this operator holds.

3.11.3 Mellin Transform of a Generalized Operator

It can be easily seen with the help of the Mellin transform of the H -function given
by the equation (2.8) that
s

(txc), (k) . fk .
MAKTNES f(x);s) = F(Tk ot )M{f(x),s}, (3.149)
k=1

where

Z Sk Z : > 0 and 1r<n1?§n(_gktk) < N(s).

k=1 F
The power function formula for the operator K ((Sr’]:)) ’((g:‘)) , 1s given by
" D= f
(zie) () £ 0
Kooy @™ 1_[ xP, (3.150)

T (e +ac— )
where N(p) < min <k <m[tx&x]. Further

() (er) - (vr)s(8x) @ () 60T
K eoreon Kgoanm ) = Keom gom ot Gyt ment ). G-151)
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where
G I G A
T SIS SARTS S SR )
Pk e o M o P
max (—Axyr —1) <0< min (&gt + 1),
1<k<m 1<k=<n
and
jargx| < L 7B
argx| < _nB.
8=,
Finally, the inverse of the operator K ((;’C‘; ’((g:))n is given by
() (e) \ ! _ (e (—ax)
(K(s;]f),(skk),n) ) = Kigy om0 (3.152)

Remark 3.16. Solutions of certain dual integral equations involving general H -
functions have been developed by Galué et al. (1993) by the application of the
operators (3.141) and (3.147). It is interesting to observe that the results given earlier
by Kalla and Kiryakova (1990) for the multiple Erdélyi—-Kober and Weyl operators
follow easily from the results of this section.

Remark 3.17. Representations of fractional integration operators of multiple
Riemann-Liouville and Weyl type defined by (3.141) and (3.147), in terms of the
Laplace and inverse Laplace transforms, are recently obtained by Saxena et al.
(2006). Integral formulae for the H -function generalized fractional integration op-
erators discussed in this section are derived by Saxena et al. (2004a, 2007). Integral
formulas for the generalized Erdélyi—Kober operator of Weyl type, defined by the
equation (3.147), are recently evaluated by Saxena et al. (2005).



Chapter 4
Applications in Statistics

4.1 Introduction

Special functions are used in almost all areas of statistics. Statistical densities are
basically elementary special functions or product of such functions. Hence, the the-
ory of special functions is directly applicable to statistical distribution theory. While
studying generalized densities, structural properties of densities, Bayesian infer-
ence, distributions of test statistics, characterization of densities and related studies
of probability theory, stochastic processes and time series problems, and special
functions and generalized special functions in the categories of Meijer’s G-functions
and H -functions come in naturally.

When looking at multivariate and matrix-variate distributions, the theory of
special functions of matrix argument is directly applicable. Functions of matrix ar-
gument in the categories of matrix variable gamma, type-1 beta and type-2 beta, are
the most commonly used special functions in current statistical literature.

In this chapter, a brief introduction to the applications of H -functions in statisti-
cal distribution theory will be given. Problems which fit directly into the definition
of an H -function are dealt with in this chapter. With the knowledge of the basic ma-
terials discussed in this chapter, the reader will be able to tackle more complicated
situations of applications of special functions in statistics. Only the real variable
case is discussed in this chapter.

4.2 General Structures

General structures in statistical literature where H -function will be applicable are
many. The simplest of the structures are products and ratios of statistically indepen-
dently distributed positive real scalar random variables. A real scalar random vari-
able x is said to have a generalized gamma density when the density is of the form

pa? x“_le_“xﬁ, x>0,a>0,0a>0p>0
) =1r(3) @.1)

0, elsewhere.

A.M. Mathai et al., The H-Function: Theory and Applications, 119
DOI 10.1007/978-1-4419-0916-9 4, (© Springer Science+Business Media, LLC 2010
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Note 4.1. Usually, in statistical problems, the parameters are real; hence, we will
assume that the parameters a, o, and ﬂ are real.
Let
U= X1X3++ Xk, 4.2)

where x; has the density in (4.1) with the parametersa; > 0,0; > 0,8; > 0,j =
1,2,---,k and let x1,--- , x; be statistically independently distributed. Note that
for B; = 1 in (4.1), one has the standard gamma density. Hence, if y; has the
density in (4.1) with 8; = 1, then a density of the structure in (4.1) can be created

by considering x; = yfj,j =1,---,k. Hence,

Wt =Pyl (4.3)

and u in (4.2) can be studied by using the same procedures. If one is interested
in deriving the exact density of (4.2), then one of the methods, and possibly the
easiest way, is to compute the Mellin transform of the density of u. If the unknown
density of u is denoted by g(u), one can evaluate the Mellin transform of g(u),
without knowing g (u), by making use of the independence properties of xq, -« , Xg.
In the standard terminology in statistical literature, let £ denote the mathematical
expectation, then E (xh), when x has the density in (4.1), is given by

a+h
E(x") = ;((g ;éa)g , for N(a+h) >0, (4.4)

where 9i(-) denotes the real part of (-). Thus, when « and % are real, this expected
value or the ~th moment of x can exist for some negative value of & also such that
a + h > 0. Due to statistical independence,

E@") = [EGHI[ERD)] - [E(x])]
k T a;+h

Bj

fy O,

()
J

But, with & replaced by s — 1, one has the Mellin transform of g(u). That is,

Rj+h) >0, j=1,...k (4.5)

EWw™" = /‘000 w g (u)du

1
kT Otj—.l + s. aéj
21—[ (ﬂ/ ﬂ/) I Raj+s—1)>0, j=1,...,.k. (4.6)

. Otj B
J=1 F<ﬂj) ajj
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Then, the unknown density g(u) of u is available from the inverse Mellin transform.
That is,

1 c+ioco
gw) = . / [E(us_l)]u_'yds, i=+—1,¢> —a;+1, j=1,--k
c

270 Je—ioco
ﬁf(aj_l+s) li[aﬁl’ u_xds
| g, e[\ LY

|
k ctioco
_ aj 1 /
= 1_[ F(aj/') 271 Je—ioco {/:l

= ﬁ F(]w/) H(f,? |:a1’5‘ ...a:A “‘(a/—'_ ] ).j=l k:|, 0<u< oo, 4.7)

and 0 elsewhere, is the density of u.

Note that for ; = 1, j = 1,---,k, the H-function in (4.7) reduces to a
Meijer’s G -function Gg”,? (+). Further, for special values of k, one can evaluate (4.7)
in terms of elementary special functions.

Note 4.2. Since statistical densities, in general, can be written in terms of elemen-
tary special functions and the H -function is a very generalized special function, one
can represent almost all densities, in current use, in terms of H -functions.

Note 4.3. Special cases of the gamma density in (4.1) include the following:

(a) Weibull density (8 = «);

(b) chisquare density (8 = 1,a = ;,a =7.m=12,-),
(c) standard gamma density (8 = 1);

(d) exponential density (8 = 1,a = 1);

(e) folded Gaussian (f =2, = 1);

(f) chidensity (8 =2, =1,n=1,2,---);

(g) Helley’s density (8 = l.a = 1,a = ¥%);

(h) Helmert’s density (8 =2,a = ,7,,a =n—1>0);

(i) Maxwell-Boltzmann density (8 = 2, = 3);

(j) Rayleigh density (8 = 2,a = 2).

Note 4.4. When x in (4.1) is replaced by |x|,—0c0 < x < o0, we obtain more
generalized densities. The most important special cases will then be the Gaussian
(B = 2,0 = 1) and the Laplace density (8 = 1,a = 1).

4.2.1 Product of Type-1 Beta Random Variables

A real scalar random variable is said to have a real type-1 beta distribution, if the
density is of the following form:

fiw) = rere X =00 <x < La> 08>0

0, elsewhere,

(4.8)
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where the parameters o and f are assumed to be real. The following discussion
holds even when « and f are complex quantities. In that case, the condition becomes
N(a) > 0 and R(B) > 0 where N(-) means the real part of (-). The ~th moment of
x, when x has the density in (4.8), is given by

T+h) T(+p)

hy __
E(") = @ T@+pB+h)

N + h) > 0. 4.9)
When « and / are real, the moments can exist for some negative values of & also
such that @ + & > 0. The Mellin transform of fj(x) is obtained from (4.9), by
replacing /& by s — 1 for some complex s.

Consider a set of real scalar random variables xy,--- , X, mutually indepen-
dently distributed, where x; has the density in (4.8) with the parameters («;, ;).
j =1,---, k and consider the product

Uy = X1X2 - Xg. (410)

Then, the Mellin transform of the density g («) of u; is obtained from the property
of statistical independence and is given by,

[ e = G = (B (B

k

iop Tl Tl +Bj+s=1)
ﬁr(aj +8)) 15[ T +s5—1)

T (ej) Do +B;+s—1) @1

J=1 J=1

Then, the unknown density g;(u) is available by taking the inverse Mellin trans-
form of (4.11). This can be written in terms of a Meijer’s G-function of the type
G,’:g(-). We can consider more general structures in the same category. For exam-
ple, consider the structure

uzzxi/'xgz---x}:",yj>0,j=1,...,k (4.12)
where x1, ..., x; are mutually independently distributed as in (4.10). Then, observ-
ing that

E@s™) = EGP' ) EGPRS ) EQACTY) (4.13)

k k

1—[ (e + Bj) 1—[ Cla; —y; +vis)

, 4.14
(o)) Flaj+Bj—vj+vis) 19

j=1 j=1

m(aj_)/j +]/js)>0,j = 17"'7k’
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the density g (u2) of u, is available by taking the inverse Mellin transform, that is,

k oo Kk
g2(uz) = 1_[ e : /c+loo Py =7y 4 759) u, Sds
i Ty [ 2mi Jeeo J5 T +B =y +y8) 7
k
Claj + B)) k,0 (j+Bj—v;vj)i=1,k
= H Fe)) H [“2|(aj—yj,yj),j=1,~-.,k ],0 <uy < 1.
j=1
(4.15)
Observethatwheny; =1, j = 1,---, k, the H -function reduces to the G-function.

The case in (4.15) is slightly different from x; having a generalized type-1 beta den-
sity and then considering the product x1 - - - xx. Suppose x ; has a generalized type-1
beta density given by

o
yavy

B(%.8)

LX) =3 x>0,

x4 11 —ax?)P1 0 < x <a_)]/,a >0,>0,y>0,a>0,

0, elsewhere,
(4.16)
where B(-, ) is a beta function

. (“,ﬁ) r(%)re

= ,a>0,8>0,y >0.
y r(«+p)
y
If x follows the density in (4.16), then the (s — 1)th moment of x is given by,
! (=5 r(+s)
E(x*1 = / ST hdx = :
’ )T

Let, x; have the density in (4.16) with parameters (a;,c;,B8;.v;),j = 1,--- .k
and let xq, - - - , x; be independently distributed. Then, if

4.17)

uz = Xy Xk, (418)

then

e
syl 1T TGn)

=l T G) (T R

(4.19)
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The density of u3, denoted by g3(u3), is available from the inverse Mellin transform
in (4.19). That is,

1
k g /T (% » A S R R
_ aj F ()’j +ﬁj) Hk’o Vll V]k ( v 'ng’yj),j—l, k
g3(uz)= 1_[ o kik | 41 " rd u3‘ ai=1 1 .
Hoore) () )
1 1
0<a ---a,:ku3<l. (4.20)

Note that (4.20) is different from (4.15).

4.2.2 Real Scalar Type-2 Beta Structure

A real scalar random variable x is said to have a type-2 beta density, if x has the
density

TF'@+B) ,a—1 —(a+pB)
) = F(a)r(ﬂ)x“ 1+x) @™ 0<x<oco,aa>0,8>0 @21
0, elsewhere.

Then, the Mellin transform of f3(x) is given by,

*® 1 _ -1y Tl@+s=DT(B-s+1)
R
for Na+s—1)>0,RNPB—s+1)>0. (4.22)

This is obtained from the normalizing constant in (4.21) by observing that o + =
(¢ +s—1)+ (B —s + 1). As in the previous cases, consider

ug = xy" - x, (4.23)
where y1 > 0,---, yr > 0, with x; having the density in (4.21) with the parameters
(aj,Bj),j = 1,--- ,k and x1,--- , x are independently distributed. Then, as in

the previous situations, the Mellin transform of the density g4(u4) of u4 is given by

k
Rl _ Plaj+yis—v) TBj—vis+vi)
s—1 dus = E@S™Y) = J J J J J J ’
/(; M4 g4(u4) Uug (u4 ) ]1:[1 F(Ot]) F(ﬂj)
(4.24)

for R(e; —y; +yjs) >0, R(B; +y; —y;s) >0, j=1,--- k.
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Then, by taking the inverse Mellin transform in (4.24), one has the density,

k
1 Kk [ |(A=Bj=vj.v)s j=1k
u _ H N [u J J» j" E]
ga(us) j|=|1 F(Otj)r(ﬂj) k.k 4‘(aj_)’j,yj),]=1,'“sk

],0<u4<oo.

(4.25)
As illustrated before, the density of a product of generalized type-2 beta random
variables will be different from (4.25). A generalized type-2 beta density has the
form

vair(5+5)
(9T ()
Jalx) = B>0,a>0,y>0, (4.26)

X1+ ax?)"@+B) 0 < x < 00, > 0,

0, elsewhere.

Thus, for all such special cases mentioned in Notes 4.2 and 4.3, the procedure
discussed in this section is applicable. Observing that negative moments of the form
E(x™"), h > 0 are available from E(x") with & replaced by —h if E(x~") exists.

4.2.3 A More General Structure

We can consider more general structures. Let,

w= ¥R (4.27)

xr+1 cee Xk
where x1, - - , xx are mutually independently distributed real random variables hav-
ing the density in (4.1) with x; having parametersa;, o, 8, j = 1,---, k. Then,
EW") = EGIEGE) - EGME@T) - E(x "), (4.28)

provided the right side in (4.28) exists. Then, from (4.4) we have,

. i+ i—h
Ew) = F(%ﬂ/)ﬁ : F(ajﬂf_)h Sh=s—1 (4.29)
mrgyel | b=«
1
B r a;/ k 1
{“ " <§i>} () o

k 0(/+1 s ﬁj'
IT r( . _ﬁ_)a,.f . 430)
P— J J
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fora; +5s—-1>0, j =1,---,r,0;—5s+1>0, j =r+1,---, k. Hence,
the density of w, denoted by g*(w), is available from the inverse Mellin transform.
That is,

) B *1 c+ioco r O{j—l S) K O{j'i‘l_s
g =c Zni/c—ioo {HF( bi +ﬁj } {/’Hrlr( i ﬂj)

Jj=1

1 —s

r Bj
_.da:
X H/_I Tw ds, i = ~/—1, max (I—a;)<c<  min (o;j+1)
k B j=l, j=r+1,k
[lj=r414;
aj+l .
- . (1= Ly ) =l k
= B s, U L0<u<oo 431)
( ;ﬂ/ .ﬁ/).j=l.~~-.r
ﬂ]
r.= a - )
where § = M=) Loet= N 4.32)
Mewa)  TG=r(3)
Remark 4.1. In statistical applications, sometimes, the variables xj,---, x; are
independently and identically distributed. In this case, the parameters in (4.28)—
(4.32) will be such that a; = a, B; = B, a; = « for some a, B, « and for

j=1 k.

Remark 4.2. In (4.27), we took x ;’s belonging to the generalized gamma density in
(4.1). But, we could have considered w consisting of x;’s belonging to (4.1), (4.8),
(4.12), (4.21), (4.23), and (4.26) or mixed cases provided E(w*~1) exists. Then, the
density of such a general structure will be available by taking the inverse Mellin
transform of E(w*~!). The density of w can be written in terms of an H -function.
More of such cases are contained in the pathway model to be discussed in the next
section.

Exercises 4.1

4.1.1. If x is areal scalar variable having a generalized gamma density then evaluate
the Laplace transform of the density of )lc and show that this Laplace transform can
be written as a H -function. [Hint: Evaluate the integral

oo » »
c / e xxV e DX gy,
0

where c is the normalizing constant and p is the Laplace parameter.]

4.1.2. Show that ~
c / x Y lemPxTbxT g
0

also leads to the same result as in Exercise 4.1.1.
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4.1.3. Show that the Laplace transform of )16 in a generalized type-2 beta density,
that is

© _p -1 §1— 1
c/ e xxV [l +a(a— 1)x°] " e—tdx,
0

fora > 0,§ >0, > 1,y > —l,all — ”j{l > 0, is an H -function, where ¢ is a

normalizing constant in the density.

4.1.4. Evaluate the integral
o0 1
c / e PXx V1 4 a(a — 1)x %] e—1dx,
0

fora > 1,a > 0,6 > 0 and write down the conditions for the existence of the
integral. Interpret it as a Laplace transform.

4.1.5. Let x; and x, be independently distributed type-1 beta random variables with
the parameters (a1, B1), and (a2, B2), respectively. Let u = x{'x3?. Give the con-

ditions under which u is distributed as a power of a type-1 beta random variable.

4.3 A Pathway Model

A general density that was introduced by Mathai (2005) is a matrix-variate pathway
density. The scalar version of the pathway density in the real case is the following:

n
fr(x) =c|x]"[l —a(l —a)|x]®]'"™, 8§ >0,7>0,a>0, 1—a(l—a)|x|® >0,
(4.33)

and fy(x) = 0 elsewhere, where ¢ is the normalizing constant. When o < 1 the

range of x is
1 1

- L <x < L
la(1 —a)]s la(1 —a)]s

As a moves toward 1, the range becomes larger and larger, and eventually —oo <
x < oo when o — 1. Thus, for ¢ < 1, (4.33) remains as a generalized type-1 beta
family of densities. When o > 1, we can write | —a = —(e¢ — 1), @ > 1, and then
1—a(l —a)x]® = 1 +a(ae—1)|x|%, —0o < x < oo; then, the density in (4.33)
becomes a generalized type-2 beta family of densities. When o« — 1, either from
the left or from the right,

(4.34)

lim[1 —a(1 —a)|x)f] 1t = emanlxl®, (4.35)

In this case, (4.33) becomes a generalized version of the density in (4.1). Thus, the
model in (4.33) switches into three different families of densities, represented by
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three different functional forms, namely the generalized type-1 beta, type-2 beta,
and gamma families. Then, o« becomes a pathway parameter. As can be expected,
¢ in (4.33) will be different for the three cases « < 1, @ > 1, and « — 1, and the
respective densities are the following:

fi) =1 |xI"[1 —a( —a)|x’]1%e, a <1,a>0,8>0, >0, (4.36)

1 1
— L, <x< . » and fi1(x) = 0, elsewhere,
la(l1 —a)]s la(1 — )]s
fa(x) = co |x|V[1 + ala — 1)|x|8]_a11, a>0,§>0,1n>0, a>1,
—00 < X <00, (4.37)

f3(x) = c3 |x|”e_“”|x|8, a>0,n7>086>0 —o00<x <00, (4.38)
where the conditions on y will be available from the normalizing constants ¢y, ¢z,

and c3, and these constants are evaluated with the help of type-1 beta integral, type-2
beta integral, and gamma integral, respectively, and they are the following:

§la(l—w)]’3'T (V;‘ + 1+ 1)

c1 = a<l,y>—-1,a>0,7>0,8 >0,
+1
2F<y8 )F(lza_'_l)
(4.39)
Sla(w—1)]"3 T (.7 1
0 = [(+1 ) (“—J:I) as 1y > 1, "l—y;r >0,
2 () (=)
§>0,7>0,a>0, (4.40)
§(an’s
b= @D a0y > —1.n> 0. (4.41)
2r ()

4.3.1 Independent Variables Obeying a Pathway Model

Consider k-independent real scalar variables, distributed according to the pathway
density in (4.33) with different parameters. Let, u = x1x - -+ x;. We can compute
the density of u# by following the procedure in Sect. 4.1. To this end, let us look at
the (s — 1)th moment of x in (4.33). This will have three different forms depending
upon the cases ¢ < 1, o > 1, and ¢ — 1, and these are available from (4.39),
(4.40), and (4.41), respectively. That is,
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+ +1
ACHRICIE D
E(x) = y+1 1 v+s)’
el =)' T (73) T (,7, +1+77)
fore. <1,a>0,7>0,y+s5s>0,8>0,y+1>0, (442)
+ +1
1 (y ) (=)
" lale— 17 T (=T
f0ra>1,a>0,17>0,y+s>0,
1
TOVES o T VT 0 10, 443
a—1 8 a—1 8
T
= fora>0, n>0,y+s5>0,y+1> 0. (4.44)
wn’? (1)
The density of |u| = |x1---xg| = |x1]|---|xx| is available by inverting

Euf~" = Elxi T Eleol o Bl

Let the densities of |u| fore < 1, @ > 1 and @ — 1 be denoted by g1 (|u|), g2(|u|),
and g3(|u|), respectively. Then,

g1(lul) = ]_[ [a’(lyja)] "t (yj Ty Yo+ 1)

i ( i ) 8 1—
1 c+ioco i 1

ont Joe ()
271 Jecioo | 1 ST ()

|u|~*
X s ds

T5- la,»(l—oo]&f
1—[ [aj(l—oc)] J F(Vj+1 n nj +1)

(VJ'H) 5j 1l—«o
koo | (yf+"f +1 l)j=1-~-k
k,0 8 5 §j Tlmatgy
<HY | | [Ta =) |u||(yj et (4.45)
j=1 sjr8p )l
1 1

for — . <u< 1 )
k 8 1 8]* k 8 1 8]’

([Tj=yay 1 —w)®) (Tj=ra,” (1—a)%)
a<l,a;>06;>0,y;+1>0,n;>0,j =1,--- |k,

and O elsewhere.



130 4 Applications in Statistics

k 3
_ [aj (e — 1)]% 1
&2(jul) = H r(v+ r(m _vitl
Jj=1 8j a—1 (S'j
ko 1 (=gt 457 =1k
8 . a—=1T§.58.7)J 5Ty
< Ho | [T af @@= | Jul| oy . (4.46)
j=1 (5/. ’Sj ),]=1,'“sk
—oo<u<oo,>1,a;>0,6;>0,y; +1>0,n,>0,j =1,--- k.
- (ajﬂj)’slf ko | T 5
ga(uh = ¢ TT 7700 ¢ Hox | (TT@mpn® )]y,
N F yj+ ’ N (5,95,)5]:1 ----- k
Jj=1 8/ Jj=1 J %
—oo<u<oo,a; >0,n;>0,y,+1>0,68;>0,j =1,--- k.

