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Preface

The H -function or popularly known in the literature as Fox’s H -function has
recently found applications in a large variety of problems connected with reaction,
diffusion, reaction–diffusion, engineering and communication, fractional differen-
tial and integral equations, many areas of theoretical physics, statistical distribution
theory, etc. One of the standard books and most cited book on the topic is the 1978
book of Mathai and Saxena. Since then, the subject has grown a lot, mainly in the
fields of applications. Due to popular demand, the authors were requested to up-
grade and bring out a revised edition of the 1978 book. It was decided to bring out a
new book, mostly dealing with recent applications in statistical distributions, path-
way models, nonextensive statistical mechanics, astrophysics problems, fractional
calculus, etc. and to make use of the expertise of Hans J. Haubold in astrophysics
area also.

It was decided to confine the discussion to H -function of one scalar variable
only. Matrix variable cases and many variable cases are not discussed in detail,
but an insight into these areas is given. When going from one variable to many
variables, there is nothing called a unique bivariate or multivariate analogue of a
given function. Whatever be the criteria used, there may be many different functions
qualified to be bivariate or multivariate analogues of a given univariate function.
Some of the bivariate and multivariate H -functions, currently in the literature, are
also questioned by many authors. Hence, it was decided to concentrate on one
variable case and to put some multivariable situations in an appendix; only the
definitions and immediate properties are given here.

Chapter 1 gives the definitions, various contours, existence conditions, and some
particular cases. Chapter 2 deals with various types of transforms such as Laplace,
Fourier, Hankel, etc. onH -functions, their properties, and some relationships among
them. Chapter 3 goes into fractional calculus and their connections to H -functions.
All the popular fractional differential and fractional integral operators are examined
in this chapter.

Chapter 4 is on the applications of H -function in various areas of statistical
distribution theory, various structures of random variables, generalized distributions,
Mathai’s pathway models, a versatile integral which is connected to different fields,
etc. Chapter 5 gives a glimpse into functions of matrix argument, mainly real-valued
scalar functions of matrix argument when the matrices are real or Hermitian positive
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definite. H -function of matrix argument is defined only in the form of a class of
functions satisfying a certain integral equation and hence a detailed discussion is
not attempted here.

Chapter 6 examines applications ofH -function into various problems in physics.
The problems examined are the following: solar and stellar models, gravitational
instability problem, energy generation, solar neutrino problem, generalized en-
tropies, Tsallis statistics, superstatistics, Mathai’s pathway analysis, input–output
models, kinetic equations, reaction, diffusion, and reaction–diffusion problems where
H -functions prop up in the analytic solutions to these problems.

The book is intended as a reference source for teachers and researchers, and it
can also be used as a textbook in a one-semester graduate (post-graduate) course on
H -function. In this context, a more or less exhaustive and up-to-date bibliography
on H -function is included in the book.

Montreal, QC A.M. Mathai
Jodhpur, Rajasthan, India R.K Saxena
Vienna, Austria Hans J. Haubold
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Chapter 1
On the H-Function With Applications

1.1 A Brief Historical Background

Mellin–Barnes integrals are discovered by Salvatore Pincherle, an Italian
mathematician in the year 1888. These integrals are based on the duality principle
between linear differential equations and linear difference equations with rational
coefficients. The theory of these integrals has been developed by Mellin (1910)
and has been used in the development of the theory of hypergeometric functions
by Barnes (1908). Important contributions of Salvatore Pincherle are recently given
in a paper by Mainardi and Pagnini (2003). In the year 1946, these integrals were
used by Meijer to introduce the G-function into mathematical analysis. From 1956
to 1970 lot of work has been done on this function, which can be seen from the
bibliography of the book by Mathai and Saxena (1973a).

In the year 1961, in an attempt to discover a most generalized symmetrical
Fourier kernel, Charles Fox (1961) defined a new function involving Mellin–Barnes
integrals, which is a generalization of the G-function of Meijer. This function is
called Fox’s H -function or the H -function. The importance of this function is
realized by the scientists, engineers and statisticians due to its vast potential of
its applications in diversified fields of science and engineering. This function in-
cludes, among others, the functions considered by Boersma (1962), Mittag-Leffler
(1903), generalized Bessel function due to Wright (1934), the generalization of the
hypergeometric functions studied by Fox (1928), and Wright (1935, 1940), Krätzel
function (Krätzel 1979), generalized Mittag-Leffler function due to Dzherbashyan
(1960), generalized Mittag-Leffler function due to Prabhakar (1971) and multi-
index Mittag-Leffler function due to Kiryakova (2000), etc. Except the functions
of Boersma (1962), the aforesaid functions cannot be obtained as special cases of
the G-function of Meijer (1946), hence a study of the H -function will cover wider
range than the G-function and gives general, deeper, and useful results directly ap-
plicable in various problems of physical, biological, engineering and earth sciences,
such as fluid flow, rheology, diffusion in porous media, kinematics in viscoelastic
media, relaxation and diffusion processes in complex systems, propagation of seis-
mic waves, anomalous diffusion and turbulence, etc. see, Caputo (1969), Glöckle

A.M. Mathai et al., The H-Function: Theory and Applications,
DOI 10.1007/978-1-4419-0916-9 1, c� Springer Science+Business Media, LLC 2010

1
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and Nonnenmacher (1993), Mainardi et al. (2001), Saichev and Zaslavsky (1997),
Hilfer (2000), Metzler and Klafter (2000), Podlubny (1999), Schneider (1986) and
Schneider and Wyss (1989) and others.

1.2 The H -Function

Notation 1.1.

H.x/ D Hm;n
p;q .z/ D Hm;n

p;q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
D Hm;n

p;q

h
z
ˇ̌.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/

i
W H-function:

(1.1)

Definition 1.1. The H -function is defined by means of a Mellin–Barnes type inte-
gral in the following manner (Mathai and Saxena 1978)

H.x/ D Hm;n
p;q .z/ D Hm;n

p;q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
D Hm;n