(4.47)

Remark4.3. Whené; = 1,j = 1,---,k or when 81» =mj,m; = 1,2, the
J

H -functions in (4.45)—(4.47) become Meijer’s G-functions. When Slj =m;,m; =

1,2,---,onecanexpand I'(m;s) and I'(m ;y,; + ln_ja +14+mjs)in (4.45),(m;s)

and T (Y, —m;(y +5)) in (4.46), and T (m ;5) in (4.47) by using the multiplica-

tion formula for gamma functions. Then, the coefficients of s in all gammas become

+1, thereby the H -functions reduce to G-functions.

Exercises 4.2

4.2.1. Let o be the pathway parameter in a real scalar version of the pathway model.
By using Maple/Mathematica, draw the graphs of the model for varying values of «
and for fixed values of the other parameters.

4.2.2. Show that
o o
() =cx? 1 4+ ay(a; — l)x‘s‘] 1= 1 + az (o — l)x_‘sz] a1

where x > 0,1 > 1,05 > 1,a7 > 0,a2 > 0,8; > 0,8, > 0 and f(x) = O for
x < 0 can create a statistical density. Then, evaluate the normalizing constant c.

4.2.3. In Exercise4.2.2,let; < 1 and o > 1. Then, can f(x) still form a density?
If so, evaluate the normalizing constant c.

4.2.4. In Exercise 4.2.2, show that

lim f(x), lim f(x), lim  f(x),
a;—1 ar—1 o] —> —1

Lan

can create statistical densities. Evaluate the normalizing constants in each case.
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4.2.5. Consider the normalizing constant ¢ in Exercise 4.2.2. Show that ¢ goes to the
normalizing constants in each case in Exercise 4.2.4 under the respective conditions.

4.4 A Versatile Integral

This section deals with a general class of integrals, the particular cases of which
are connected to a large number of problems in different disciplines. Reaction rate
probability integrals in the theory of nuclear reaction rates, Kritzel integrals in ap-
plied analysis, inverse Gaussian distribution, generalized type-1, type-2, and gamma
families of distributions in statistical distribution theory, Tsallis statistics and super-
statistics in statistical mechanics, and the general pathway model are all shown to
be connected to the integral under consideration. Representations of the integral
in terms of generalized special functions such as Meijer’s G-function and Fox’s
H -function are also given.
Consider the following integral:

oo

f@ko=A ﬂ*u+ﬁm—uﬁr$qLuﬁ&4wﬂrﬁl (4.48)

fora >1,6>1,21 20,22 >0, >0,p > 0,R(y + 1) >0,

1 1 1 1
9 R ~)>o0
a—1 8 g—1 p
®© z
— [ hen(7)e (4.49)
0 X X
where 9 (-) denotes the real part of (-).

file) =1+ @ —DxfTel ) f) =1+ (B = DxP] 551, (4.50)

with Mellin transforms

y+s 1 _ yts
s TOP)T (L =78)

My (s) =[5 @—1)75"] , (4.51)
! 1 r(,h)
mW+1)>Qm( ! —y+s)>a
oa—1 )
and
r(s)r(g, —:
Mp(s) = [p(B —1)e] ! (") (’“ ”) (4.52)

1
mg>am( —s)>o
a—1 p
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Hence, the Mellin transform of f(z»|z1), as a function of z, with parameter s is the
following:

M (s 120y (5) = Mg ()M g, (5)

+ 1 +
o rE)rls )

§Z (a1

) 5 F(all)
v ! F(f’)r<ﬂl_l _‘S’) (4.53)
pB=1r ()

1 y+s

for N(y + ) >0,ER(
a—1 8

) >0, N(s) > 0,

1 K}
SR( — )>O,Z1>O,zg>0.
p—1 »p

Putting y = ! in (4.48), we have

o0

f(z1lz2) = /0 y;y [1+ Z‘i (o — 1)y—8]—a‘_1 1+ zg(ﬂ — 1)yp]_/3]—1 dy. (4.54)

Evaluating the Mellin transform of (4.54) with parameter s and treating it as a func-
tion of z;, we have exactly the same expression in (4.53). Hence,

Mf(Zz\Zl)(s) = Mf(u lz2) (S) = right side in (4.53). (4.55)

By taking the inverse Mellin transform of M r(.,|;,)(s), one can get the integral
f(z2|z1) as an H -function as follows:

Theorem 4.1.

1 (l_al_l +§y,lg)a(l_51_] 9:))

Flale) =122 [t = G- 0|5 | @so

where ,
c=68p (@ —1)5,

and Hp.y' (-) is a H-function.

The integral in (4.48) is connected to reaction rate probability integral in nuclear
reaction rate theory in the nonresonant case, Tsallis statistics in nonextensive statis-
tical mechanics, superstatistics in astrophysics, generalized type-2, type-1 beta, and
gamma families of densities and the density of a product of two real positive ran-
dom variables in statistical literature, Krétzel integrals in applied analysis, inverse
Gaussian distribution in stochastic processes, and the like. Special cases include a
wide range of functions appearing in different disciplines.
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Observe that f1(x) and f>(x) in (4.50), multiplied by the appropriate normalizing
constants, can produce statistical densities. Further, f1(x) and f>(x) are defined for
—00 < & < 00,—00 < f§ < co. Whena > 1and z; > 0,6 > 0, f1(x) multi-
plied by the normalizing constant stays in the generalized type-2 beta family. When
a < 1, writinge — 1 = —(1 —a),a < 1, the function fi(x) switches into a
generalized type-1 beta family and when ¢ — 1,

lim f1(x) = e’ (4.57)
o—>

and hence fi(x) goes into a generalized gamma family. Similar is the behavior of
f2(x) when B ranges from —oo to co. Thus, the parameters & and f create pathways
to switch into different functional forms or different families of functions. Hence, we
will call @ and B pathway parameters in this case. Let us look into some interesting
special cases. Take the special case § — 1,

fi(z2lz1) = /OOO XU+ B — D] at1e2%  dx (4.58)
@>1,21>02>08>0,p>0.Puty="

fizilz2) = /000 YL+ B — 1)y et 72 dy (4.59)
a>1,21>0,20>0,§ >0,0>0.Leta — lin (1)

fo(z2]z1) = /OOO x”_le_zlix&[l + 508 — l)x_”]_ﬁl—l dx (4.60)

B>1,21>0,20>0,6§>0,p>0.

fa(z1lz2) = /Oo x4 (B — DxP]Tsmrdx 4.61)
B >(i,zl >0,22>0,6§>0,0>0.Takea — 1,8 — lin (1)

f3(z2lz1) = /oo P L (4.62)
21 >00,12 >0,§>0,0>0.

f3(z1lz2) = /000 XVl TR g (4.63)

71> 0,22 > 0,6 >0,p > 0.

4.4.1 Caseofa <lorp <1

When « < 1, writing « — 1 = —(1 — ), we can define the function

g1(x) = x"[1 + B (a - 1)>c8]_otl—l =x"1-50 —oe)x‘s]lla,a <1, (4.64)
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1 and g,(x) = 0 elsewhere. In

z1(1—a) 8
this case, the Mellin transform of g; (x) is the following:

for[l—zf(l—a)xg] >0a<1l=x<

1
o0 1
hi(s) = / ¥ g (x)dx = /Zl“—"‘)‘s XV = 21— a)x?) 1o dx
0 0

(4.65)
| F(79)r (il +1)

= . My +5) >0, < 1,6 >0.
Szl -]+ T (lia +14 V;;”)

(4.66)

Then, the Mellin transform of f(z3|z1) fora < 1, 8 > 1 is given by

M= TGt r(7) rOTGR ) e
22lz1 (SPZ;Z}]HH(ﬁ _ 1);(1 —a) yf T (V!—S + l_la + 1) r (ﬁ1_1 ’ .

m(y+s)>o,m(s)>o,sﬁ( ! —s)>o.
B—1 p

Hence, the inverse Mellin transform for « < 1, 8 > 1 is given in

Theorem 4.2. Fora < 1,8 > 1

1-‘(lloz + 1)

Sf(z2lz1) = , , 1
Spzy (1 —w)SF(ﬂ_l)

2,1 | ) (1=pL15). (0 L +505)
x Hyy | z1z2(l —a) 8 (B — 1)~

’

(0.0).(5.5)
(4.68)

. 1 NICESENES %))

lim f(z2lz1) = i )nyz" |:1112(1—06)5 , (4.69)

p>1 pézy (1—“)3 (0.5).(5.5

. 1 21 1 (1—51_],‘1,)

lim f(z2]z1) = 2122(B — . (4.70)

IR (T s
lim  f(ola) = lyH(f’f 212 . 4.71)
elhz Pz ©. .55

In f(z2|zl) if B < 1, we may write ﬂ—l = —(1—p), and if we assume [1—z5(1—p)

x7P] 125 > 0 = x > (- ﬂ)ﬂ , then the corresponding integrals can also be
evaluated as H -functions. But, if « < 1 and 8 < 1, then from the conditions
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1
1-B(1—a)x® > 0= x < Cand 1-25(1-B)x™ > 0= x > 12(1—ﬁ)})
z1(l —@)s

the resulting integral may be zero. Hence, except this case of « < 1 and 8 < 1, all
other casesof « > 1,8 > l;a < 1,6 > ;& > 1,6 < 1 can be given meaning-
ful interpretations as H -functions. Further, all these situations can be connected to
practical problems. A few such practical situations will be considered next.

Remark 4.4. In the integrals in (4.48), (4.58)—(4.63), the exponents of x are taken
as (6, —p) or (=6, p) with § > 0, p > 0. The cases where the exponents of x are
(8, p), (—=8,—p) with § > 0, p > 0 are not considered so far. But, these cases can be
done by using the convolution property

g) = [0 x i (21x) fo (x)dx. @72)

Remark 4.5. The convolution integrals in (4.49) and (4.72) can be interpreted easily
in terms of independently distributed real scalar positive random variables when f;
and f, are densities. Let x; and x, be statistically independently distributed real
scalar positive random variables with densities f1(x1) and f>(x,) respectively. Let
u=x1xpandv = ;C; . Then, the densities of u and v are respectively given by

gulu) = / LA s () (4.73)

and

() = / xf1 () o (x)dx. 4.74)

These are the two convolution formulae in (4.49) and (4.72), respectively. The den-
sities g,(«) and g, (v) are available from the inverse Mellin transforms also. That is,
whenever the Mellin transforms exist and invertible,

EW@ ™) = EG™HYEMXS™) = hy(s). say (4.75)
EW ™) = Ex{T)E(x;™) = ha(s), say. (4.76)
Then _
1 c+ioo
gu(u) = i / hy(s)u—*ds, 4.77)
Tl Je—ioco
and

1 ¢’+ioo
&) = o / ha(s)v—*ds. (4.78)
c

/—i 00
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4.4.2 Some Practical Situations

(a). Kriitzel Integral

For§ = 1,25 = z,z1 = 1 in f3(z2|z1) gives the Kriitzel integral

o0

Sf3(z2]z1) =/ XV lem ¥ gy, (4.79)
0

which was studied in detail by Kriitzel (1979). Hence, f3 can be considered as gen-
eralization of Kritzel integral. An additional property that can be seen from Kritzel
integral as f3 is that it can be written as a H -function of the type H(i ’20(-). Hence all
the properties of H -function can now be made use of to study this integral further.

(b). Inverse Gaussian Density in Statistics

Inverse Gaussian density is a popular density, which is used in many disciplines
including stochastic processes. One form of the density is the following (Mathai
1993c, page 33):

_3 _)L(x_i_l)
f(x)=cx72e 2\ ¥ n#0,x>0,1>0, (4.80)

1A . L .
where ¢ = 7~ 2elxl. Comparing this with our case f3(z1|z2), we see that the inverse
Gaussiandensityistheintegrandin f3(z1|zz) fory = ; =120 = '; (/le ) s§=1,

71 = '; . Hence, f3 can be used directly to evaluate the moments or Mellin transform
in inverse Gaussian density.

(c). Reaction Rate Probability Integral in Astrophysics

In a series of papers Haubold and Mathai studied modifications of Maxwell—
Boltzmann theory of reaction rates, a summary is given in Mathai and Haubold
(1988). The basic reaction rate probability integral that appears there is the follow-
ing:

[ee) _1
I = / x?TleTax T 2 gx. (4.81)
0

This is the case in the nonresonant case of nuclear reactions. Compare integral /;
with f3(z2]z1). The reaction rate probability integral I is f3(z2]z1) foré = 1,p =
1

;,122 = z. The basic integral I is generalized in many different forms for various
situations of resonant and nonresonant cases of reactions, depletion of high energy
tail, cut off of the high energy tail, and so on. Dozens of published papers are there
in this area.
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(d). Tsallis Statistics and Superstatistics

It is estimated that on Tsallis statistics in nonextensive statistical mechanics, over
1200 papers were published during the period 1990 to 2007. Tsallis statistics is of
the following form:

Fe(x) = el + (@ — 1)x] ot (4.82)

Compare fy(x) with the integrand in (1). For z; = 0,6 = 1, andy = 1, the inte-
grand in (4.48) agrees with Tsallis statistics f(x) given above. The three different
forms of Tsallis statistics are available from fy(x) fora > 1,a < 1, anda — 1.
The starting paper in nonextensive statistical mechanics may be seen from Tsallis
(1988). But, the integrand in (4.48) with z = 0,z; = 1, > 1 is the superstatis-
tics of Beck and Cohen, see for example Beck and Cohen (2003), Beck (2006). In
statistical language, this superstatistics is the unconditional density in a generalized
gamma case when the scale parameter has a prior density belonging to the same
class of generalized gamma density.

(e). Pathway Model

Mathai (2005) considered a rectangular matrix-variate function in the real case from
where one can obtain almost all matrix-variate densities in current use in statisti-
cal and other disciplines. The corresponding version, when the elements are in the
complex domain, is given in Mathai and Provost (2006). For the real scalar case, the
function is of the following form:

f(x) = x|’ [1 —a(l — ) |x[*]1 7, (4.83)

for —oo < x < 00,a > 0,7 > 0,5 > 0, and ¢* is the normalizing constant. Here,
f(x) for @« < 1 stays in the generalized type-1 beta family when [1 — a(1 — «)
1x|%] 12« > 0. When & > 1, the function switches into a generalized type-2 beta
family and when o — 1, it goes into a generalized gamma family of functions. Here
o behaves as a pathway parameter, and hence the model is called a pathway model.
Observe that the integrand in (4.48) is a product of two such pathway functions so
that the corresponding integral is more versatile than a pathway model. Thus, for
72 = 01n (4.48), the integrand produces the pathway model of Mathai (2005).

Exercises 4.3

4.3.1. By normalizing the integrals in (4.58) to (4.63), create statistical densities
corresponding to the integrands in the six equations.

4.3.2. Evaluate the ~th moments for the six densities in Exercise 4.3.1.
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4.3.3. Write down the hth moments in Exercise 4.3.2 for 7 = 1,2 and compute the
variances of the corresponding random variables.

4.3.4. Using Stirling’s approximation on the gammas in (4.67), derive the corre-
sponding Mellin—Barnes representations in (4.69)—(4.71).

4.3.5. Evaluate the series form in (4.71) for :) =2, é = 3.



Chapter 5
Functions of Matrix Argument

5.1 Introduction

Particular cases of a H -function with matrix argument are available for real as well
as for complex matrices. For the general H -function only a class of functions is
available analogous to the scalar variable H -function. Real-valued scalar functions
of matrix argument is developed when the argument matrix is a real symmetric
positive definite matrix or for hermitian positive definite matrices. We consider only
real matrices here.

We will use the standard notations to denote matrices. The transpose of a ma-
trix X = (x;;) will be denoted by X’ and trace of X by tr(X) = sum of the
eigenvalues = sum of the leading diagonal elements. Determinant of X will be
denoted by |X|, a null matrix by a big O and an identity matrix by I = I,. A
diagonal matrix will be written as diag(A;,...,4,) where Ay,..., A, are the di-
agonal elements. X > 0 will mean the real symmetric matrix X = X' is positive
definite. Definiteness is defined only for symmetric matrices when real and her-
mitian matrices when complex, X > 0 (positive semidefinite), X < 0 (negative
definite), X < 0 (negative semidefinite). A matrix which does not fall in the cate-
gories X > 0,X > 0,X < 0,X < 0is called indefinite. fX f(X)dX means the

integral over X. ff f(X)dX means the integral over 0 < A < X < B, that is,
X=X">0A=A>0,B=B">0,X—A>0,B— X > 0 and the integral is
taken over all such X.

It is difficult to develop the theory of a real-valued scalar function of a general
matrix X. Even for a square matrix A rational powers will create problems. For
example even for an identity matrix, even a simple item such as a square root will
create difficulties. If the existence of a matrix B such that B> = A is taken as the
square root of A then consider

10 —-10 10 -1 0
S L R P R PR R P
We have then
Al =1, A5=1, A3=1, A= L.

A.M. Mathai et al., The H-Function: Theory and Applications, 139
DOI 10.1007/978-1-4419-0916-9 5, (© Springer Science+Business Media, LLC 2010
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Thus Ay, A, A3, A4 are all candidates for the square root of a nice matrix like an
identity matrix. But if we confine our discussion to the class of positive definite
matrices, when real, and hermitian positive definite matrices, when complex, then
Aj is the only candidate for the square root of /5. In this class of positive definite-
ness, several items can be defined uniquely. Hence the theory is developed when the
matrices are positive definite when real.

5.2 Exponential Function of Matrix Argument

Hypergeometric functions, in the scalar case, are special cases of a H -function. For
example
oFo(: i £x) =™, (5.1)

when x is scalar. The corresponding function of matrix argument is
0Fo(; ;£X) = eF ), (5.2)
where X is a p x p positive definite matrix. For any type of integral operations on

(5.2) we need to define differential elements and wedge product of differentials.

Definition 5.1. Wedge product of differentials. Wedge product or skew symmet-
ric product of differential elements dx and dy will be denoted by dx A dy, where
A = wedge, and will be defined by the relation

dx Ady = —dy Adx. (5.3)

That is, if the order is changed then it is to be multiplied by (—1). This will then
imply that
dx Adx =0, dx Adx Adx =0, dy Ady =0,

and so on. An interesting consequence is there when products of differentials are
taken. If X is a p x g matrix, X = (x;;) then the wedge product of differentials is
the following:

Notation 5.1.
dX=dx11/\dx12/\---/\dx1q/\dx21/\---/\dqu. (5.4)

If X = X’ and p x p then there are only ? (p2+1) free elements in X because
x;j = xj; forall i and j, and then

dX =dxig A Adxip Adxop Ao Adxap A Adxpp. (5.5)

Thus
/ FX)dX = [ FX)dX = / F(X)dX
X X=X'>0 X>0
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will mean that the integral is taken over all X > 0.

/0 o F(X)dX = /0 ! F(X)dX

will mean the integral over all X = X’ > 0 such that / — X > 0. Now we are
in a position to define an integral analogous to a gamma integral in the scalar case.
Consider

Tp(a) = / X[ "3 et My, (5.6)
X=X'>0

where X is p x p real symmetric and positive definite. For p = 1, (5.6) corresponds
to the gamma integral. How can we evaluate (5.6)? This requires some matrix trans-
formations and the associated Jacobians. For simplicity let us look at functions of
two scalar variables x; and x,. Let

y1 = fi(x1,x2) and y» = f2(x1,x2).

Then from basic calculus

d ad
/2 dx; + /2 dx,.
X1

d =
1 9 axs

a ad
/i dx; + /i dx; and dy, =
Bxl 3X2

Now if we take the wedge product of the differentials we have
) a 0 a
dy; Ady, = |: fl dx; + fl dX2i| A |:3f2 dx; + fz dX2i|
X1

0x1 0xo 0x2

_ |:3f1 df2  0f1 9f2

= — dx; And 0+ 0,
Bxl aXZ aXZ 3X1:| 1 X2+ 0+

by using the results dx; A dx; = 0 and dxy A dx; = —dx; A dx,. Then
a1 9f1
dy; Adyy = |51 §32 | dxy A dixa
dx; 0x2
= dY = J dX, 5.7

where dY = dy; A dy,, dX = dx; A dx, and J is the Jacobian or the determi-
nant of the matrix of partial derivatives. In general, if we have a transformation of
X1,...,Xp goingto yq,..., Yy, then

dY =dyi Adys A---Adyp, = J dX, dX =dxg A Adxp,
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dyi
7=|(ox)
ij

where the (7, j)th element in the matrix is the partial derivative of y; with respect
to x;.

and
, (5.8)

Example 5.1. Evaluate the Jacobian in the linear transformation Y = AX where X
ispx1,Yis px1, Ais p x p nonsingular constant matrix and X is of distinct real
scalar variables. Verify the result for

Solution 5.1. When |A| # O the transformation is unique or one-to-one. ¥ =
AX = X = A7'Y where A7! is the unique inverse of A. The transformation
is of the form

Y1 = anxiy +---+apxp

dyi
= =a;j
ij i
Yp =dap1x1+ -+ dppXp
= o _ A= J =|A]
X T
That is,
dY = |AldX ordy; A---Ady, = |A|dx; A--- Adxp.
When
101 101 101
A=1111],]4Al=111/=]010/=1
1-12 1-12 0-11
Hence, in this case,
dyi Ao Ady, =dxg A-- Adxp.
This may be stated as a theorem.
Theorem 5.1.
Y = AX = dY = |A|dX, (5.9)

where X and Y are p x 1,|A| # 0, X is of distinct real scalar variables.

If X is a p x g matrix of distinct real scalar variables then the wedge product of
the differentials in X, denoted by d X, is given by

dXdell/\dxlz/\"'/\dqu. (5.10)
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5.3 Jacobians of Matrix Transformations

We considered one linear transformation involving a vector of variables X goingto a
vector of variables Y through a nonsingular linear transformation Y = AX, |A| # 0
and we found the Jacobian to be |A|. Now we consider a few more elaborate linear
transformations and some nonlinear transformations.

Let X be a m x n matrix of distinct real scalar variables and let A be a m x
m nonsingular matrix of constants. Consider the transformation ¥ = AX. Let
XD X® pe the columns of X. Then

Y =4X =AXW, .. . Xx®) = ax® . ax®)

=W, ... Y™,

where Y ... Y™ are the columns of Y. Then we can look at the transforma-
tion as

y® AxXM

y® AX®

Then from Theorem 5.1,

ay @ Yy ®

ax ® =A,i=1,...,n, ax () =0,i #j.

The matrix of partial derivatives is of the following form:

= | . =AM

Hence we have the following theorem:

Theorem 5.2. Let X be a m x n matrix of distinct real scalar variables or func-
tionally independent real variables. Let A be a m x m nonsingular constant matrix.
Then

Y = AX = dY = |A|"dX. (5.11)
In Theorem 5.2 we had a premultiplication of X by a constant nonsingular matrix

A. Now let us consider a postmultiplication. Let B be a n x n nonsingular constant
matrix. Then what will be the Jacobian in the transformation Y = X B? This can be
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computed exactly the same way by considering the rows of X. Let X(1),..., X(m)
be the m rows of X. Then

X XB Yay
Y =XB = : B = : = : ,
X(m) Xm)B Y(m)
where Y(1y, ..., Y(n) are the m rows of Y. Now we can look at the long string
/ ! !
Yo BX Gy
Y’. B/)‘(/

(m) (m)

and apply Theorem 5.1. The matrix of partial derivatives will be
B O---0 B O---0
A R AR b CR G
O0O0---B O0O0---B

Hence we have the following result:

Theorem 5.3. Let X be as in Theorem 5.2 and let B be a nonsingular n xn constant
matrix. Then
Y = XB = dY = |B|"dX. (5.12)

Combining Theorems 5.2 and 5.3 we have the following result:

Theorem 5.4. Let X, A, B be as in Theorems 5.2 and 5.3. Then

Y = AXB = dY = |A["|B|"dX. (5.13)

Example 5.2. Let X be a m x n matrix of functionally independent real variables.
Let M, A, B be constant matrices where M ism x n, Aism x m, B is n x n with
|A| # 0,|B| # 0 and further, let A = A" > 0, B = B’ > 0 (positive definite
matrices). Consider the function

fX)=c¢ e—tr[A(X—M)B(X—M)’]’ (5.14)

where f is a real-valued scalar function of X, ¢ is a scalar constant and tr(-) denotes
the trace of (-). Evaluate [, f(X)dX.

Solution 5.2. We wish to evaluate the total integral of f(X) over all such m x n
matrices X. From the theory of matrices we know that a positive definite ma-
trix A (definiteness is defined only for symmetric matrices when real and hermitian
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matrices when complex) can be written as A = A; A} with |4;| # 0 where A] =
transpose of A;. We also know that for any two matrices P and Q,

u(PQ) = t(QP),

whenever PQ and QP are defined, where P Q need not be equal to QP . By using
these two results we can write

tr[A(X — M)B(X —M)'] = tu[41 A7 (X — M)B1B;(X — M)']
— u[A} (X — M)By B} (X — M) 4]
m n
=tr(YY') = Z Z ylzj
i=1j=1
where
Y = A{(X — M)B; = dY = |A,|"|B,|"d(X — M) = |A|?|B|? dX
by using Theorem 5.4. Note that
Al = [Ar A} | = |4y 47| = |AL]” = 4%, d(X — M) = dX,

since M is a constant matrix. Also from the theory of matrices we know that for any
matrix G, tr(GG’) = sum of squares of all elements in G. Hence

/ f(X)dX = C/ e—tf[A(X—M)B(X_M)/]
X X

=c|A|—’3|B|—’§/e—"<”’>dY
Y

m n 00 5
—clar# s ] [ ehan

e
i=1j=1""%°
mn
2

=c|A|"2|B| 2x'7,

since

© 2
/ e dt = /7.

—00
Hence if f(X) is a density function then
Al2|B|%
c= 4l r|nn| ; (5.15)

T 2
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then the total integral is 1 and ¢ in that case is called a normalizing constant and with
this ¢, f(X) becomes a density because by definition f(X) > 0 for all X, when
¢ > 0 since it is an exponential function. The density in (5.14) with ¢ in (5.15) is
called a real matrix-variate Gaussian density.

In Theorem 5.4 our matrix X was rectangular. If m = n then X is a square matrix
with m? real scalar variables. If X is symmetric then there are only ”* (mzﬂ) distinct
elements in X because x;; = xj; for all i and j. What will happen to the Jacobian
if we have a transformation of the type Y = AXA’, |A| # 0, X = X’? This result
will be stated here without proof.

Theorem 5.5. Let X = X' be p X p and of functionally independent real variables
except for the condition X = X'. Let A be a p x p nonsingular constant matrix.
Then

Y = AXA' = dY = |A|PT1dX. (5.16)

One way of proving this result is to represent the nonsingular matrix A as a prod-
uct of basic elementary matrices and then look at the transformations successively.
For example, let A = E E,--- Ex where Eq, ..., E; are some basic elementary
matrices. Then

Y = AXA' = E\---ExXE; --- E.

Now look at the transformations
Y1 = ExXE. Yo = Ex . Y1Ep_y..... Yk = E1 Y EY,
and evaluate the Jacobians successively.
dY; = J1dX, dY, = JodY = J»J1dX,

and so on. For more details on this and for other Jacobians see Mathai (1997).

5.4 Jacobians in Nonlinear Transformations

For a p x p positive definite matrix X of functionally independent real scalar vari-
ables consider the integral

Tp(e) = / 1x|e= "3 ety (5.17)
X=X'>0

For p = 1, obviously (5.17) is the integral representation for the gamma func-
tion I'(er). Hence I'p (@) in (5.17) is a matrix-variate version of I'(«). The integral
in (5.17) can be evaluated by using a triangular decomposition of X as X =
TT’ where T is a lower triangular matrix. This transformation X = TT' is
not one-to-one. There can be many values for #;;’s for given x;;’s. But if we
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assume that the diagonal elements in 7' are positive, that is, ;; > 0,j =
1,..., p then the transformation can be shown to be one-to-one. Take a case of
p = 3, write X, T, TT’ explicitly and verify this fact. Taking the x-variables in
the order x11, X12,...,X1p, X22,...,X2p," "+ , Xpp and the z-variables in the order
N1,021,...,1p1, 122,132, ..., 1pp We can easily see that the matrix of partial deriva-
tives is of a triangular format with the diagonal elements #;; appearing p times, 72
appearing p — 1 times and so on and ¢, appearing only once and a 2 appearing a
total of p times in the diagonal. Hence we have the following result:

Theorem 5.6. Let X = X' be a positive definite matrix of functionally independent
real scalar variables except for the symmetry condition. Let T be a lower triangular

matrix with distinct real elements with the diagonal elementst;; > 0,j =1,..., p.
Then
£ 1
_ / __ AP pt1—j
X=TT =dx =27 { ], dT.
j=1

Then by applying this triangular decomposition of X into f;;’s, observing that

P
_ o 2
x| =T7T"|=|]]].
j=1

w(X) =t(TT) =17, 4+ (53, + 135) + -+ (12 ++-+13,).

and integrating out one has the following result:

Ty@) =% " T(e)r (a— ;)---F(a— pgl),m(a) > pgl. (5.18)

Notation 5.2. T, (ar): Real matrix-variate gamma function.
Definition 5.2. Real matrix-variate gamma function is defined by (5.18).

The equation in (5.17) gives the integral representation for the real matrix-variate
gamma function, where N (-) means the real part of (-).

In a similar fashion one can define a real matrix-variate beta function. To this end
we can start with

Fp(@Tp(B) = | [ xje e x| / Y [E-"3 v gy,
X>0 Y>0

where X and Y are p x p positive definite matrices. Then

Lp(@)Tp(B) = / / |X|a_p;] |Y|ﬂ_pJ2r] e X4 gx A dy.
X>0JY>0



148 5 Functions of Matrix Argument

Make the transformation U = X + Y. Then
Y=U-X=|Y|=|U-X|=|U||l -U2XU"2|.

Thenput Z = U~ 2 XU~ for fixed U and integrate out X to obtain
@) =Tpla+ ) [ 1203 1=z ez sa9)
z

Notation 5.3. Bp(«, f): Real matrix-variate beta function.

Definition 5.3. B, (c, B) is defined as

By(B.a). R(a) > pgl,m(ﬂ) > p2 U (520

Fp@)Tp(B) _

PR s

One integral representation is given in (5.19). By changing Z = I — W we can
have one more representation. That is,

By(o. B) = /0 w3 — w3 (5.21)
<W<I

=/0 A N AL (5.22)
<Z<I

These two representations are known as type-1 integral representations for a real
matrix-variate beta.

Another nonlinear transformation that we need is about a nonsingular matrix
going to its unique inverse. The result will be given here without proof.

Theorem 5.7. Let X be a p X p nonsingular matrix of functionally independent
real variables. Let Y = X1, the regular inverse of X. Then, ignoring the sign,
Y = X! = dY = |X|7?PdX for a general X
= |X|7PTVAX for X = X’
= |X|7?7VdX for X = —X'. (5.23)

This can be proved by making the following observations: For any 6,

3 B]
XX '=I=> a9()()(—1) =4 (I)=o0.

0

But
9 9 9
XxH=x[_x! XX !'=o.
39( ) [39 |+ [39 ]
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Hence by taking differentials on both sides the matrices of differentials, denoted by
(dX) and (dX ') are connected by the relation

X)X '+ XdX H=0=@dx ) =—x"1ax)x L (5.24)

Then by taking the wedge product of the differentials on both sides, keeping in mind
that X! does not contain differentials and hence behaves like a constant when
taking wedge product of differentials on both sides, we have the result in (5.23).

With the help of Theorem 5.7 one can have other representations for real matrix-
variate beta function from the type-1 integral representations in (5.21) and (5.22).
For the W or call it X in (5.21) consider the transformations

U=(I—-X)2X(I -X)2andV =U"".

Then the integral representations for B, («, ) reduce to the following:

By = [ qup s urea
U=U’>0
- / VI3 1+ vT@rBqy. (5.25)
V=V’'>0

The representations in (5.25) are called type-2 integral representations for a real
matrix-variate beta function.

5.5 The Binomial Function

In the real scalar case, when we take the Laplace transform of a negative exponential
function or a gamma function we obtain the binomial function. For example, for the
scalar variable x > 0 and for the scalar parameter ¢

oo
Ly (1) = / e ™ f1(x)dx, (5.26)
0
is the Laplace transform of fj(x) defined for x > 0. If we take the Laplace trans-
form of the gamma type function

a—le—x

fz(x>=’“r(a) x>0,

we have

Lg(t)= ! ooe_”‘x"‘_le_xdx
2T r@ o

(I4+1)y*forl+1¢>0.
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This is the binomial function or | F hypergeometric function. The Laplace transform
in the matrix-variate case, analogous to the multivariate Laplace transform, is de-
fined as

L(T*) = / |X|a_p;le_lr(X)e—“(T*“dX, (5.27)
X=X'>0 [p(@)
where
T = (7). 15 = ;lmi # J. 1 = 1jtij =i,
foralli,j =1,..., p. Then
Le(T*) =|I +T* = |T*™ |1 +T* ", (5.28)

for T* = T* > 0and I + T* > 0. Then the hypergeometric function | Fy with
matrix argument U will be defined as

\Fola; ;U)=|I —U[“forO<U < I. (5.29)

Observe that O < U < [ implies that U = U’ > 0,1 — U > 0 which means
that the eigenvalues of U are in the open interval (0, 1). We can make one more

observation on
oFo(; i —X) = e "X,

and
1Fo(a; 5 =X) = |1 + X%,

that we obtained so far. Consider the integral of the following type:

[ X173 f(x)dx =/ X[~ "2 e @dx = T,(p).  (5.30)
X=X'>0 X>0

and
Lp(p)Tple = p)

Iﬂp(‘)‘) ,

for N(p) > 1’;1 , N —p) > 1’;1 . The integral in (5.31) is evaluated by using the
type-2 integral representation for a beta function in (5.25).

f X173 1+ X|%dX = (5.31)
X>0

Notation 5.4. M 7 (p): M-transform of f.

Definition 5.4. The generalized matrix transform or M-transform of a real-valued
scalar function of the real p x p matrix X = X > 0 1is defined as

_r+l1
Mo =[x eoax. (5.32)

whenever M r(p) exists, where f is a symmetric function in the sense f(AB) =
f(BA) for all matrices A and B where AB and BA are defined.
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Thus a class of functions f* will have the M-transform M ¢ (p) for the arbitrary
parameter p. For example, when f is the ¢ Fp or ; Fy we have the M-transforms
given in (5.30) and (5.31).

5.6 Hypergeometric Function and M-transforms

Notation 5.5. ,Fs(ay,...,ar;b1,...bs;—X): Hypergeometric function of
matrix argument — X .

Definition 5.5. A hypergeometric function of matrix argument —X with r upper
and s lower parameters is defined as the class of symmetric functions f having the
following M-transform:

ni‘=1 Lp(bj) H;=1 Iplaj —p)
T'p(p)

My(p)= p(P) (5.33)

{szl Fp(aj)} {szl Lp(bj — P)}
whenever the gammas on the right exist, where p is a parameter, and ay,...,a,
and by, ..., bs are the upper and lower parameters of the hypergeometric function,

which will be written as
f=rFsay,...,ar;by,...,bs;—X).

In (5.33) it is assumed that f is a symmetric function in the sense f(AB) =
f(BA) for all A and B whenever AB and BA are defined. An implication of this
condition is the following: Let Q be an orthonormal matrix such that 0 Q' =1 =
Q’'Q and Q'XQ = diag(A1,...,A,) where Ay,..., A, are the eigenvalues of X,
where it is assumed that the eigenvalues are distinct, then

J(X) = f(XI) = f(XQQ) = f(Q'XQ)
= f(D), D = diag(A1....,Ap), (5.34)

or f(X) becomes a function of the p eigenvalues only. Thus, under the condition of
symmetry on f(X), this function of the 7 (p2+1) real scalar variables in X becomes
a function of p variables, namely the p eigenvalues of X, which by assumption are
real, distinct and positive.

There are other definitions for a hypergeometric function of matrix argument.
All definitions have the basic assumption that the function is symmetric in the
above sense. One definition based on the Laplace and inverse Laplace pair gives
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rFs(ay,...,ar;by,...,bs : X) as that function satisfying the following pair of
integral equations:

r+1FS(a17"'7arvc;b17"'7bS;_A_l)|A|_C

1
— A Eay,. . apibi, ... by —U) U 3 AU

B FP(C) U=U'>0

(5.35)
rFerl(al,...,ar;bl,...,bs,c;—A)lAlc_pérl
I'y(c _ _
o '1))’(’(‘)’+])[9%(2) ; Oe”(AZ),FS(al,...,a,;bl,...,bs;—Z HZ|¢dzZ.
Tl 2 =4Zo>
(5.36)

Under certain conditions the function , Fy defined through (5.35) and (5.36) can be
shown to be unique. From this definition also the explicit forms are available only
for o Fy and ; Fy. Others will remain as the solutions of a pair of integral equations.

The third definition available is in terms of zonal polynomials, which are certain
symmetric functions in the eigenvalues of X = X’ > 0. For zonal polynomials and
their properties see Mathai, Provost and Hayakawa (1995). Here , Fs will be defined
as the following series:

rFsar,....ar;b1, ..., bs; X)

S @k @)k Ce(X)
=Ll by K (5.37)

where K = (k1,....kp).k =ki +---+k,

P .
(a)K=H(a—J;1)kA,

Jj=1

and Ck (X) is the zonal polynomial of order k. In this definition, , F§ is available
explicitly for all » and s but zonal polynomials of higher orders are extremely dif-
ficult to evaluate and hence the practical utility of (5.37) is limited. The uniqueness
of . Fy, defined through (5.37), can be established by showing that (5.37) satisfies
the pair of integral equations (5.35) and (5.36). For more details on (5.35), (5.36)
and (5.37) and some applications see Mathai (1997).

Observe that H-functions and Meijer’s G-functions, in the scalar cases, are
defined in terms of their Mellin—Barnes representations. If we want a series rep-
resentation then we have to take into account all the poles of the integrands in the
Mellin—Barnes representations. Obviously the poles can be of all sorts of higher or-
ders and then the series representations will be quite complicated involving, gamma,
psi and generalized zeta functions as well as logarithmic terms. For a general expan-
sion for the G-function see Mathai (1993c). The same procedure can be followed to
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obtain a series expansion for a H -function. This will be more complicated. Hence
if we wish to extend the definition in (5.37) to a H -function of matrix argument it
is extremely difficult because the series form need not correspond to the same in
the scalar variable case. For the very special case of simple poles for the integrand
in a Meijer’s G-function one can obtain a series form in terms of hypergeometric
series in the scalar case. If the series form is replaced by (5.37), the series form
in zonal polynomials, still the procedure will not be correct because in I'p, (v + )
itself the alternate gammas produce poles of higher orders, namely the poles of
I'(ae+s), C(e+s—1),...are of higher orders and similar is the case for the poles of
MNoa+s— ;), MNoa+s— g), ... Hence the procedure of making use of (5.37) is also
not suitable for extending the definition to matrix variable case for a H -function.
Therefore looking for a class of functions by using M-transforms may be the most
convenient way of extending the definition to a matrix-variate H -function.

The above considerations lead to one important question. Is there a unique func-
tion which can be called the multivariate version of a given univariate function? The
answer is obviously a big “no”. There can be infinitely many multivariate functions,
where the marginal functions yield your specified univariate functions. We can con-
struct many examples.

Example 5.3. Nonuniqueness of multivariate analogues. Show that the following
two bivariate functions

_ (xZ=2pxy+y2)

1—p

1
71\/1—10ze ’

for1 — p? > 0,—00 < x < 00, —00 < y < oo where p is a constant and

(i) filx,y.p) =

(i) f2(x.y) = a1 fi(x.y.p1) + -+ ax fi(x. y. pr).

for0 < oy < 1»1_'01'2 >0,i =1,...,k,01 +---+a = 1 yield the same marginal

functions
2 2

e ™ -

e
x) = , and = ,
S(x) Jr g(») Jr

for —oo < x < 00,—00 <y < 00.

Solution 5.3. Let us consider the marginal function of x from fi(x, y, p) by inte-
grating out y. Consider the exponent, excluding —1.

2
1 — pX
z[x2—2PXy+y2]=x2+(y g )
I=p V1= p2
=)cz+u2 u= Yo px
Vi-p?

dy = /1 — p2du for fixed x.
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Hence
/Oo 1 o e (XZ—ZPXy+y2)dy
—o0 /1 — p2
2
[ 22 y—px
=/ Lo () lay
—o0 /1 = p2
e—x2 © e—x2
= / e du = .
7T Joso JT
Similarly

e_y

/_Oo Ji(x,y, p)dx = Jr

Thus for the given function

2
ex

voa

one can take fi(x, y, p) for all p such that 1 — p? > 0 as a bivariate analogue.

flx) =

—00 < X <00,

Now, look at the process above. When we integrate out y from f>(x, y, p) we

obtain

2 2 2
X X X
€ €

c
cee o — s
Jr TR e T

since &1 + - -+ 4+ ¢ = 1. Thus all the classes of functions defined by f> can also be
considered as bivariate extensions of the univariate function f(x).

This example shows that for a given univariate function there is nothing called a
unique bivariate or multivariate analogue. There will be several classes of functions
which can all be legitimately called the multivariate analogues. Hence looking for
a unique multivariate analogue for a given univariate H -function is a meaningless
attempt. Looking for a nonempty class of matrix variable functions, where when
the matrix is 1 x 1 or a scalar quantity the functions reduce to the one variable
H -function, is the proper procedure. Keeping this in mind, the following classes of
functions are defined as G and H -functions of matrix argument.

(031

5.7 Meijer’s G -Function of Matrix Argument

Let f1(X) be a symmetric function in the sense f(AB) = f(BA) for all matrices
A and B whenever AB and BA are defined. Let X be a p x p real positive defi-
nite matrix with distinct eigenvalues A; > --- > 1, > 0. Consider the following
M-transform with the arbitrary parameter p.
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Definition 5.6. Meijer’s G-function of matrix argument in the real case. Let
f1(X) be such that

/X X f0ax = g() (5.38)

where

(T T s + DT T (73 = = 0)]

= {I—[j’=m+1 Ip (p;rl —bj — P)} {H;=n+1 Fplaj + P)}.

(5.39)

Whenever the right side exists the class of functions defined by (5.38) and (5.39)
will be called Meijer’s G-function of matrix argument in the real case where I'j,(-)
is the real matrix-variate gamma function.

Note that when p = 1, f1(X) reduces to Meijer’s G-function in the real scalar
variable case. One can extend the same idea and define a H -function of matrix
argument as follows:

Definition 5.7. H-function of matrix argument in the real case. Let f>(X) be
a symmetric function in the sense f>(AB) = f>(BA) for all matrices A and B
whenever AB and BA are defined. Let X be a p x p real symmetric positive definite
matrix with distinct eigenvalues A; > -+ > 1, > 0. Let p be an arbitrary parameter.
Consider the following integral equation:

/X >O|X|p—”?‘ £(X)AX = ¥ (p). (5.40)
{n;ﬂ:l Tp(b; + ,ij)} {H'}=1 o (73" —a —ajp)}

v(p) = {H§=m+1 r, (p-zf—l b - ﬁjp)} {n;:n-i—l Tpla; + oup)}

, (541

withej,j = 1,...,rand B;,j = 1,...,s real and positive. Whenever the right
side in (5.41) exists the class of functions f>(X) determined by (5.40) and (5.41)
will be called the H -function of matrix argument in the real case.

For p = 1, (5.40) reduces to H -function in the real scalar case. Fora; =1, j =
I,...,rand B; =1,j =1,...,s the class of functions f,(X) reduces to the class
of functions f1(X) defined through (5.38) and (5.39) and the H -function reduces
to a G-function.

5.7.1 Some Special Cases

Whenm = 1,n =0,r =0,s = 1,b; =0, 81 = 1, (5.40) reduces to the equation

/X X1~ "2 f(X)dX = Ty(p). (5.42)
>0
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One solution for (5.42) is obvious, namely,
f2 (X) — e—tr(X)

-1
because for R (p) > 7,

/X X[P~"3 e XaX = T, (p).
>0

Hence we may define ¢ Fo( ; ; —X) by the integral equation in (5.42). On the other
hand if m = 1,n = 0,r = 0,s = 1,b; = «,B; = 1, then (5.41) reduces to
I'p(a + p). Then the equation

X173 (X)X =T for i P
| X S2(X) »(a + p), for R(x + p) >
X>0 2

gives one solution as
f(X) = 1X[*Fo(: :—X).

Letm =1,b;y = 0,81 = 1,n = r,s is replaced by s + 1 then (5.40) becomes

{nj':l Ip (p;rl —4j = O‘J'P)}
{l—[j'=1 Ip (p;rl —bj - ﬁjp)}.

For p = 1, (5.43) corresponds to Wright’s function and hence we will call the
class of functions f>(X) determined by (5.43) as the Wright’s function of matrix
argument in the real case.

Wheno; =1,7 =1,...,rand B; = 1,j = 1,...,s then comparing (5.43)
with (5.33) we have

It (73 - a))
- (73 = 05)]

1 1 1 1
x,Fs(p+ —ai, ... Pt —ap;p+ —bl,...,p—; —bs;—X)

(5.44)

/X X1P~"2 fo(X)dX = Tp(p) (5.43)
>0

f(X) =

or the hypergeometric function of matrix argument in the real case. When r =
I, s = 1 in (5.43) we may call the corresponding f>(X) as the generalized
Mittag-Leffler function in the real matrix-variate case. Classes of other elementary
functions can be defined by taking special cases in (5.39)—(5.44). The theory of
H -functions of matrix argument can be extended to complex cases also, that is,
when the matrices are hermitian positive definite. Some preliminaries in this direc-
tion may be seen from Mathai (1997).
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Exercises
5.1. Let x1,...,x, bereal scalar variables. Let y; = x1 + -+ 4+ Xp, y2 = x1x2 +
X1X3 4+ 4 Xp_1Xp (sum of products taken two at a time), -+ , ¥y, = X1X2 - Xp.

Forx; >0,j =1,..., p show that

r—1 p
dyi Ao Adyp, = 1_[ 1_[ [x; —x;]pdxg Ao Adxp.
i=1j=i+1

5.2. Consider the general polar coordinate transformation

X1 = rsinfq,
Xj =rcosficosth---cosl;_ysinb;,j =2,....,p—1,

Xp =rcosfcosby---cosbp_1,

forr >0,-7 <0; <7.j=1....p—2,—m <0, <. Compute dx; A

-+ Adxpintermsof dr AdO; A= AdOp_g.
53. For X = X' >0,Y =Y’ > 0and p x p show that

XY XY
lim |+ =X = |im |1 -7 |4
a—o00 a a—oo a

5.4. Let X and A be p x p lower triangular matrices of distinct elements. Let A =
(ai;) be a constant matrix such thata;; > 0, j =1,..., p. Then show that

14
Y = XA = dY = ]_[aj.’fl‘/ dx.
j=1

5.5. For the same X and A in Exercise 5.4 evaluate the Jacobians in the transfor-
mations (i) ¥ = AX, (ii) Y = aX where a is a scalar quantity.

5.6. Redo Exercises 5.4 and 5.5 if the matrices X and A are upper triangular.

5.7. Forreal X = X’ > 0 and p X p evaluate the following integrals:
O fi= [ ax: G o= [ 1Xlax: i) g = [ 11 Xlax
X X X

(iv) f4=/X|X|"‘dX; ) /X|I—X|"‘dx

and evaluate these explicitly for (vi) p =2; (vii) p = 3.
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5.8. By showing that both sides have the same M-transforms establish the following
results for the class of functions defined through (5.44) where all are p x p real
symmetric positive definite matrices.

[p(c)
Ip@)Tp(c—a)
+1

X/ e—tr(Y)|Yla—p'2H|X_Y|c—a—”2 dy
o<Y<X

(1) 1Fi(a;c;—X) = |X|_(C_p-2i-l)

r
(i) 2Fi(a,bie;=X) = p(©) yje="3" 1 — yjea="3
Lp(@Tp(c—a) Jo<x<r

x |I +YX|Pdy
(i) »Fi(a.bic;—X) =11 — X|™P2F(c —a,b;c; =X — X)™1).

5.9. Itis seen that forreal X = X’ > Oand p x p
/ |X|P—l7'2'rle—tr(X)dX =T,(p),
X>0
for arbitrary p such that R(p) > ? ;1 . Suppose that

-1
[ xpt aoax =y forie >
X>0 2
establish a set of sufficient conditions so that f(X) is uniquely determined as
FX) = e,

5.10. Forreal X = X’ > 0 and p x p consider the equation

Cp(p)Tp(@—p)
r, ()

B

/X X =73 f(X)dX =

for R(p) > pgl R —p) > pgl. One solution for f(X) is seen to be

f(X)=1|I+X|™*

What are the sufficient conditions on f* such that this is the only solution?



Chapter 6
Applications in Astrophysics Problems

6.1 Introduction

There are many areas in astrophysics where Meijer’s G-function and H -function
appear naturally. Some of these areas are analytic solar and stellar models, nuclear
reaction rate theory and energy generation in stars, gravitational instability prob-
lems, nonextensive statistical mechanics, pathway analysis, input-output models and
reaction-diffusion problems. Brief introductions to these areas will be given here so
that the readers can develop the areas further and tackle more general and more
complex situations.

6.2 Analytic Solar Model

The numerical approach to the study of solar structure is to go for the numerical
solutions of the underlying system of differential equations. Even for a simple main
sequence star in hydrostatic equilibrium at least four nonlinear differential equations
are to be dealt with to obtain a good picture of the internal structure of the star. Our
Sun is such a main-sequence star.

The simplest analytical procedure is to start with a simple mathematical model
for the matter density distribution in the core of the Sun. Then, from there develop
formulae for the mass, pressure, temperature, luminosity and other such critical pa-
rameters. Several such models were considered in a series of papers by Haubold
and Mathai, some details may be seen from Mathai and Haubold (1988). A two-
parameter model considered by them for the density p(r), at an arbitrary distance of
r from the center of the Sun is the following:

§1Y
o(r) = pe [1—(156)] 50, 6.1)

y is a positive integer, where p. is the central density, Rg is the radius of the Sun.

Let y = Rro' Then for the solar core, that is, 0 < y < 0.3, it is seen that the
A.M. Mathai et al., The H-Function: Theory and Applications, 159
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8 = 1.28 and y = 10 give a good fit to the observational data. Then the model for
u= p;:) is given by
u=(1-y%7, with§ =128, and y = 10. (6.2)

This is shown to give good estimates for the solar mass M (r), pressure P(r), tem-
perature 7'(r), and luminosity €(r). From standard formula we have

d
M(r) = 4mr’p(r) (6.3)
dr
where M (r) is the mass at the distance r from the center.

M(r) = 4n /r 2 p(t)dt
0

r (T
=dnp, | t? 1—( ) dr 6.4
. [ . ] 6

drpe 5 (1 ? 33 1\’
= R Fi|l—=v 1; , 6.5
3 Q(Ro) N e A Ro (6.5)

where »F; is a Gauss’ hypergeometric function, which is a special case of a
H -function. For r = R in (6.4) we have the total mass of the Sun, which works
out to be the following:

47p. R3 33
M(Ro) = oL p AR B (6.6)

3 )

47p,e y!
— , (6.7)

3 GHDG+2) (G +y)
by using he expansion formula
I'(e)T'(c—a—>b

JFrabieiny = L OTCma=h) 6.8)

I'(c—a)T(c—b)

wherea > 0,c —a — b > 0. Then

M(r) _(§’+1)...(§+y) ENE 33 o P
M(Ro) y! (R@) 2F —)/»5,5+1,(R®) . (6.9)

This is seen to be in good agreement with observational data for § = 1.28 and
y = 10. The internal pressure at arbitrary distance r from the center is available
from standard formula
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" M@0e@)

12
y ( y)m( )m5+2

= P. — Z

m=0 )(8+m)

x o F. 2, -2+ +1:( 7 ' (6.10)
21 )/,8 m’S m ,RO s .

where P, is the pressure at the center and G is the gravitational constant. By using
the fact that P(Rg) = 0 we can compute the pressure at the center P.. Opening up
the hypergeometric function we can write P (r) in a closed form:

P(r)=P. -G
0

2
P(r)y= P, — 371G,0fr2

8V 6.11)

where F 11::23::01 (+) is a Kampé de Fériet’s function, see Srivastava and Karlsson (1985).
The standard equation for temperature is the following:

T(r) = k}‘\‘,AP(r)p(r), (6.12)

where p is the mean molecular weight, k is Boltzmann’s constant and N4 is Avo-
gadro’s number. For the model in (6.1) it can be seen that

i g(r)

T(r)= kN 4 4w Gpc R Q[l (ro)é]y’

(6.13)

where

= J/)m 1
05 2 0 G o

y!
X|:(§+m+1)---(§+m+y)

r mé+2 o) 2 §
_(R@) 2 F —V,5+m,8+m+l (Re) :| (6.14)

From the computations in Haubold and Mathai (1994) it is seen that M(r), P(r),
T (r) and luminosity L(r) are in good agreement with observational data for the
modelin (6.1) with § = 1.28 and y = 10. Further details may be seen from Haubold
and Mathai (1994).
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Exercises 6.1

6.1.1. From the model in (6.1) derive expressions for solar mass M (r), pressure
P(r), temperature 7'(r) and luminosity L(r) at an arbitrary distance r from the
center.

6.1.2. Letu = p{gr ) where p(r) is the matter density at a distance r from the center
c

of the Sun and p, is the density at the center. Let y = Rro for0 < y < 0.3, where

R is the solar radius. The following is the data from Sear (1964)

vy :0.0864, 0.1153, 0.1441, 0.1873, 0.2161, 0.2450, 0.2882
u: 0.6519, 0.5253, 0.3856, 0.2810, 0.1994, 0.1424, 0.0962

By using the method of least squares fit a polynomial of degree 3 to this data and
show that the polynomial model is

y = 1-0.940y + 6.67y* —2.73y°.
Compute u by using this model and compare with Sear’s data.
6.1.3. Consider the following three models for u of Exercise 6.1.2
u=1-4y +2y> +2y> - y*,
u=(1-»1-y)*
w=(1-y3)"
Compute u under these models and compare with Sear’s data.
6.1.4. Consider the following four models for u in Exercise 6.1.2.
w=(1—-y»—y>)*a-y),
U= (1 _ y1.48)14
U= (1 _ y1.48)13
U= (1 _ y1.28)10.
Compute u under these models and compare with Sear’s data.

6.1.5. Show that the last model in Exercise 6.1.4 is the best among all the eight
models in Exercises 6.1.2, 6.1.3 and 6.1.4.
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6.3 Thermonuclear Reaction Rates

In nuclear reaction rate theory one comes across the following four reaction prob-
ability integrals in nonresonant reactions, reactions with high energy tail cut off, in
screened case and in the depleted case:

© -3

11=[ yre (r+r )dy (6.15)
0
d _1

—(y+ 2

L =/ ye (y i )dy (6.16)
0
* et i)

13=/ yve VT vrti)dy (6.17)
0
00 (y+bydty2

14=/ ye (rorsser )dy. (6.18)
0

These are the reaction rate probability integrals dealt with in Anderson et al. (1994).
A more general case of /; is the following:

o0 _ s b —p
Is =f yre=(ar’+by77) gy, (6.19)
0

fora > 0,b > 0,6 > 0,p > 0, where fora = 1,b = z,6 = 1,p = ;We

have the integral /;. Observe that (6.19) is the limiting form of the versatile integral
discussed in Chap. 4. Writing

filx) = x"*Fle=a¥® ang fa(x) = e’

the integral in (6.19) can be written as

o
15=/ fl(v)fz(Z)dv,uzbflJ. (6.20)

=0 V

Hence from Mellin convolution property, the Mellin transform of /5 is the prod-
uct of the Mellin transforms of fj(x) and f>(x) respectively. Denoting the Mellin
transforms by g1 (s) and g, (s), with s being the Mellin parameter, one has,

00 1 F v+1+s
gi(s) = / XS lemax’ gy — 5 (Hfﬂ ), (6.21)
0 a 8

where (v + 1 + 5) > 0 and

b o 1 K
g2(s) = f ¥ le™dx= T ( ) ,M(s) > 0. (6.22)
0 o P
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Then /5 is available from the inverse Mellin transform of g; (s)g>(s). That is,

1 1 r v+1+s
Is= / (U+f+s )r (s) uSds (6.23)
2ri JLdp 4"7s P
1 c+ioo 1 —s
= / F(S)r(”+ +S) (abu) " ds
Spa 5 c—ioo P ) )
1
= vl H(i’zo |:a‘lsb‘l’ :| . (6.24)
spa"s o ()

Thus the special cases of the integral in (6.20) are the special cases of the H -function
in (6.24).

Some interesting special cases are the situations where (i): é =m,!

P
1,2,...; (ii): g = A A =1,2,...;(ii) f) = u,pu = 1,2,.... In all these cases
one can reduce the H -function in (6.24) to Meijer’s G -function with the help of the
multiplication formula for gamma functions, some details and computable represen-
tations are available from Mathai and Haubold (1988).

=n,m,n =

Exercises 6.2

6.2.1. Show that the reaction rate probability integral

o0 1 —p a Y 2.0 1
v— —ax—zx ]
e ix=% H [azo 1 ] ,
/0 , Hoz l0.1).001)

fora > 0,z>0,p > 0.

6.2.2. Forp = ;,a = 1 in Exercise 6.2.1 show that
oo v—1 —x—zx_% dx = —é G3’0 z
| x" e X=un 03| 4 |0,;,v

L c+ioo 1 ZZ -
=7 2 ') T ds.
b4 i /;_ioo (s) (2+s) (v+s)(4) K

6.2.3. Write down the conditions for the poles of the integrand in the Mellin—-Barnes
integral in Exercise 6.2.2 to be simple. Evaluate the Mellin—Barnes integral in Ex-
ercise 6.2.2 in the case of simple poles.

6.2.4. Write down the integral in Exercise 6.2.2 in series form when v is an integer
thereby the poles of the integrand can be up to order 2.

6.2.5. Write down the integral in Exercise 6.2.2 in series form when v is a half-
integer thereby the poles of the integrand can be up to order 2.
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6.4 Gravitational Instability Problem

Gravitational condensation is believed to be the reason for the formation of the basic
building blocks of the universe, that is, the stars and galaxies and systems of them
at various scales. The universe is a multi-component medium. The influence of the
components’ relative motions upon the gravitational instability was investigated by
many authors. Gravitational instability in a multi-component medium in an expand-
ing universe under Newtonian approximation was studied by Mathai et al. (1988).
Exact solutions of the differential equations connected with the gravitational insta-
bility problems in a two-component, and then in a multi-component medium, were
considered by Mathai et al. (1988) by converting the basic equations to the equa-
tions satisfied by a Meijer’s G-function. After a few substitutions, see Mathai et al.
(1988), the basic equations for a two-component medium can be written as follows:

A%8) 4+ (20— DA + k318 = (R181 + Q282), (6.25)

(2161 + 22687), (6.26)

W W N

A28y + (20— 1) A8y + k3128, =

where A is the operator A = tdt, Q=Q1+ R, =1,2;,i = 1,2 are constants,
and other parameters have physical interpretations. Solving for §, from (6.25) and
then substituting for 85, AS,, A28, in (6.26) one has the following fourth degree
equation:

A%y +202n—1)A38, + [k%r“l + k2192 — i +@2n— 1)2] A%8,
+ [(2;7 — Dkt + (20 — Dk3t*2 + 2kFat*' — (2n — 1)?] A8,
+ [ 219 L (20 — DkZa % — inkfz“'
—iszlkz *2 4 k2k3t “1+“2} §1 =0. (6.27)

Here (6.27) is the equation governing the growth and decay of gravitational con-
densation in the expanding two-fluid universe. An equation for §,, corresponding to
(6.27) is available from symmetry. The following special cases of (6.27) have inter-
esting solutions. We consider the following cases: (i) k; = ko = 0; (i) a1 = ap =
0, k1, ko arbitrary; (iii) ap # 0,k; = 0;(iv) a1 # 0,k = 0; (v) a1 =0, # 0;
(Vi) a1 # 0,00 =0;(vil) ap =1 =a #0,ky =k, =k #0.

In case (iii) by changing 7 to x = kzazgz and A = xd‘;, Eq. (6.27) reduces to

{(A = b1)(A = b2)(A = b3)(A —ba)} 61
+x{(A—a))(A-ax} s =0, (6.28)
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1

G-n |0-*, 2]
- 2 T,
as 3a;

o o5 303

_ G [G=)’ 291}2.

o2 o5 303

Observe that (6.28) is a special case of the differential equation satisfied by a
Meijer’s G-function, see for example Mathai (1993c), so that the theory of
G-function can be applied to (6.28). In all the particular cases it is seen that equation
(6.27) reduces to the form

{(A=b1)(A—=b2)(A —b3)(A —ba)}b1 + x{(A —a1)(A—az)}éy =0 (6.29)

where aq,az,b1,...,bs and x change from case to case. Comparing (6.29) with
A yeeey ap
bi.by
(=P~ = —1,ay,a,,by,...,bs. From the standard solutions of the G -function
equation, the solution near x = 0 is given by

a G-function differential equation for Gy’ (x ) we have g = 4,p = 2,

81 = ¢1G1 + 2G5 + ¢3G3 + 4Gy,

where ¢y, ¢3, c3, ¢4 are arbitrary constants and

[I—[i=1 ['(—ar + bj)]

G; = x77

[T = b+ 5))]

X2F3(—ay+bj,—ar +b;;1 —by+bj,....%, ....,1—bs+b;;—x),
(6.30)

where the * indicates that parameter of the type 1 — b, + b; and the corresponding
gamma are absent, and it is assumed that b; —b; # 0,+1,£2,...foralli # j =
1,...,4 and ; F3 is a hypergeometric function.

Here in (6.29) the G-function parameters are ¢ = 4, p = 2 or ¢ > p. Hence the
4 fundamental solutions and the general solution for x — oo are the following:

61 =¢1G1 + ¢2G2 + ¢3G3 + 4Gy, (6.31)
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where ¢y, ¢3, c3, c4 are arbitrary constants and

B 1+a1,1+a2
b
R

4,1
G] = G2’4 X

[ (14az,14a;

| 151,04

4,1
G2 = G2’4 X

B |1tarsl4a
Gz = G;:f xe'” i| .
i bi,.bs
1+ay,1+as
Gs = Gyy |xe™'™ } . i=+-1
i bi,.by

Computable series forms as well as explicit solutions for various cases of
3-component medium are available from Mathai et al. (1988).

Exercises 6.3

6.3.1. Derive Eq. (6.27) from Egs. (6.25) and (6.26).
6.3.2. Derive an equation for 8, from Eq. (6.27).

6.3.3. Under the special case k; = 0,k = 0 show that (6.27) reduces to the
form {(A —a1)(A — az2)(A — az)(Aq — aq)}61 = 0 so that the general solution is
81 = c¢1 + 2192 + 3t + ¢4t where

e — (o1 (1 1 2 25

ar =0,a, =—(2n— ),as—(z—n)— (2—n) tal
1 1 2 25

a4=(2—17)+ (2—77)+3 .

6.3.4. Show that under case (iv): a1 # 0,k, = 0 Eq. (6.27) reduces to

(A = b)(A = by)(A = by)(A — )81 + x{(A — a})(A —ah)}s; = 0,
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2.a
d ~_k1t 1
a0 X = o . Show that

1
G-n] [@0-4 20,7

/— J— —_—
a1—|:1+ o o2 +3ozf ,

ay = [—1+ (;_")]+[(n_;) ZQZT,

where A = x

N
+

2
ay 3a]

and b = b; of case (iii).

6.3.5. Show that under Case (v): @1 = 0,2 # 0 Eq. (6.27) reduces to the same
form as in Exercise 6.3.4 with

<;—n)_[(;—n>2+zszl k%T’

a% oz% 30{% oz%
1
1 1 2 2
u _(2_’7)+ (-1 +291_k%
- a? a? 302 o? ’
2 2 2 2

and the b;’s are the solutions of the equation
414 313 2 2 2| 212
arb” +22n—Dazb” + | 2n—1)" — 3 + ki |a5b

2 2
+ [—3(2;7 -1+ @2n— l)kf] arbh — 392kf =0.

6.5 Generalized Entropies in Astrophysics Problems

Entropy is a measure of uncertainty in a probability scheme or in a probability
density. If P = (p1,...,pk),pi = 0,i = 1,...,k,p1 +---+ pr = 1 be the
probabilitiesin aset A = {Aq, ..., Ax} of mutually exclusive and totally exhaustive
events then a measure of uncertainty in this scheme (A, P), proposed by Shannon
in 1948, was

k
S=-GY pilnpi. (6.32)

i=1

where G is a constant and In is logarithm to the base e.
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6.5.1 Generalizations of Shannon Entropy

Generalizations to Shannon’s entropy were considered by many authors. A few of
these are the following:

Zk pr—1
H—-C = él=_1a ! | a >0, o # 1 (Havrda-Chérvat), (6.33)
k
In (Zi=1 P;I) .
R = | , a>0, a#1(Rényi), (6.34)
—
k q
ka4
T — Zl—ll Pi= 4 >0, g #1, (Tsallis), (6.35)
—q
k 2—a
o op2me
M = 2i=1Di .+ =207 1 (Mathai, (6.36)
o

All the a-generalized analogues, H — C, R, T, M go to Shannon’s entropy S when
o — 1 and in this sense they are generalizations. Tsallis’ entropy 7T is the ba-
sis for the current hot topic of nonextensive statistical mechanics and g-calculus.
The corresponding measures in a probability density f(x), [f(x) > 0 for all x,
[, f(x)dx = 1] are the following:

S=-G /x F()In f(x)dx, (6.37)
H-C= fx[];(lx_ﬂa_d)i_l, «>0,a#]1, (6.38)
R= lnfx[lf_(x;]adx, >0, a#l, (6.39)
T fx{f()lc)lq;jx_l’ . 640
M= fx[f(x;]z__jdx_l, O<a<2 a#l (6.41)

Tsallis’ g-exponential function is derived from 7 of (6.40) by optimizing 7" sub-
ject to the conditions [, f(x)dx = 1 and that the first moment is pre-assigned, that
is, [ xf(x)dx = given. If the optimization of T is done in the escort density

[f ()

[ fo)ledx’ (6.42)

glx) =
then one obtains Tsallis density or known as Tsallis’ statistics

Al = el = (1= g)x] e, (6.43)
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where ¢ is the normalizing constant such that [ f(x)dx = 1. If Mathai’s entropy
(6.41) is optimized under the conditions of preassigning the §-th moment and (y +
8)-th moment for some § and y, by using calculus of variation techniques, then one
obtains a particular case of Mathai’s pathway model in the scalar case

H(x) = eax?[1 — a(l —a)x®]17e ,§ > 0,a > 0 (6.44)

where c; is the normalizing constant. Observe that ¢, will be different for the three
cases @ < l,a > l,a& — 1. When « < 1 then f>(x) for 1 —a(l —a)x® > 0
remains in the generalized type-1 beta family of densities and when o > 1, writing
1 —a = —(a — 1), f2(x) goes into the generalized type-2 beta family of densities.
When o — 1, then f>(x) goes to f3(x) where

fa(x) = eax?e @ (6.45)

where c3 is the normalizing constant. It may be mentioned here that M in (6.36)
is also connected to the measure of directed divergence in discrete distributions.
Observe that for g1 (x) = f1(x)/c1

e =l (646)
X

and hence fj(x), as a model, can describe situations of power function behavior,
meaning that the rate of change of g (x) is proportional to a power of g1 (x).

When we study the properties (6.45), H -function comes in naturally as illustrated
in Chap. 4, Sect. 4.3. These properties will not be repeated here. Thus, H -functions
prop up when dealing with problems in nonextensive statistical mechanics, power
laws, pathway analysis, generalized entropies and related areas.

Exercises 6.4

6.4.1. Consider the entropy measure in (6.41). By using calculus of variation
techniques optimize M under the condition that the functional f(x) is such that
f(x) > 0and [ . J(x)dx = 1 and show that the solution is a uniform density.

6.4.2. Optimize M in (6.41) for all densities f(x) such that the first moment is a
given or preassigned quantity. Show that the pathway model fory = 0 and § = 1 is
the resulting f(x).

6.4.3. Redo Exercise 6.4.2 under the conditions E(x%) and E(x%*7) are preas-
signed, where E denotes the expected value or §-th moment and (6 + y)-th moments
respectively. Show that the resulting density is the pathway model for the positive
real scalar variable case.
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6.4.4. Derive the density of u = xy if x and y are independently distributed real
scalar positive random variables where x is having the density in (6.44) with param-
eters as given there and y has the density in (6.45) with parameters (y1, a1, §1).

6.4.5. Repeat Exercise 6.4.4 if x and y have the densities of the form in (6.44) with
different parameters.

6.6 Input-Output Analysis

Input—output situations are many in nature. In a dam or storage capacity there is
inflow and outflow and the difference or the residual part is the storage. In nuclear
reactions, energy is produced and part of it is dissipated, destroyed or emitted out
and the residual part is what is left out. In a human body a chemical called melatonin
is produced every day. The production starts by evening, peaks by 1 am and the level
of the chemical is back to normal by the morning. The body consumes or converts
what is produced. There is a positive residual part during the night and the residual
part is zero by the morning. In a growth—decay mechanism an item grows and part
of it decays, and the residual part is the difference. In a stochastic process there is
an input variable and after the process there is an output. In an industrial production
process the total money value of raw materials plus operational cost is the input
variable and the money value of the final product is the output variable.
A simple input—output model can be considered as a structure such as

U=x-—y, (6.47)

where x is the input variable and y is the output variable and u can be taken as the
residual. Stochastic situations when x and y are independently distributed random
variables, scalar variables or matrix variables, are considered by Mathai (1993c).
Connections of a structure such as the one in (6.47) to distributions of bilinear forms
and covariance structures are also established in Mathai (1993c). A model such
as the one in (6.47) when both the input and output variables are gamma random
variables can be used to model solar neutrino production or other such residual
processes (Haubold and Mathai 1994).

In a reaction—diffusion process if N(¢) is the number density at time ¢ and if the
production rate is proportional to the original number, then

;N(t) = AN(1), A > 0, (6.48)

where A is the rate of production. If the consumption or destruction rate is also
proportional to the original number then

;N(t) = —uN(@t), p >0, (6.49)
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where p is the destruction rate. Then the residual part is given by
d
dt N(t) = —cN(), c = pu—A. (6.50)
If ¢ is free of ¢ then the solution is the exponential model
N(t) = Noe ", Ny = N(t) att = 1o, (6.51)

where ¢ is the starting time. Instead of the total derivative in (6.48)—(6.50) if we
consider fractional derivative or fractional nature of reactions, that is, if we consider
an equation of the form

N()— No=—c"oD; " N(1), (6.52)
where oD, ™" is the standard Riemann-Liouville fractional integral operator, then
the solution for N (¢) is a Mittag-Leffler function

—l)k (Ct)Vk

Pk 11y ~ NoBw(=n)) 6.53)

N(@)=No Y (
k=0

where E, (-) is the Mittag-Leffler function, which is a special case of a H -function.

That is,
(0,1)
(0,1),(0,v):| ’
(6.54)

where L is a suitable contour. In such input—output models one can notice that under
fractional rate of input or output can produce particular cases of H-functions as
illustrated in (6.52)—(6.54). More of such situations will be examined in detail in the
coming sections.

1 / ()1 —s)

N =Noy |5 f 2y (017 = NoH; [(cz)“

Exercises 6.5

6.5.1. Work out the density of u = x — y if x and y are independently distributed
with exponential densities with different parameters.

6.5.2. Repeat Exercise 6.5.1 if x has a gamma density and y has an exponential
density.

6.5.3. Repeat Exercise 6.5.1 if both x and y have gamma densities with different
parameters, for the cases (1): x — y > 0 and (2): general, where x — y can be
negative also.
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6.5.4. Let x; have the density

8,
vi—1 —a;x/ .
filxj) =cjx;” e/ x;>0,a;>0,8;>0,j =12,

where ¢, j = 1,2 are the normalizing constants. Let # = Inx; — Inx,. When x4
and x, are statistically independently distributed, evaluate the density of u by using
Laplace transform of the density of u. Show that the density of u can be written as a
H -function.

6.5.5. Work out the special cases in Exercise 6.5.4 when (1) x;’s are Weibull dis-
tributed with different parameters, (2) Weibull distributed with the same parameters,
(3) gamma distributed (a) with different parameters, (b) with identical parameters,
(4) exponentially distributed with (a) different parameters, (b) with identical param-
eters. Show that all the densities can be written as special cases of H -functions.

6.7 Application to Kinetic Equations

Fractional kinetic equations are studied to determine certain physical phenomena
governing diffusion in porous media, reaction and relaxation processes in com-
plex systems and anomalous diffusion, etc. In this connection, one can refer to
the monographs by Hilfer (2000), Kilbas et al. (2006), Podlubny (1999), and
the various works cited therein. Fractional kinetic equations are studied by Hille
and Tamarkin (1930), Glockle and Nonnenmacher (1991), Saichev and Zaslavsky
(1997), Zaslavsky (1994) and Saxena et al. (2002, 2004, 2004b), among others, for
their importance in the solution of certain applied problems. We now proceed to
prove the following:

Theorem 6.1. If ¢ > 0,v > 0, then the solution of the integral equation
N(t) = Nof(t) = —c’oD;"N(1), (6.55)

where f(t) is any integrable function on the finite interval [0.b], there holds the
formula

t
N(t) = ¢Ny / H) [c“(z — 1)
0

E:i ZB,(O,,,) ] f(mdr.  (6:56)

where Hll,’z1 (.) is the H -function defined by (1.2).

Proof 6.1. Applying the Laplace transform to (6.55) and using (3.65), it gives,

F(s)

N(s) = L[N(t);s] = No, ey

(6.57)
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Since (Mathai and Saxena 1978, p. 152)

Sl)

sY +cv

= Hll,’ll |:(s/c)”

(1.1
(w1 } , (6.58)

then using (2.22), we obtain

(1.1) H =t""Hy| |:(ct)_”

ot [orer | )

(1,1),(0,v)
@) } . (6.59)

If we use the property of the H -function (1.58), the above equation becomes

L [H};I‘ [(s/c)“ “’DH =) [(ct)“ ©.1) } (6.60)

(1,1) (0,1),(1,v)
_ gl v | (=1/v, 1)
= cH}] |:(ct) i) o) } 6.61)
|

The result (6.61) follows from (6.60), if we use the formula (1.60). Taking the
inverse Laplace transform of (6.57) and applying the convolution theorem of the
Laplace transform, we arrive at the desired result (6.56).

If we set f(t) = t*~1, we obtain the result given by Saxena et al. (2002, p. 283,
Eq. (15)). Theorem 6.1 was proved by Saxena et al. (2004).

Note 6.1. An alternative method for deriving the solution of fractional kinetic equa-
tions is recently given by Saxena and Kalla (2008).

6.8 Fickean Diffusion

We consider Fick’s diffusion and establish the following:

Theorem 6.2. The solution of the diffusion equation

2

NG, (6.62)
X

0
N =C
9 (x,1) g

with initial condition N(x,t = 0) = §(x), where §(x) is the Dirac delta function,

is given by
2
; ) . (6.63)

N(x,t) = ! ex (—
T Jaran TP aa
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Proof 6.2. Applying Laplace transform to (6.62) with respect to the variable ¢ and
applying the given condition, it gives

2
sN(x,s) —8(x) = Cy aaxzﬁ(x,s). (6.64)

Applying Fourier transform to the above equation with respect to x, we obtain
sN*(k,s) — 1 = Ci(=k*)N*(k, s). (6.65)
Solving for N*(k, s), it gives
o r
k2C
N~*(k,s) = Z(—l)’( 1) s (6.66)
s
r=0

On inverting (6.66), the desired result (6.63) is obtained, where we have used the
inverse Fourier transform formula

2

-1 —ak?. _ 1 _x
F {e ,x} = Jara exp ( 4a) . (6.67)
O

Remark 6.1. Standard diffusion processes are described with the help of Fick’s sec-
ond law. The diffusion equation (6.62) can be derived by combining the continuity
equation

Bat N(x,t) = —=Sx(x,1), (6.68)
and the constitutive equation

S(x,t) = —C1Nx(x,1), (6.69)
which is also called as Fick’s first law. Here, S(x, t) represents the flux, N(x, ) the

distribution function of the diffusing quantity, and C; a diffusion constant which is
assumed to be a constant.

6.8.1 Application to Time-Fractional Diffusion

Theorem 6.3. Consider the following time-fractional diffusion equation

NG _ NG

ara a2z <a<l,x€R,R=(—00,00), (6.70)
X
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where D is the diffusion constant and € R\{0}

N(x,t =0) =6(x), lim N(x,t) =0, (6.71)
x—>to0

gto; is the Caputo fractional derivative defined by (6.114) and §(x) is the Dirac delta
function. Then its fundamental solution is given by

|x[?

L 10
N(x,t) = Hp} |:Dt°‘ (1.2)

x|

Remark 6.2. Tt can be seen that Brownian motion takes place at « = 1, which is
irreversible. Wave propagation takes place at « = 2 which is reversible.

“’“)} . (6.72)

Proof 6.3. In order to find a closed form representation of the solution of the equa-
tion (6.70) in terms of the H -function, we use the method of joint Laplace—Fourier
transform, defined by

o0 o0
N*(k,s) = / / eTSIHRX N (X, 1)dxdt, (6.73)
0 —00

where, according to the convention followed, “~” will denote the Laplace transform
and “x”, the Fourier transform. Applying the Laplace transform with respect to time
variable ¢, Fourier transform with respect to space variable x, using (3.75) and the
given condition (6.71), we find that

sEN*(k,s) — s ' = —DK2N~*(k,s).

Solving for N~*(k, s), it gives

» sa—l
N*(k,s) =
k.5) s* + Dk?
Inverting the Laplace transform, it yields
1 ot 2
N*(k,t) =L~ = Eo(—Dk=t%), 6.74
k=17 | = Eatepi (6.74)

where E,(.), is the Mittag-Leffler function defined by (1.44). O

In order to invert the Fourier transform, we will make use of the integral

(B.)
, (6.75)

(1,2)

kl
a

* 2 T 1,0
cos(kt)Eq g(—at”)dt = r Hp
0
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which follows from (2.51); where 9() > 0,R(B) > 0,k > 0,a > 0; and the

formula .

2

then it yields the required solution.

Note 6.2. When o = 1, (6.72) reduces to (6.63) as

R I G
14

[ e pwa =1 [ 00 costea. (6.76)
T Jo

—00

|x|27i J)—iewe T['(1—s) \ Dt
o 1/V+i°°r(;—s)r(1—s)z-25n-i XY
T xl27i Jyioo r(1—s) pt ) ©
2
_ | exp _Ixl , 6.77)
(47D1)>2 4Dt

which is a Gaussian density.

6.9 Application to Space-Fractional Diffusion

Notation 6.1. aaxaa N(x,t) : Liouville fractional derivative of order

Definition 6.1. The Liouville fractional derivative of order « is defined by

* Nay= ! 9 m/x NEY) v eRa > 0.m=[o]+1
gy T T T(m—a)\ 0x oo (x—y)¥—m+1 - & M=l

(6.78)
where [] is the integral part of «.
Note 6.3. The operator defined by (6.78) is also denoted by
—0oDEN(x,1).
Its Fourier transform is given by
F{_DS f(x,0)} = (ik)*¥(k,t),a >0, (6.79)

where W(k,t) is the Fourier transform of f(x,t) with respect to the variable x
of f(x,t). Following the convention initiated by Compte (1996), we suppress the
imaginary unit in Fourier space by adopting the slightly modified form of the above
result in our investigations

F{_ooD% f(x.1)} = —|k|*U(k,t),a > 0 (6.80)

instead of (6.79).
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In this section, we will investigate the solution of the equation (6.81). The result
is given in the form of the following:

Theorem 6.4. Consider the following space-fractional diffusion equation

o
ON(x,1) _ Da N(X,Z),0<a< I.x € R, (6.81)
ot ox«

where D is the diffusion constant and € R\{0}, aiaa N(x,t) is the Liouville frac-

tional derivative of order a; N(x,t = 0) = 8(x), where §(x) is the Dirac delta
Sfunction and limy_, £ oo N(x,t) = 0. Then its fundamental solution is given by

(6.82)

1 1,1 |x]
N(x,t) = H,, [ (1,1),(1,1)

o x| (Dt)l/e

Proof 6.4. Applying the Laplace transform with respect to the time variable ¢,
Fourier transform with respect to space variable x and using the given condition
and the Eq. (6.80), it gives

(1,1/&),(1,;)]

sN*(k,s)—1=—D|k|*N*(k,s).

Solving for N*(k, s) and inverting the Laplace transform, it is seen that

ad X YDk

r=0 r=0

— exp(—Dik|*) = HL? [Dt|k|°‘

(—0,1)] . (6.83)

If we invert the Fourier transform with § = y = 1,0 = 0, the result (6.82)
follows. a

6.10 Application to Fractional Diffusion Equation

In this section we present an alternative shorter method for deriving the solution of
a diffusion equation discussed earlier by Kochubei (1990).

Theorem 6.5. Consider the Cauchy problem
oDIN(x,t) = —c"AN(x,1),0 <o < l;x eR";0<t <T, (6.84)

with
N(x,t =0) =68(x),x € R, lim N(x,t) =0. (6.85)
x—>Fo00
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oD is the regularized Caputo (1969) partial fractional derivative with respect to t,
defined by
1 d (" N(x,s)ds N(x,0
oDEN(x,1) = / (x,5)ds  N(x,0) ’
'd—ow) | ot Jo (@ —x)* o

and A is the Laplacian. The fundamental solution of the above Cauchy problem is
given by
|x|2t—a

4cv

_ien =1 2,0
N(x,t) = |x|"n 2H1,2|: 20).(1,1)

(1) ] : (6.86)

where H[%) () is the H-function (1.2).

Proof 6.5. Applying the Laplace transform with respect to ¢, Fourier transform with
respect to x to (6.84) and using the result (3.75), it gives

SEN*(k,s) — s 1 = —c"|k|PN*(k,s),

where the symbol “~” indicates the Laplace transform with respect to the time vari-
able t and the symbol “x”, the Fourier transform with respect to the space variable x.

Solving for ]N\f*(k, s), we have

- sot—l
N*(k,s) = s 4 vk (6.87)
By virtue of the following Fourier transform formula
wm\"?  a
(Fy [Ix|®2 K s p(alx])]) (x) = ( . ) @+ | te€R"; neEN, a>0,
(6.88)

where the multidimensional Fourier transform with respect to x € :i” is defined by
(FeN)(z,1) = / N(x,1)e™%dx, t € K", 1 > 0, (6.89)
mn

and K, (.) is the modified Bessel function of the second kind, it yields

1% »
N(x,s) = ¢ V5% 1 (2m) 2 (|x|§2) Ko ['“ |x|] (6.90)

v
s2 Cc2

In order to invert the Laplace transform, we employ the following result given by
the authors (Saxena et al. 2000)

LY s7PK,(z5%): 1} = lt"_le’O |:Z21_20
v 5 = b 1,2 4

(p,20)
Chsn] 6
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where K, (x) is the modified Bessel function of the second kind, % (z?) > 0,

J(s) > 0. Thus we obtain the solution in a closed form

1 _n _v_nv 1= _o_an 2,0 l_a|X|2
NG = @m 3374 x5 my |

1-5-%".)

(320,33 |-
(6.92)

By virtue of the H function identity (1.60), the power of the expression [{ o ‘x ! }]

can be absorbed inside the H -function and consequently we obtain

t—a|x|2

4cv

1 2.0
N(x,t) = |m2x| nHl,Z |: (4.1),,1)

(1,0) } . (6.93)

O

Remark 6.3. If we employ the identity (1.58), the solution given by (6.93) can be
expressed in the form

l—1|x|2/a
(4¢?)e

1 1
Nty = w2l nle”zo[ (l’;’fi),u,;)]’ o

where o > 0.

Note 6.4. We note that the above form of the solution is due to Schneider and Wyss
(1989). There is one importance of our result (6.91) that it includes the Lévy stable
density in terms of the H -function as shown in (6.102). Similarly, using the identity
(1.59), we arrive at

1 1 _ t_%|x| 1,%)
— > n 2,0 52
N(x,t) 2|71 x| H1’2|: 5o (b | (6.95)

where n is not an even integer. This form of the H -function is useful in determining
its expansion in powers of x. Due to importance of the solution, we also discuss its
series representation and behavior.

6.10.1 Series Representation of the Solution

Using the series expansion for the H -function given in the monograph (Mathai and
Saxena, 1978), it follows that

(1}1,1)1)(1]):|= 1 /F(g_;)r(l_;)xsds
2ra )\ L

H2,0
1.2 [x i r(l —s)

)( l)k ot(2+/l)

- {Z —z—ax ) ()

A=0

00 11— ) (_I)Axa(l—i-k)
E I'(l —a —al)(A) ’
(6.96)
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where 7 is not an even integer. Thus for n = 1, we find that

_ 1 ¢ A e
Nex. 1) = 2% ;)(_1) I —a(+1)/2)AY’ 6.97)

2 L .
where 4 = 7, and the duplication formula for the gamma function is used. For

n = 2, H-function of (6.95) is singular and in this case, the result is explicitly given
by Saichev (Barkai 2001) in the form

1 1o/2
NED~ e | (6.98)

For n = 3, the series expansion is given by

& —1)*43
N(x,t) = w1 =D . (6.99)
4mt ¥ 425 oo [1-a (1+4)]
From above it readily follows that forn = 3 and o # 1,
1
N(x,t) ~ asx — o0. (6.100)
X

It will not be out of place to mention that the one sided Lévy stable density ¢, (t)
can be obtained from Laplace inversion formula (6.91) by virtue of the identity

1
[ TN\2
Kyi(x) = (2x) e, (6.101)
and can be conveniently expressed in terms of the Laplace transform as
*° 4
/ e pp(t)dt = e, R(u) > 0,R(p) > 0. (6.102)
0
The result is,

1
t

1
o) = HIPY| | Lp>o0. (6.103)
p (5:5)
Note 6.5. This result is obtained earlier by Schneider and Wyss (1989) by follow-
ing a different procedure. Asymptotic behavior of ¢, (¢) is also given by Schneider
(1986).
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6.11 Application to Generalized Reaction-Diffusion Model

6.11.1 Motivation

It is a known fact that reaction—diffusion models play a very important role in pattern
formation in biology, chemistry and physics, see Wilhelmsson and Lazzaro (2001)
and Frank (2005). These systems indicate that diffusion can produce the sponta-
neous formation of spatio-temporal patterns. For details, one can refer to the work
of Nicolis and Prigogine (1977) and Haken (2004). A general model for reaction—
diffusion systems is investigated by Henry and Wearne (2000, 2002) and Henry et al.
(2005).
The simplest reaction—diffusion models are of the form

ON 2N
D% L F(N),N = N(x,1), (6.104)
ot 0x2

where D is the diffusion constant and F(/N) is a nonlinear function representing
reaction kinetics. It is interesting to observe that for F(N) = yN(1—N), (6.104) re-
duces to Fisher—Kolmogorov equation and if, however, we set F(N) = yN(1—N?),
it gives rise to the real Ginsburg—-Landau equation. Del-Castillo-Negrete et al.
(2002) studied the front propagation and segregation in a system of reaction—
diffusion equations with cross-diffusion. Recently Del-Castillo-Negrete et al. (2003)
discussed the dynamics in reaction—diffusion systems with non-Gaussian diffusion
caused by asymmetric Lévy flights and solved the following model:

oN

5 =nDIN+F(N). N =N(x.0). F(0)=0. (6.105)

Remark 6.4. Tt is interesting to observe that the Eq. (6.104) also represents the
classical reproduction-dispersal equation for the growth and dispersal of biological
species (Fisher 1937; Kolomogorov et al. 1937).

In this section, we present a solution of a more general model of fractional
reaction—diffusion system (6.105) in which 831;’ has been replaced by the Riemann—

Liouville fractional derivative on , B > 0. The results derived are of general nature
than those investigated earlier by many authors notably by Jespersen et al. (1999)
for anomalous diffusion and by Del-Castillo-Negrete et al. (2003) for the reaction—
diffusion systems with Lévy flights and fractional diffusion equation by Kilbas
et al. (2004). The solution has been developed in terms of the H-function in a
compact and elegant form with the help of Laplace and Fourier transforms and
their inverses. Most of the results obtained are in a form suitable for numerical
computation. The results reported in this section are in continuation of our earlier
investigations, Haubold (1998), Haubold and Mathai (2000) and Saxena et al. (2002,
2004, 2004a,b, 2006, 2006a).
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6.11.2 Mathematical Prerequisites

In order to present the results of this section, the definitions of the well-known
Laplace and Fourier transforms of a function N (x, 7) and their inverses are described
below:

Notation 6.2. L{N(x,s)}: Laplace transform of a function N (x, ¢) with respectto .

Notation 6.3. F{N(x,t)}: The Fourier transform of a function N(x,¢) with res-
pectto x.

Definition 6.2. The Laplace transform of a function N(x,?) with respect to ¢ is

defined by

o0
N(x,s) = L{N(x,1)} =/ e S'N(x,t)dt, t >0, x € R, (6.106)
0

where 9 (s) > 0, and its inverse transform with respect to s is given by

—1 ¢ A7 1 yieo St AT
L™ {N(x,s)} = / e’ N (x,s)ds, (6.107)
Y

270 Jy—ico

y being a fixed real number.

Definition 6.3. The Fourier transform of a function N(x,?) with respect to x is
defined by

N*(k,t) = F{N(x,1)} = foo M N(x,dx i =+/—1. (6.108)

—00

The inverse Fourier transform with respect to k is given by the formula
1 [ _
N(x,t) = FTYN*(k, 1)} = f e N* (k. 1)dk. (6.109)
21 J oo
The space of functions for which the transforms defined by (6.106) and (6.108) exist
is denoted by LF = L(R4+) x F(R).
Notation 6.4. ¢D; " N(x,t): The Riemann-Liouville fractional integral of order v.

Definition 6.4. The Riemann—Liouville fractional integral of order v is defined by

t
oDV N(x,1) = / (t —u)" YN (x, u)du, (6.110)
0

1
I'(v)
where N (v) > 0.

Notation 6.5. ¢D{N(x,t): The Riemann—Liouville fractional derivative of order
o > 0.
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Definition 6.5. Following Samko et al. (1993, p. 37) we define the fractional deriva-
tive of order & > 0 in the form

dr /0’ N(x.u)

du, 1t >0, n= 1, (6.111
(n —a) d® (t —u)x—n+1 u 1>0, nm=la]+1.( )

OD;XN(X,I) = I

where [] means the integral part of the number «. From Erdélyi et al. (1954, Vol. I,
p. 182) we have

L{oD;"N(x,t)} = s "N (x,s), (6.112)

where N (x, s) is the Laplace transform with respect to 7 of N(x,¢), R(s) > 0 and
R(v) > 0.

The Laplace transform of the fractional derivative, defined by (6.111) is given by
Oldham and Spanier (1974, p. 134, Eq. (8.1.3)):

n
L{oD*N(x,1)} = s*N(x,s) — Zsr_lon‘_rN(x,t)h:o, n—1<a<n.
r=1

(6.113)

Notation 6.6. Con‘ f(x,1): Caputo fractional derivative of order o > 0.

Definition 6.6. The following fractional derivative of order o > 0 is introduced by
Caputo (1969) in the form

1 Lo (x, r)dr
(o o _ ’
thf(x,t)—F(m_a) | (t—r)a“—mdt’ m—1<oa<m.

The above formula is useful in deriving the solution of differential and integral
equations of fractional order governing certain physical problems of reaction and
diffusion. The Laplace transform of the Caputo derivative is given by

n—1

LoD f(x.)} =5 f(x.8) =D s* " fO(x,00)n—1 < <n, (6.114)
r=0

where o, s € C, R(s) > 0, N(«) > 0.

Note 6.6. 1If there is no confusion, then this derivative COD;" for simplicity will be
denoted by ¢ Df.

Remark 6.5. Recently, Bagley (2007) has given the equivalence of Riemann—
Liouville and Caputo fractional order derivatives in connection with modeling of
linear viscoelastic materials.
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6.11.3 Fractional Reaction-Diffusion Equation

In this section, we will investigate the solution of the generalized reaction—diffusion
equation (6.115). The result is given in the form of the following result:

Theorem 6.6. Consider the generalized fractional reaction—diffusion model
oDEN(x,1) = n_aDEN(x, 1) + ¢ (x,1), (6.115)
wheren > 0,t > 0,x € R,1 < B <2, 0 <a«a <1, with the initial conditions

[bDE'N(x,0)] = f(x), [oDP>N(x,0)] = g(x),x € R, lim N(x.1) =0,
X—>I00
(6.116)
where _ooDEN(x,t) is defined in (6.78); [on_lN(x, 0)] means the Riemann-
Liouville fractional derivative of order f — 1 with respect to t evaluated att = 0.
Similarly [o D,ﬁ N (x,0)] means the Riemann—Liouville fractional derivative of or-
der B —2 with respect to t evaluated att = 0. 1 is a diffusion constant and ¢ (x,t) is

a nonlinear function belonging to the area of reaction kinetics. Then for the solution
of (6.115), subject to the initial conditions (6.116), there holds the formula

B—1 [ele]
Ne =" [ 0B s lkiet? expl-itak

B—2 fes)

' [ WO alkl ) explitas
1 t 0

o | [tk =0 B ikl e expl—ikoakat,

(6.117)

where * indicates the Fourier transform with respect to space variable x.

Proof 6.6. If we apply the Laplace transform with respect to the time variable ¢ and
use the formula (6.113), the given equation (6.115) becomes

PN (x,s) — f(x) —sg(x) = N-coDEN (x,5) + p(x,5). (6.118)

O

As is customary, it is convenient to employ the symbol N (x,s) to indicate the
Laplace transform of N(x, ) with respect to the variable ¢.

Now we apply the Fourier transform with respect to space variable x to the above
equation, use the initial conditions and the result (6.80), then the above equation
transforms into the form

<k f*(k) sg* (k) o* (k)
N*k,s) = . 6.119
k)= 5 tkie T B 1 gtk T 5B 4 gkl (6.119)
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On taking the inverse Laplace transform of (6.119) and using the result

sh-1

11 )
a+s¢’

t} = 1" P Ey o pi1(—at®), (6.120)

where N(s) > 0, N(«x — B) > —1, it is seen that
N*(k.1) = f* ()P~ Ep p(—nlk|“t?) + g* (k)P =2 Ep gy (—nlk|*tF)
+ fot pk.1 = )P Eg g (—nlk|*¢P)de. (6.121)
The required solution (6.121) now readily follows by taking the inverse Fourier
transform of (6.117). Thus, we have

-1

N =" W Ep ki) exp(- itk

2w J_
+1
2

tﬂ—z 00 . '
' [ e W ki) explikak
o0

t e’}
[ e[ btk =0 Ep ol expl-ikopakat.
—0o0
(6.122)
This completes the proof of the Theorem 6.6.

Note 6.7. It may be noted here that by virtue of the identity (1.136), the solution
(6.117) can be expressed in terms of the H -function as can be seen from the so-
lutions given in the special cases of the theorem in the next section. Further, we
observe that (6.117) is not an explicit solution, special cases are interesting, general
solution is not.

6.11.4 Some Special Cases

When g(x) = 0, then applying the convolution theorem of the Fourier transform to
the solution (6.117), the theorem yields the following result:

Corollary 6.1. The solution of fractional reaction-diffusion equation
oDPN(x.1) = n_0oDIN(x.1) + ¢p(x.1), ¢ > 0,7 >0, (6.123)
subject to the conditions

D' N(x.O)li=o = f(x). oD >N(x.0)li=o = 0. (6.124)



6.11 Application to Generalized Reaction-Diffusion Model 187

for x € R,/limy100N(x,2) =0, 1 < B <2,0 <a <1, when n is a diffu-
sion constant and ¢(x,t) is a nonlinear function belonging to the area of reaction
kinetics is given by

N(x,t) = /'00 Gi(x —1,t) f(r)dt
' _ #\B-1 * _ _
+/0 -0 [0 Gao(x —1,t — )¢ (7, ¢)drde, (6.125)

where,

tﬁ—l 00
Gi(x,t) = / exp(—ikx)Egg (—n|k|%t#)dk

27 J—oo
71 /Oo (Uex)HV! | kneg e |©) dk
= cos(kx ’ ata o
za Jo L2 | KT 1) -, 8)

_ h1 2! |x]
alx]
1 o0
Gz(x,z)z2 / exp(—ikx)Eﬂ,ﬂ(—17|k|°‘tﬂ)dk
i

—00
1 o0 11 1 B,

= cos(kx)H > |knota | ¢ dk
na/o (k) 1’2[ T 0, 0).a-8.8)

1 2,1 x|
= H
ot|x| 3,3|: 1 B

)”ata

1, H.8.5)..1)
1,0, H,a, b

] (@) >0, (6.126)

. H.8.5.a,})
(1,1),(1,1),@, )

] , N(e) > 0. (6.127)

If we set f(x) = 6(x), ¢ = 0, where §(x) is the Dirac-delta function, then we
arrive at the following result:

Corollary 6.2. Consider the following reaction—diffusion model
a8
i N(x,t) = n—coDIN(x,t), >0, x €R, (6.128)

with the initial condition

[OD,ﬂ_lN(x,t)];=o =48(x), lim N(x,1)=0,0<pB<1,
x—>Fo00

where 1 is a diffusion constant and §(x) is the Dirac-delta function. Then the fun-
damental solution of (6.128) under the given initial conditions is given by

x|

L
N(X,l) = Ol|X| H3,3 [(ntﬂ)l/a (1,1),(1,1/a),(1,1/2)

<1,1/a),(ﬂ,ﬂ/a),(1,1/2>] (6.129)

where N(a) > 0, R(B) > 0.
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When 8 = ; the above corollary reduces to the following interesting result: Con-
sider the following reaction—diffusion model

1
d2
[ N(x. 1) = n—0oDEN(x, 1), n>0,x € R, (6.130)
dr2

with the initial condition

1
oD, 2 N(x,t)];=0 = 8(x), liril N(x,t) =0,

where 7 is a diffusion constant and §(x) is the Dirac-delta function. Then the fun-
damental solution of (6.130) under the given initial conditions is given by

N(x,t) =

1 11 1
(1,a),(2,2a),(1,2>] (6.131)

2,1 | x|
alx|t1/2 7733 | (pe/2) Ve [(1L1).(1.4).301.5)

where N (x) > 0.

Remark 6.6. The solution of the Eq. (6.128), as given by Kilbas et al. (2004) is
in terms of the inverse Laplace and inverse Fourier transforms of certain functions
whereas the solution of the same equation is obtained here in an explicit closed form
in terms of the H -function.

An interesting case occurs when § — 1. Then in view of the cancelation law for
the H -function (1.57), the equation (6.128) provides the following result given by
Jespersen et al. (1999) and recently by Del-Castillo-Negrete et al. (2003) in an en-
tirely different form.

For the solution of fractional reaction—diffusion equation

d
dtN(x,t) = N—co DY N(x,1), (6.132)
with initial condition
N(x,t =0)=48(x), lim N(x,t) =0, (6.133)
x—>*o0

there holds the relation

1 1,1 | x|
N(xvt) = a|x|H2,2 [ 1 1

nete (1,1),(1,3)

1 1
“’a)’“’z)] , (6.134)

where N () > 0. In passing, it may be noted that the equation (6.134) is a closed
form representation of a Lévy stable law, see Metzler and Klafter (2000, 2004). It is
interesting to note that as « — 2, the classical Gaussian solution is recovered as
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(1.3)

(1,1),(1,3)

_ oo Kja
2|x| 1,1 (m); (1,1)

-1 |x|?
(4mnt) 2 exp | — . (6.135)
4nt

1 x|
N(x,1) = Hy :
2|x] (nt)2

It is useful to study the solution (6.131) due to its occurrence in certain fractional
diffusion models. Now we will find the fractional order moments of (6.131) in the
next section.

Remark 6.7. Applying Fourier transform with respect to x in (6.128), it is found
that

KL
i V(k,t) = —nlk|*W¥(k,1), 0 < B <1, (6.136)

which is the generalized Fourier transformed diffusion equation, since for ¢ = 2
and for B — 1, it reduces to Fourier transformed diffusion equation

d
dt\l/(k,t) = —nlkPW(k,1), (6.137)

being a diffusion equation, for a fixed wave number k (Metzler and Klafter 2000,
2004). Here W(k, t) is the Fourier transform of N (x,t) with respect to x.

Remark 6.8. 1t is interesting to observe that the method employed for deriving the
solution of the Egs. (6.115) and (6.116) in the space LF = L(R4) x F(R) can
also be applied in the space LF’ = L'(Ry) X F’, where F' = F'(R) is the space
of Fourier transforms of generalized functions. As an illustration, we can choose
F' = S’ or F' = D’. The Fourier transforms in S’ and D’ are introduced by
Gelfand and Shilov (1964). S’ is the dual of the space S, which is the space of
all infinitely differentiable functions which together with their derivatives approach
zero more rapidly than any power of 1/|x| as [x| — oo. D’ is the dual of the
space D, which consists of all smooth functions with compact supports. In this
connection, see the monographs by Gelfand and Shilov (1964) and Brychkov and
Prudnikov (1989).

6.11.5 Fractional Order Moments

In this section, we will calculate the fractional order moments, defined by

o0
< |x? >=/ Ix|® N (x, t)dx. (6.138)
o0



190 6 Applications in Astrophysics Problems

Using the definition of the Mellin transform

oo
M{f(t):5)) = / 1 fadr, (6.139)
0
we find from (6.138) that
o0
<|x(t)|5>=[ Ix|® N (x,1)dx. (6.140)
—00
20F=1 o0 x| |(1.0).(8.5).(1.1)
8 _ 5—1 72,1 « P 2
< |x]°@) > = o /;x H3y [n&tg W0(11). (1) dx. (6.141)

Applying the Mellin transform formula for the H -function (2.8) we see that

oy T (-3)ra+er(1+2)

! r(=3)r(g+4)r(+3)

whenever the gammas exist, R (§) > —1 and N(§ + «) > 0.
Two interesting special cases of (6.142) are worth mentioning.

P
< xPP(t) >= “nai® (6.142)
o

(i) As $§ — 0, then by using the result F}z) ~ zfor z << 1, we find that
: § _ B—1
éllm < |x|°(t)] >= pt" . (6.143)
—0

(i) When o = 2,§ = 2, the linear time dependence
2nr2B-1

, 6.144
r2p) (0194

lim < |x(0)® >=
§—>2,a—2

of the mean squared displacement is recovered.

6.11.6 Some Further Applications

This section deals with the investigation of the solution of an unified fractional
reaction—diffusion equation associated with the Caputo derivative as the time-
derivative and Riesz—Feller fractional derivative as the space-derivative. The solu-
tion is derived by the application of the Laplace and Fourier transforms in a compact
and closed form in terms of the H -function.
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6.11.7 Background

The theory and applications of reaction—diffusion systems are contained in many
books and articles. In recent works (Saxena et al. 2006a—c), the authors have demon-
strated the depth of mathematics and related physical issues of reaction—diffusion
equations such as nonlinear phenomena, stationary and spatio-temporal dissipa-
tive pattern formation, oscillation, waves, etc. (Frank 2005; Grafiychuk et al. 2006,
2007). In recent time, interest in fractional reaction—diffusion equations has in-
creased because the equation exhibits self-organization phenomena and introduces
a new parameter, the fractional index, into the equation. Additionally, the analysis
of fractional reaction—diffusion equations is of great interest from the analytic and
numerical point of view.

The object of this section is to derive the solution of an unified model of
reaction—diffusion system, associated with the Caputo derivative and the Riesz—
Feller derivative. This new model provides the extension of the models discussed
earlier by Mainardi et al. (2001), Mainardi et al. (2005), and Saxena et al. (2006).
The advantage of using Riesz—Feller derivative lies in the fact that the solution of the
fractional reaction—diffusion equation containing this derivative includes the funda-
mental solution for space-time fractional diffusion, which itself is a generalization
of neutral fractional diffusion, space-fractional diffusion, and time-fractional diffu-
sion. These specialized type of diffusions can be interpreted as spatial probability
density functions evolving in time and are expressible in terms of the H -functions
in compact form.

Notation 6.7.  D{: Riesz—Feller space-fractional derivative of order o.

Definition 6.7. Following Feller (1952, 1966) it is conventional to define the Riesz—
Feller space-fractional derivative of order o and skewness 6 in terms of its Fourier
transform as

F{:D%;k} = —yi (k) f* k), (6.145)

where,
wg(k) = |k|*expli(sign k) 9;] 0<a <2, |0 <min{e,2 —a}. (6.146)
When 6 = 0, then (6.145) reduces to
F{xDg f(x):k} = —[k|* f* (k). (6.147)
which is the Fourier transform of the Liouville fractional derivative, defined by

T / fw)

_Ongf(t)zF(n—a)dt” o (t —upem 1

(6.148)

This shows that Riesz—Feller space-fractional derivative may be regarded as a gen-
eralization of Liouville fractional derivative.
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Note 6.8. Further, when 6 = 0, we have a symmetric operator with respect to x
which can be interpreted as

d2 2
DY =— [_de] . (6.149)

This can be formally deduced by writing —(k)* = —(k?)%.For0 < o < 2 and
|6] < min{a,2 — «}, the Riesz—Feller derivative can be shown to possess the fol-
lowing integral representation in x domain:

AR YaACON

§1+(x é-

g fe ="

sin[(cr + 6) ’; ]
0

+sin[(oe—9)7;]

“f@—@—ﬂﬂ@’ (6.150)

0 §1+(x

6.11.8 Unified Fractional Reaction-Diffusion Equation

In this section, we will investigate the solution of the reaction—diffusion equation
(6.151) under the initial conditions (6.153). The result is given in the form of the
following result:

Theorem 6.7. Consider the following unified fractional reaction—diffusion model
oDFN(x,1) = n xDEN(x, 1) + ¢ (x,1), (6.151)
where n,t > 0,x € R;«a, 0, B are real parameters with the constraints
0<a<2,0] <min(a,2 — ), 0 < B <2, (6.152)
and the initial conditions

N(x,0) = f(x), Ni(x,0) = g(x) forx € R, linIcl N(x,t) =0,t > 0. (6.153)

Here Nj(x,0) means the first partial derivative of N(x,t) with respect to t evalu-
ated att = 0, n is a diffusion constant and ¢ (x, t) is a nonlinear function belonging

to the area of reaction—diffusion. Further, » Dy is Riesz—Feller space-fractional

derivative of order a and asymmetry 6. OD;3 is the Caputo time-fractional deriva-

tive of order B. Then for the solution of (6.151), subject to the above constraints,
there holds the formula
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1 00

Neen = o [0 B ont ) exp(-ikx)ak
T J-co

1 o0
+ / tg* (k) Ep o (—nk®tP WO (k)) exp(—ikx)dk
27 J s

1

e | 07 = 0B p ke W expl—innai at

(6.154)
Proof 6.7. If we apply the Laplace transform with respect to the time variable ¢,
Fourier transform with respect to the space variable x, and use the initial conditions

(6.153) and the formulae (6.114) and (6.147), then the given equation transforms
into the form

SBN*(k,5) =P~V f*(k) —sP2g* (k) = —nWE(k)N*(k,5) + $* (k. s), (6.155)

where according to the conventions followed, the symbol N (x,s) will stand for
the Laplace transform with respect to time variable ¢ and * represents the Fourier
transform with respect to space variable x. Solving for N *(k, s), it yields

frsP! g*(k)sP2 ¢* (k)

N*(k,s) = )
K= g6 nwsey T sb 4 nusc) T B+ quli)

(6.156)

On taking the inverse Laplace transform of (6.156) and applying the formula
(6.120), it is seen that

N*(k,t) = f*(k)Eg1(—ntPWi(k)) + g* (k) Eg o (—ntP Wl (k)

t
4 /0 B .t — 0P Eg g (—nW8 ()P dz. (6.157)

O

The required solution (6.154) is now obtained by taking the inverse Fourier trans-
form of (6.157). This completes the proof of the Theorem 6.7.

6.11.9 Some Special Cases

When g(x) = 0 then by the application of the convolution theorem of the Fourier
transform to the solution (6.154) of the Theorem 6.7, it readily yields the following
result:

Corollary 6.3. The solution of fractional reaction—diffusion equation

0P 9
N(x,t)—n N(x,t) =¢(x,t),x € R,t >0,n>0, (6.158)
ath dx¢
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with initial conditions

N(x,0) = f(x), N(x,0) =0forx e R,1 < <2, 1iI:‘|[:1 N(x,t) =0, >0,
X—>T 00
(6.159)

where 1 is a diffusion constant and ¢ (x,t) is a nonlinear function belonging to the
area of reaction—diffusion, is given by

N(x,t) = /00 Gi(x —1,1) f(r)dr

—l—/ot(t—é)ﬂ_l /Ox Ga(x —1,t = {)p(z,{)dr d¢, (6.160)

where,
_a—10
P= 2
| ) B
Gi(x,1) = exp(—ikx)Eg 1 (—nz \IJa(k)) dk
27 J_oo
b | (1)
alx |:77<Lt5 (1,4).(1.1),(10) o >0, (6.161)
and

1 o0
Go(x,1) = 2n/ exp(—ikx)Eg g (—ntP Wl (k))dk
o0

1 B
<1,a>,<ﬂ,a>,<1,p>] @ >0, (6.162)

— 1 Hz,l |X|
alx| 33 nézﬁ 1, ),a,1),01.0)

In deriving the above results, we have used the inverse Fourier transform formula

_ L o0 Ixl
FUEg, (—ntP0e(k)); x] = a|x|H3,3[ W
not[a

. H.0.5).0.0
(1sé),(1,1),(1,p)] (6.163)

where p = “2_069,5}{(/3) > 0,%(y) > 0, which can be established by following a
procedure similar to that employed by Mainardi et al. (2001).

Next, if we set f(x) = §(x),¢ = 0,g(x) = 0, where §(x) is the Dirac delta
function, then we arrive at the following interesting result given by Mainardi et al.
(2005).

Corollary 6.4. Consider the following space-time fractional diffusion model

o8

atﬂN(x,t)zn xDgN(x,1), n>0,x € R,0 < <2, (6.164)
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with the initial conditions N(x,t = 0) =6(x), Ny (x,0) =0, limy— 400 N(x,7) =0
where 1 is a diffusion constant and §(x) is the Dirac delta function. Then for the
fundamental solution of (6.164) with initial conditions, there holds the formula

(6.165)

Lo X |abaame a—0
N(x,t) = H3s . i o=
a|x| (U[ﬂ)"‘ (1, ,)-(1,1),(1,0) 2o
Some interesting special cases of (6.164) are enumerated below.

(i) We note that for « = B, Mainardi et al. (2005) have shown that the corre-
sponding solution of (6.165), denoted by N(f , which we call as the neutral
fractional diffusion, can be expressed in terms of elementary function and can
be defined for x > 0 as Neutral fractional diffusion: 0 < o« = < 2;0 <
min{e, 2 — o},

1 x* Lsin[(7) (a — 0)]

0 —
N () = 71+ 2x% cos[(%) (o — 0)] + x2*

(6.166)

The neutral fractional diffusion is not studied at length in the literature.
Next we derive some stable densities in terms of the H -functions as special
cases of the solution of the equation (6.164).

(i) fweset B =1, 0 < @ < 2;0 < min{e,2 — «}, then (6.164) reduces to
space-fractional diffusion equation, which we denote by Lg (x), and we obtain
the fundamental solution of the following space-time fractional diffusion
model:

0
8tN(x,t)znng‘N(x,t), n>0x€R, (6.167)

with the initial conditions N (x,¢ = 0) = §(x), limy— 400 N(x,?) = 0, where
n is a diffusion constant and §(x) is the Dirac delta function. Hence for the
fundamental solution of (6.167) there holds the formula

1
1 (nt)«
Lo(x) = | Hy, [ - ((11,1>1,()p,(,;)p) O<a<l1,0]<a (6.168)
a(nt)e o/
where p = % 9 The density represented by the above expression is known as

a-stable Lévy density. Another form of this density is given by

1 x|
Lw- H;;;[ |
a(nt)a (nt)e

where | <a <2,|0| <2—oq.
(iii) Next, if we take o = 2, 0 < 8 < 2,0 = 0 then we obtain the time-fractional
diffusion, which is governed by the following time fractional diffusion model:

(1=, 1).(-p.0)
0,1),(1—p,p) :| , (6.169)
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Pl 02
atﬂN()c,t)=nasz(x,t), n>0,xeR,0<p <2, (6.170)

with the initial conditions N(x,t = 0) = §(x), Ni(x,0) = 0,limy— 100
N(x,t) = 0 where n is a diffusion constant and §(x) is the Dirac delta func-
tion, whose fundamental solution is given by the equation

1 x|
NG,y = HY 1
2lx| (n#)>

I,B
21,12))] 6.171)

which is same as (6.72).
(iv) Further, if we set@ = 2, 8 = 1, and 8 — 0 then for the fundamental solution
of the standard diffusion equation

J N(x,t) & N(x,t) (6.172)
X, 1) = X, 1), .
o1 Tox2
with initial condition
N(x,t =0) =64(x), lim N(x,t) =0, (6.173)
x—>+o0

there holds the formula

x|

1 1,1 1 |x|?
N(x,1) = 2|X|H11;{)[ ((1’12))} = (47nt)"2 exp [— e | (6.174)

n;té

which is the classical Gaussian density. For further details and importance of
these special cases based on the Green function, one can refer to the papers by
Mainardi et al. (2001, 2005).

Remark 6.9. Fractional order moments and the asymptotic expansion of the solution
(6.165) are discussed by Mainardi et al. (2001).

Finally, for 8 = ; and g(x) = 01in (6.151) we arrive at the following result:

Corollary 6.5. Consider the following fractional reaction—diffusion model
D3N(x.1) = ny DEN(x.1) + p(x.1). (6.175)

where n,t > 0,x € R;«, 0 are real parameters with the constraints 0 < o < 2,
|0] < min(w, 2 — «), and the initial conditions

N(x,0) = f(x), N¢(x,0) =0 forx € R, linIcl N(x,t) =0. (6.176)

Here n is a diffusion constant and ¢(x,t) is a nonlinear function belonging to
the area of reaction—diffusion. Further, x D is the Riesz—Feller space fractional



6.11 Application to Generalized Reaction-Diffusion Model 197

1
derivative of order a and asymmetry 0 and D} is the Caputo time-fractional deriva-
tive of order ; Then for the solution of (6.175), subject to the above constraints,
there holds the formula

1 © 1
N(x,t) = 9o /; f*(k)Eé (—nt2\1’2(k)) exp(—ikx)dx

t [oe)
4! / ;—5/ qb*(k,t—E)Eé’;(—nk“téllfz(k))exp(—ikx)dkd;.
0 —00

21
(6.177)

If we set & = 0 in Theorem 6.7, then it reduces to the result recently obtained by
Saxena et al. (2006) for the fractional reaction—diffusion equation.

Following a similar procedure, we can derive the solution of the fractional
reaction—diffusion system (6.178) given below under the given initial conditions
(6.179) associated with Riemann-Liouville fractional derivative and the Riesz—
Feller fractional derivative. The result is given in the form of the following result:

Theorem 6.8. Consider the unified fractional reaction—diffusion model associated
with Riemann—Liouville fractional derivative o DY defined by (6.111) and the Riesz—
Feller space fractional derivative x Dy of order a and asymmetry 6 defined by
(6.145) in the form

oDPN(x, 1) = e DEN(x, 1) + ¢ (x.1), (6.178)

where n,t > 0,x € R,«, 0, B are real parameters with the constraints 0 < o < 2,
0] < min(e,2 — ), 1 < B <2, and the initial conditions

DPIN(x,0)] = f(x). [oDP2N(x,0)] = g(x) for x € R,
lim N(x,t) = 0,7 > 0. (6.179)

|x]—>00

Here [o D,ﬂ N (x,0)] means the Riemann—Liouville fractional partial derivative of
N (x,t) with respect to t of order B—1 evaluated at t =0. Similarly, [o D,ﬂ_zN(x, 0)]
is the Riemann—Liouville fractional partial derivative of N (x,t) with respect to t of
order B — 2 evaluated att = 0, n is a diffusion constant and ¢ (x,t) is a nonlinear
function belonging to the area of reaction—diffusion. Then for the solution of (6.178),
subject to the above constraints, there holds the formula

lﬂ—l fes) . P .
N(x,t) = - /_ S (k)Eg g(—nt" W, (k)) exp(—ikx)dk

tﬂ—z [ele] P
e [ 0 g e W exp-ikdk

1 t (o]
n [ ¢h-1 / ¢*(k.t — ) Eg g (—n¢P Wi (k) exp(—ikx)dk dg.
0 —0o0

2
(6.180)
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6.11.10 More Special Cases

When g(x) = 0 then by the application of the convolution theorem of the Fourier
transform to the solution (6.180) of the theorem, it readily yields the following
result:

Corollary 6.6. The solution of fractional reaction—diffusion equation
oDP N(x,1) =y DYN(x,1) = ¢(x,1), x € R, 1 > 0,7 > 0, (6.181)
with initial conditions

DP'NGx, 0] = f(x), [oDF2N(x,0)] = 0forx € R,
0<a<l,l <ﬁ§2, lim N(x,t) =0, (6.182)
x—+o00

where 1 is a diffusion constant and ¢ (x,t) is a nonlinear function belonging to the
area of reaction—diffusion; n,t > 0,x € R;«,0,p are real parameters with the
constraints 0 < @ <2, |0| < min(e,2 — @), 1 < B <2, is given by

N(x,t) = /‘00 Gi(x —t,t) f(r)dr

—00

+ /Ot(t — o)1 fox Ga(x — 1,1t — O)¢(r. O)dr di, (6.183)

where p = “2_(19 ;

tﬂ_l [es)
Gi(x,1) = n/ exp(—ikx)Eg g (—ntP Wl (k))dk

(o.¢]

_ 11 21 x|
Coalx| 33 1.8

not[a

(1, 2).8.2).(1.p)
W |9 0, (6.184)

and
1 o0
Go(x,1) = / exp(—ikx)Eg g (—ntP Wl (k))dk
v

—00
Loooa | Xl JaD)s. ).
a|x|H3,3 [nézfi b ,a > 0. (6.185)

In deriving the above results, we have used the inverse Fourier transform formula
(6.163) given by Haubold et al. (2007).
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Remark 6.10. 1t is interesting to observe that for 6§ = 0, Theorem 6.8 reduces to
(6.117) given by the authors Saxena et al. (2006b). On the other hand, if we set
f(x) = 8(x), where §(x) is the Dirac delta function, it yields the following result:

Corollary 6.7. Consider the following reaction—diffusion model

oDPN(x.1) = ne DEN(x. 1), (6.186)
with the initial conditions
WD 'N(x.0) =68(x).0< B <1, lim N(x.r) =0, (6.187)
X—>T 00

where 1) is a diffusion constant; n,t > 0,x € R;«, 0, B are real parameters with the
constraints 0 < o < 2, |0 < min(e, 2 — «), and §(x) is the Dirac delta function.
Then for the fundamental solution of (6.186) with initial conditions in (6.187), there
holds the formula

P ol X ahsBam
N(x,t) = ol 1133 IV S a0, (6.188)
where p = O‘Z_j.

Exercises 6.10

6.10.1. Consider the fractional reaction—diffusion equation connected with nonlin-
ear waves

oDIN(x,t) + ozonN(x,t)
=2 o DIN(x,1) + PN(x.1) + ¢(x.1),

forx € R,t > 0,0 <o <1,0 < B <1 with initial conditions

N(x,0) = f(x), xlirjrtlooN(x,t)zo, X €R

where the operator _o, D} is defined in (6.78); oD{ and on are the Caputo frac-
tional order derivatives, v2 is a diffusion constant, ¢ is a constant which describes
the nonlinearity in the system, and ¢ (x, ) is nonlinear function which belongs to the
area of reaction—diffusion, then show that there holds the following formula for the
solution of the above mentioned reaction—diffusion model.
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N =Y (_2?

r=0

X [Ea,(a—ﬂ)r+1 (=bt*) + 1°7 Eq @ pyr+ 1)1 (—bfa)] dk
o0
(—a)’ / " rat@-pyr-1
_l’_
r;) 21 0 ;

<[00t =0 exp (k) By (-bE IR,

1B £* (k) exp(—ikx)

where @ > B and Eg J/(-) is the generalized Mittag-Leffler function, defined by
(1.39)and b = v2|k|” — 2.

6.10.2. Consider the following fractional reaction—diffusion model

0B

BtﬂN(x’t) =1 _—cDIN(x,t) + ¢(x.1);n,t >0,x € R,0O< f <2,

with the initial conditions

N(x,0) = f(x), Ni(x,0)=g(x), x € R, lirf N(x,t) =0,

where the operator _, DY is defined in (6.78); N;(x,0) means the first derivative
of N(x,t) with respect to t evaluated at t = 0, 1 is a diffusion constant, ¢ (x, ) isa

. . . . e - B .
nonlinear function belonging to the area of reaction diffusion and ;t s is the Caputo
fractional derivative. Then show that for the solution of reaction—diffusion model,
subject to the initial conditions, there holds the formula

l o0
N(x,t) = 9sr [_ f*(k)Eﬂ,l(—n|k|“tﬂ)exp(—ikx)dk

l o0
+ [ tg*(k)Eg 2 (—nlk|*tP) exp(—ikx)dk
21 J oo

t ]
o [ [ bt~ O Ep (ke expl-ikakas,
Hence or otherwise derive the solution of the next exercise.
6.10.3. Consider the following reaction—diffusion model
o8

atﬂN()c,t) =1 _—coDIN(x,t),00 >0,—00 <x <00,0<f <1,
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with the initial condition N(x,t = 0) = §(x), limy_ 400 N(x,2) = 0, 38:2 is the
Caputo fractional derivative, the operator _o, DY is defined in (6.78), 1 is a diffusion
constant and §(x) is the Dirac delta function. Then show that for the solution of the

above equation there holds the formula

Loooa| X |ababhab
— H ’ ta P 2 .
N(x,1) alx] 33 [(ﬁlﬂ)‘l’ 10,0, H.a.h)
6.10.4. Show that the solution of the following boundary value problem for the one-
dimensional fractional diffusion equation associated with the Riemann-Liouville
fractional derivative o D

2

0
2N(x,t),t >0,—00 < x <00,
X

0DfN(x1) =27

with the initial conditions

lim N(x,t) =0, [pD* 'N(x,t)];=0 = ¢(x),0 <a < 1,

x—>+o00

is given by

NGx.r) = f G(x — ¢.0p(0)de,

where
toc—l 1.0
G(x,t) = Hy
lx| 5

|x|?
A2t

(a,0)
12 |-
(Nigmatullin 1986)

Remark 6.11. Nigmatullin (1986) derived the solution of the above fractional diffu-
sion equation in terms of the following integral:

l o0

G(x,t) = / 1* VEy o (=A%k2t%) cos(kx)dk,

T Jo
whereas, the solution of this problem given here is in terms of the H -function in an
explicit form.

6.10.5. Consider the fractional diffusion equation

—v 2

t d
oD/ N(x,t) — r 8(x) =c¢’ 92 N(x,1),

(I=v)

with the initial condition

DVFN(x, t)|i=0 = 0.k =1,....n,
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where n = [R(v)] + 1, ¢” is a diffusion constant and §(x) is a Dirac delta function.
Then show that for the solution of the diffusion equation, there exists the formula

1 |x|?
N(x,t) =  HE) [4 o
(4mcvev)2 ¢t

(1=3.)
©1.(3.1) |

(Metzler and Klafter 2000; Jorgenson and Lang 2001).

6.10.6. Consider the generalized free electron laser equation

oD? f(x) = A/rt[’f(r—t)gb(b,o—i—l;ivt)dl—I—ktyqﬁ(ﬂ,y—l—l;ivl), 0<t=<l
0

(6.189)

with A,k € C;v,b,f € R,a >0,y > —1,0 > —1 with initial condition
0D T f(D)|e=0 =br.r =1,....N, (6.190)
where N = [a] + 1 is a positive integer, N — 1 < o < N and b,’s are real

numbers. Then show that there exists an unique solution of the Cauchy-type problem
(6.189)—(6.190), given by

f@) = fo@) +[0 1@ [Z Pi(m.. c>] At +kT(y +1) Y Pam. 1),

m=1 m=0

(6.191)

where,

N

_ bj N-j
fo(r) = ; Ta—itDn® (6.192)

Pi(m,7,) = [AT(0 + D]™(x = )™ @ D ¥ b m(a + o + 1);iv(z — 0],

(6.193)
Py(m,7) = [AT(0 4 )]0+ DTmE@+ Dy o (hy 4+ B ae(m + 1)
+m(o+1)+y+ Livo), (6.194)
and
e = ) placid) (6.195)
¢ (a,c;z _F(c)¢ a,c:z). .
(Saxena and Kalla 2003).

6.10.7. Let o, p,0,y,w,A € C,min{NR(x), N(p),N(0)} > 0. If f(x) € L(a,b),
then show that the Cauchy-type problem
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(Dg, [)(x) =4 /x(x — 07 E} jlwo(x —0)?1f(t)dt + h(x).,a < x < b,

(6.196)
and
lim (DS f)(x) =by,r =1,...,n = —[-N(a)], (6.197)
x—>+a a+
is solvable in the space L(a, b) and its unique solution is given by
n x
f) = "b fr(x) + / Q(x — 1)h(r)dr, (6.198)
r=1 a
where
0 .
[ =@x—a)*" Y M(x—a)t
j=0
X E;’i(o+a)j+a_r+l[w(x —a)’,r=1,...,n, (6.199)
and
Qu) =Y AuoFIteT gy s alon], (6.200)
j=0

where E Z,l,g(z) is the generalized Mittag-Leffler function defined in (1.46)
(Kilbas et al. 2002).



Appendix

A.1 H -Function of Several Complex Variables

Notation A.1. H(z1,...,2,): Multivariable H-function or H-function of several
complex variables.

Definition A.1. The multivariable H -function is defined in terms of multiple
Mellin—Barnes type contour integral as

(r) _(r)
jooee Ol)p((/ Vj)lp] (J y,)p,

Onm|n| My
Hlzy,.oooz] = Hy gy

(b B0 B0 @D 51 gy 51,
1 )
{l
= W, ..., ¢ ¢z p dgy---dg., (AL
— | / @ z)§i|:|1¢,(§,)z,§ foeedsy (AD)
where

[T T —a; + Y a0)

qj(zlv""zr): )
[T Tl = Xy o0 | [TToi T =y + i 860 |

(A2)
Mm@ -8 | = ra ¢ + v |
¢i(§i) = i (_z) _ (',') _ qi _d(l) S(i) . ’
l_[j=ni+1F(CJ Y &) A=m;+1 ra PR &i)
(A3)

fori =1,...,r,and L; = Lyg;00, W = (—1)5 represents the contours which start
at the point 7; — woo and goes to the point 7; + woo with 7; € R = (—00,00),1 =
1,...,r such that all the poles of F(dj(.l) — 557);1-),]' =1,....m;;i = 1,...,r

are separated from those of I'(1 — cy) — yj(.i)g‘i),j =1,....n;;i =1,...,r and
F(l—a; +Yi, ay)g'i),j = 1,...,n. Here, the integers n, p,q,m;,n;, p; and

205
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qi, satisfy the inequalities0 <n < p;q > 0,1 <m; <g;and 1l <n; < p;,i =

1,...,r.Further, we suppose that the parameters
aj,j=1 O j=1,.. . pni=1
joJ =1 pic; JJ = upni=1,...,1,
bij=1l...q:d? j=1...qui=1...r (A.4)

are complex numbers and the associated coefficients

(z) @)

,Jj =1, ..,p;i=1,...,r,y1 Jj=1...,pi,i=1,...r,
ﬂ(l)]—l caqii=1,..., r,5§’),]—1 coqgiii=1,....r (A.5)

are positive real numbers, such that

N ST -2 0

j=1 j=1 j=1
i=1,...,r (A.6)
Q; = Z 5 Z oe(’) Zﬂ(1)+2y(1) Z y(’)
j=1 j=n+1 j i j=n;+1
m;
+y 89— Z 89 >0 =1.. (A.7)
j=1 j=m;+1

It is assumed that the poles of the integrand of (A.1) are simple. We know that the
integral in (A.1) converges absolutely, under the conditions (A.7), (Srivastava et al.
(1982), p. 251) with

T
|arg(z;)| < S =1 (A.8)

and the points z; =0,i =1, ..., r and various exceptional paramater values being
tacitly excluded. From Srivastava and Panda (1976b, p. 131) we have

H(zi, ... zr) = O(|lza*", .., [zr ), max [|z;]] — 0, (A.9)
1<j=r
where )
e; = min X Jd=1,...,r. (A.10)
1<j<m; 55.’)

For n = 0, there holds the following asymptotic expansion (Srivastava and Panda,
1976b, p. 131):

Hlzi,....zx) = O(|lz1]%', ..., |2|%7), min [|z;]] = oo, (A.11)
1<j=r
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Ry -1
gi = max Jd=1,....r, (A.12)

1<j<n; @

Yj
provided that each of the inequalities in (A.6), (A.7), and (A.8) hold true.

Remark A.1. When n = 2 the multivariable H -function defined by (A.1) reduces
to the H -function of two variables studied by Mittal and Gupta (1972). H -function
of two variables are also defined and studied by Munot and Kalla (1971) and Verma
(1971), and others. A comprehensive and detailed account of the H -function of two
variables is available from the monograph by Hai and Yakubovich (1992).

It is interesting to observe that forn = p = g = 0, the multivariable H -function
breaks up into product of r H -functions and consequently there holds the following

result (Saxena 1977):
i p
@814

(A.13)

where

1 1
=y ey

y; Ilpr r
0,0:my,ny s smpny, . — ]_[ Hmi,ﬂi
H0.03P1~ql;“';[7rs11r : ) () ") o) - pigi | %
z _:(d/' ~8/' )1,111;“';(dj ,(Sj )L.qr i=1
-

Remark A.2. The function defined by (A.1) was introduced and studied by
Srivastava and Panda (1976a, p 271).

Whenaﬁl)z--- ( L =1,...,pﬂ(1)=- ﬂ('),] =1,....q
in (A.1) the multivariable H function defined and studied by Saxena (1974, 1977)
is obtained. In case all the Greek letters are assumed to be unity, the H -function

of several complex variables (A.1) reduces to the G-function of several complex
variables studied by Khadia and Goyal (1970, 1975).

Remark A.3. Fractional integrals involving multivariable H -functions are given in
a series of papers by Saigo and Saxena (1999, 1999a, 2001). Srivastava and Hussain
(1995) Saigo et al. (2005), and others.

A.2 Kampé de Fériet Function and Lauricella Functions

A.2.1 Kampé de Fériet Series in the Generalized Form

Definition A.2. Kampé de Fériet series in the generalized form is defined by

pair | @p) : (bg), (cr) : ]
[(dw (em)s (gn) 07

_ i [l_[f=1(aj)r+v] [H3=1(b/’)f] [H;=1(C’)”] x yv, (A.14)

©,v=0 I:n];=1(dj),+v] [I—[Tzl(ej)r] [H’}:l(gj)u] ! vl
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where, for convergence
@) ptrgq<k+m+Lp+r<k+n+1,|x| <oo, |yl < oo, (A.15)

or
(@) p+gq=k+m+Lip+r=k+n+1,

and
x|V =) |y |V (=K < 1, if p > k,

(A.16)
max{|x|, |y]} <1, if p <k.

The above series reduces to the original Kampé de Fériet series (Kampé de Fériet
1921), when ¢ = r and m = n, and is also called Kampé de Fériet series.

Remark A.4. A generalization of the series (A.14) is given by Srivastava and Daoust
(1969), which is indeed the extension of Wright’s generalized hypergeometric series
pW4(2). This generalization is further extended by Srivastava and Daoust (1969a),
which is described in the next subsection.

Three interesting special cases of the reducibility of (A.14) to generalized hy-
pergeometric series , [ (z), are given below. For further cases of reducibility of the
series defined by (A.14) in terms of the generalized hypergeometric series, see the
monograph by Srivastava and Karlsson (1985, pp. 28—-32) and references of special
cases given therein.

20,0 | A1, - ,dp; 5 . .
Floo [bi,---,bs; ; ;x,yi|:,,Fq(al,...,ap,bl,...,bq,x+y), (A.17)

0:p,m sdr, o ,dp; C1y 2t Cm _ . .
Fogon |: by by dy e d X, y|=pFyar,....,ap:b1,...,b4:x)
» 01, »Dgq> s »Un,
XmFu(cr,....omidy, ... dniy),
(A.18)
Fp:l,l al»"',apQC;d; _ F . d:b b
400 | p, oo o oXX | =pnFylan. . apic+diby, .. bgix).
s s Dgs s

(A.19)

A.2.2 Generalized Lauricella Function

X1

. A:BWD ;s BV
Notation A.2. FC:D(U;-~- D

Xn

: Generalized Lauricella function of n complex

variables.
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Definition A.3. The generalized Lauricella series (Srivastava and Daoust 1969a) is
defined in the following manner:

X1
A:BD s g
Fc;D(l);...;D(n)

Xn

A0 [ [(@): 6D, OO [B0) D) oo (B }
i B

¢ b o) s YOy OL[ED : GO)] - [(@d9):50)
© xml...xmn
= Y qlm...om)t T (A.20)

my!---my!
m1=0,....m, =0 1 n

where, for convenience,

x(myq,...,mp)
A BM 1 B
Tt @060 g WL =1 85, 0] T2 B, ]

- C DM 1 D) ’
1521 €Dy oy ML= (@50, 0] T2 (@), 0]
(A.21)

the coefficients

09 =1 4P =1 B0 j=1...C,

(A.22)
89 j=1.....D® k=1,.n,

are real and positive, and (a) abbreviates the array of A parametersay, . .., a4;(b%®)
abbreviates the array of B%®) parameters

b =1 B® k=1..n. (A.23)

Similar interpretations hold for the remaining parameters. For precise conditions
under which this multiple series (A.20) converges, see Srivastava and Daoust (1972,
pp. 153-157), also see Exton (1976, Sect. 3.7) and Exton (1978, Sect. 1.4).

When each of the positive numbers given in (A.22) takes the value unity, the
generalized Lauricella series (A.20) gives rise to a direct multivariable extension of
Kampé de Fériet series (A.14). Thus the multivariable generalization of the Kampé
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de Fériet series defined by (A.14) is given by (see, Srivastava and Panda, 1975,
p. 1127; Srivastava and Karlsson 1985, p. 38):

i PG N () N
ka:pl ----- Dn : — FkP:PI ~~~~~ Dn (ap) . (ba]))v Tt (bfn)) .xl e X
q15--qn . q15--qn (k) (ﬂlIl JERRE ;(ﬂq: ) ;
Xn
(A.24)
] mi mpy
X - X
= § O@my,...,.my)" " " (A.25)
myl---mpy!

where

(v — | RO B OO
I:Hljc'=1(aj)m1+'“+mn] [ ?Ll(ﬂﬁ'l))ml] T [ ljb;l(ﬂﬁn))mn] ’

O(my,...,my) =

(A.26)
and, for convergence of the series (A.25),
l+k+qg,—p—pr=0,r=1,...,n. (A.27)
The equality holds when, in addition, either
p>kand |x VP 4o |x, | VR <, (A.28)
or
p <k and max{|x{|,...,|x,|} < 1. (A.29)
Remark A.5. Karlsson (1973) has considered a special case of (A.24) when
Pr=4q,qr =my,r=1,...,n. (A.30)

A relation connecting generalized Lauricella function and the multivariable
H -function is given by Srivastava and Panda (1976a, p. 272)

21 (1

1 1 g
OpLpyioil.p R N ) P (R PP (o P RO T
P, s L, Dr
Hp,q:pl,q1+1;-~-;pr,qr+1

Z:r B85 1BV .4:0,0,(d 5851 gy 5300,10,(d 7,801 g
=y T = apITTEL, T = )] 172, T =)
T4, TA =N, T —d )] [[T%, T —d\)]
[(1—aj ol @), 1=y
[(1=b; BV B g [ =d Y 8 g,
0=y,

11 —d: 5], _“"”’_Z"]

p:p155Pr
X Fq5ql§"'§11r |:

(A.31)
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A.3 Appell Series

Notation A.3. Fi(a,b,b’;c; x, y): Appell function of the first kind.
Notation A 4. Fy(a,b,b’;c,c’; x,y): Appell function of the second kind.
Notation A.5. Fs(a,b,b’;c; x, y): Appell function of the third kind.
Notation A.6. Fy(a,b’;c,c’; x, y): Appell function of the fourth kind.

Following Appell (1880) we define the four Appell series as follows:
Definition A 4.

i (@D m4n(B)m (D) X" y"

Fi(a,b,b;c;x,y) =
() m-+n m!n!

m,n=0

m

o0
b
> @ )szl(a+m,b/;C+m;y)x,, (A.32)
m!
m=0

()m

where max{|x|, |y|} < 1.
Definition A.5.

(@) man(D)m (D )y x™ y"

Fabbiecixyy= 3 "7 A mm

m=0,n=0

= Z (a)m(b)szl(a + m,b/;C/§J’)xm’ (A.33)
(©m !

m=0

where |x| + |y| < 1.
Definition A.6.

Fy@bbicvyy = 3 @n@nOn@nxy

=0 =0 () m-+n m!n!
o0
m b m / / "
= @n O p @ bic v miyp)™ . (A3
m—0 ()m m!

where max{|x|, |y|} < 1.
Definition A.7.

i (@ m+n(D)mtn x™y"

(Dm(cn  mln!

/. /.
Fq(a,b";c,c;x,y)
m=0,n=0

m

o0
Z (a)m(b)szl(a +m,b —i—m;c’;y));n', (A.35)

(m

m=0
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where \/ |x] 4+ \/ |v| < 1. Here the denominator parameters ¢ and ¢’ are neither zero
nor a negative integer.

The above defined functions are discovered while considering the product of two
Gauss series. In this analysis, we also come across the following interesting result:

(@ m+n(D)msn x™y"
(Dmtn  min!’

oo
2Fi(abicix+y)= Y

m=0,n=0

(A.36)

A multiple integral representation for the generalized hypergeometric series is given
by (Saigo and Saxena 1999)

[Tj=1T(4))
Fol(Ap);:(Bp);:— ”
njgzlr(Bj)P ol(Ap): (Bg):—(x1 + -+ + xn)]
=( ] )/ / TT7=1 TCAS + 51+ )]
2ni ) Jo, I, [H?:lF(Bj + 514+ 5n)
x T(=s1) - T(=s,)x]" -+ s3ndsy -+ - dsy, (A.37)

where the contours are of Barnes type with indentations, if necessary, such that
the poles of I'(4; + s1 + -+ + s,),j = 1,..., p are separated from those of
F(—Sj),j =1,...,n.

A.3.1 Confluent Hypergeometric Function of Two Variables

Definition A.8.

(@ m+n(D)m x™y"
(Dmtn min!’

$r(a.bicix,y) = )

m=0,n=0

|x] < 1,]y| < oo. (A.38)

Definition A.9.

¢2(b,b/;c;x,y) = Z B)m (D) x™y

m=0,n=0

n
Omen mint 1] <00y <00 (A39)
m-rn g

Definition A.10.

- ()
¢3(b;c;x,y) = Z XMy x| < oo, |y| < oo. (A.40)

m=0.1=0 (m+n
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Definition A.11.

i (@ mtn(D)m X" y"

Om(c minl Jxl < L]yl < oo.  (A41)
m n A

Vi(a,bse,c'ix,y) =

m=0,n=0
Definition A.12.
oo
(@mtn x™y"
Yalaie.cix.y) = Y © nEC,')l il xl < oo, |yl <oo.  (AA42)
m=0,n=0 m n o
Definition A.13.

o (@m(@)n () X"
= / o« e —
Ei(a,a’,b;c;x,y) = Z () man mn!’

m=0,n=0

x| < 1,|y| < 00. (A43)

Definition A.14.

(o]

(@ (B) 373"
2.

(C) 4 min! ,|X| < 1,|y| < Q. (A.44)
m-rn gl

Ba(a,b;c;x,y) =

m=0,n=0

A.4 Lauricella Functions of Several Variables

The four Appell series Fi, F», F3, Fy are generalized by Lauricella (1893) in terms
of multiple hypergeometric series as given below.

Definition A.15.
Flgn)[a5blv"'7bn;cl;---,0n;x1,...,xn]
_ i @t (B == B 5o
m1=0,....m, =0 (ct)my = (€n)my, myl-omp!’
where |x1| + |x2] 4+ -+ |x,| < 1.
Definition A.16.
Fl(;n)[alw--,an;bl,---,bn;C;xl,...,xn]

(C)ml+"'+mn m1!---mn.
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Definition A.17.
F(")[a b;c Cni X Xn]
C U, C1, .. Cps Ay e ey An
_ i (a)ml +obmy, (b)m1 +ebmy, le i ‘xznn (A47)
S G T GO mylemy !
where \/|x1| + -+ \/|xn| < 1.
Definition A.18.
Fla.by.... by
D s ULy ev ey nvcvxlv"'vxn]
N (@ my+-tm, B my * -+ (bn)m, x;n] Xy
= Z (A.43)
my=0,...,m,=0 (©my-t--tmy myleeemy!
where max{|xq[,..., |xn|} < 1.
For n = 2 we have the following relations:
FP =F FY =K F? = F, FY = Ry, (A.49)

where the Appell series are defined in the previous section. An interesting result is
the following reduction formula (Lauricella, 1893)

Fé")[a,bl,...,bn;c;x,...,x] =,F(a,by + -+ by;c;x). (A.50)

We also have (Lauricella 1893)

) [(c)l'(¢c—a—by—---—by)

F by, ... by 1, ..., 1] = , A.51

p la.bn ¢ = P — )T —by = —by) (A1)
wherec #0,—1,-2,...;0N(c—a—by —---—by) > 0.

Single integral representations for the function F' g’) is given by

Fg')[a,bl,...,bn;c;xl,...,xn]
I'(c) !

_ a—1¢1 _ Nc—a—1./1 _ b1 ... (1 _ —by
= r@c—a) )y u” (1 —u) (1 —uxy) (1 —ux,) ""du,

(A.52)

where N(a) > 0, N(c —a) > 0.
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b
[ (t —a)* (b= 0P (fit + )7 - (et + gi) % de

= (b—a)* P71 B(a. B)afi + £1)°" -+ (afi + gx)°F
(b—a)fi _(b—a)fk

(n)
x F o, —01,...,— 0,0 + B;—
b |: P afi + & afr + gk

} , (A.53)

where a,b € W(a < b), fi,gi,oi € C,i = 1,.... k, min{N(x),N(B)} > 0and

max[ (b—a)fi (b—a)fi ] <L

afi + g1 afi + gk
A.4.1 Confluent form of Lauricella Series

ey

Definition A.19.
i (bl)ml < (bn)m, x;n] X"

Cbgn)[bl,...,bn;c;xl,...,xn] = \ )
(my+tm,  mile--mpy!

(A.54)
Definition A.20.
S ml DRI mn
\Ifgn)[CUCl,---,Cn§JC1,---,JCn] _ Z (Cl)m1+...+mn X Xn .
m1=0,....m,=0 (Cl)ml "'(cn)mn Myt
(A.55)
Definition A.21.
+l n+] xl + e + X
My ;... Mn(xlw--,xn):x;“ 2"'xilL 26XP|:— ) ni|

n
X WSy 4 — k4 S 201 L 2 Lixn ] (AS6)

For a detailed definition and other properties of these functions, see the original
paper by Pierre Humbert [La fonction W ;.. .. (x1,...,x,). Comptes Rendus.t.
CLXXI, 1920, p. 328] and Appell and Kampé de Fériet (1926).

A.5 The Generalized H -Function (The H -Function)

Notation A.7. H (z), Hp';'[x]; H bar function

Definition A.22. In an attempt to derive certain Feynman integrals in two differ-
ent ways which arise in perturbation calculations of the equilibrium properties of a
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magnetic model of phase transitions, Inayat-Hussain (1987b) investigated a gener-
alization of the H -function as

_ _ _ (@j.4j.a)) 1@ A)n41.p
_ m,n _ m,n
H()=H, () =H, | x (A.57)
B »Bi)1.m>BjsBjbj)m+1.q
1
= ) / x () ds, (A.58)
2mwi Jr
where
(172 TBs = B9)| [Tt (1 =y + 4,3 |
xs)=r_ T, . (A59)
(119 ar T = B+ B3 | [Ty Tl = 4))]
which contains fractional powers of some of the gamma functions. L = Lj;c0

is a contour starting at the point T — ioo, and going to the point 7 + ico with
y € R = (—o00, 00). For a detailed definition, convergence and existence conditions,
and for the computable representation of the H -function, the reader is referred to
the original papers of Buschman and Srivastava (1990) and Saxena (1998). It is
interesting to note that for a; = b; = 1 for all j, the H -function reduces to the
familiar H -function defined by Fox (1961), see also Mathai and Saxena (1978) and
Kilbas and Saigo (2004).

A.5.1 Special Cases of H-Function

A few interesting special cases of the H-function, which cannot be obtained from
the H -function are given below.

Ko+ pT(+ 5B (3.5 +5)
22+2x ()T (y — 5)
1 et ds(—2) T(=)T(y + )T (y — § +5)
2mi /;—ioo (n+ s)1*+rr(1 + g +5)
_ KaaT(+ TG +3)
2247 ()L (y - 3)

(1=, 1),(1—y+5,1;1),(1—n, ;14 p)

g1 =D gy.n. ¢ piz) =

(A.60)

x Hy3 | —z , (A.61)

©.1),(=5.151),(=m.1314+p)
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where K; = [21_‘171_(5 /T (g)] (Inayat-Hussain 1987a, Eq. (5)). The above
integral is connected with certain class of Feynman integrals.
1
d
42 (1 4+ €)?
1 /C““’ ds[—(1 + &) PP T (=)[C (1 + )PP[T (5 + )1
c

BF(d.€) = —

270 Jerioo L2+ s))'+
(A.62)
1 _ (0,1;2),(=4,1;d)
== 25— +e72 (A.63)
dr2(1+¢€)? 7 0,1),(—1,1;1+d)
1 _ (0,1;1),(0,1;1),(— 1 ,1;d)
== 35 |~ +e7? (A64)
dr2(1+¢€)? 7 0,1),(—1,1;1+d)

The above function is the exact partition function of the Gaussian model in statistical
mechanics.

For further example of a function, which is not a special case of the H -function
is the poly-logarithm of complex order v, denoted by L"(z). Its relation with
H -function is given by Saxena (1998, eq. (1.12)) as

(A.65)

s (0,1,1),(1,15v)
L(z) = 22 |72

(0,1),(0,1;v—1)

An account of LV (z) is available from the book by Marichev (1983).

The function due to Nagarsenker and Pillai (1973, 1974) also furnishes an ex-
ample of a function, which is not a special case of Fox’s H -function. Yet another
function, which is not a special case of the H -function is the generalized Riemann-
zeta function defined by

(A.66)

00 & - (0,1,1),(1—n,1,9)
$(q.0) =;(n+k)q =Hy | =2

(0,1),(—n,1,9)

The above function is a generalization of the well-known generalized (Hurwitz’s)
zeta function ¢(¢,n),q # 0,—1,-2,... and the Riemann zeta function ¢(g),
N(q) > 1. It has been shown by Buschman and Srivastava (1990, p. 4708) that
the sufficient condition for absolute convergence of the contour integral (A.58) is
given by

q 14

m n
A= "|Bjl+ ) lajA;l— > |bjBjl— > |4;/>0. (A.67)
j=1 j=1

j=m+1 j=n+1
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This condition provides exponential decay of the integrand in (A.58), and region of
absolute convergence of the contour integral (A.58) is given by

A
largz| < nz . (A.68)

Remark A.6. In a series of papers, abelian theorems, complex inversion formu-
las and characterizations for the distributional H -function transformation are es-
tablished by Saxena and Gupta (1994, 1995, 1997). Functional relations for the
H -function are given by Saxena (1998). Unified fractional integration operators as-
sociated with the H -function are defined and studied by Saxena and Soni (1997).
Fractional integral formulas for this function are investigated by Gupta and Soni
(2001). Fractional integral formulas associated with Saigo—Maeda operators of frac-
tional integration are given by Saxena et al. (2002). Application of this function in
bivariate probability distributions is demonstrated by Saxena et al. (2002).

A.6 Representation of an H -Function in Computable Form

Case I: When the poles of I—[Tzl I'(b; — sBj) are simple, that is, where B, (b; +
A) # Bj(by +v)forj # h,j,h =1,...,m;A, v =0,1,2,...; then we obtain
the following expansion for the H -function.

H;n‘ﬂ (Z)

~ Z Z [H,_l,# T(b; — B; (b +v) /B[ T)=; T(1—a; — A; (b +v)/By)]
h=1v=0 j =m-+1 F(b - B (bh + V)/Bh)][l_[]_n_{_l I‘(aj _Aj(bh + V)/Bh)]

(_1)Vz(bh+v)/3h
, A.69
V!Bh ( )

; if © = 0, where 8 and

which exists for all z # 0 if u > 0 and for 0 < |z| <
are defined in (1.8) and (1.9) respectively.

Case II. When the poles of ]_['}=1 I'(1—a; +sA;) are simple, that is, where A (1 —
aj +v)#A;1—ap,+A)forj#h jh=1...,n1,v=01,2,... then we

obtain the following expansion for the H -function.
Hm SN ( Z)

B (1T} =1 IF'l—a;j—A4;(1—ap+v)/Ap)]
ZZ j m+1r(1_bj_Bj(l_ah“"v)/Ah)]

h=1v=0
l—ap+v
M7= T, + B; (1 —ap +v)/AD] (1) (}) ) a0
[H/ 1 L@y +A4;(1—ap +v)/Ap)] v!IAy, ’ )

which exists for all z # 0 if u < 0 and for |z| > é if w =0, B and w are defined in
(1.8) and (1.9) respectively.
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A.7 Further Generalizations of the H -Function

Notation A.8. I-function:

@, A/)1 .05 (ajiiji)n+l.pi:|

m,n m,n
IP »qi [Z] IP »qi [
@B imsbjisBji)m+1.q;

Definition A.23. The /-function is defined, like the H-function in terms of a
Mellin—Barnes type integral in the following form (Saxena 1982):

@j,Aj)ns@jisAjidn+1,p; 1
Ipiai |2 = 5 [X(s)z_sds, (A.71)
() Bj)1mseees(bjisBjidm+1.0; W JL
where
x(s) = [Ty + B9 [T T =0 = 459)]

[Zf=1 [ o1 D =bji — B,-,-s)] [ﬂf’;nﬂ T(a;i + Ajis)]]

(A.72)
where m, n, p;,q; are nonnegative integers satisfying 0 < n < p;,1 < m < ¢,
i = 1,...,r with r being finite and w = (—1) 5. The existing conditions for the
defining integral (A.71) are given below:

1
(i) o >0,|argz| < 2051-71, (A.73)
1
(ii) o >0,]argz| < T and (B + 1) <0, (A.74)
where
ZA - Z Aji +ZB — Z Bji, i=1,....,r,  (AT5)
' j=n+1 j=m+1
and
m qi n Di 1
= ij + Z —Zaj— Z aji + z(pi—qi),i =1,...,r. (A.76)
j=1 j=m+1 j=1 j=n+1

Note A.1. Forr = 11in (A.72), the definition of the H -function (1.2) is recovered.

Note A.2. We note that integral operators involving [ -function are defined and stud-
ied by Saxena et al. (1993). A basic analogue of the /-function is given by Saxena
et al. (1995). Saigo—-Maeda operators of the product of /-function and a general
class of polynomials are discussed by Saxena et al. (2002).
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Remark A.7. I-function is further generalized by Siidland et al. (1998) in a different
notation with a modified definition of slightly general nature and call it Aleph func-
tions. Aleph functions occur naturally in certain problems of fractional driftless
Fokker—Planck equations. For further details in this regard, one can refer to the
original paper Siidland et al. (2001).
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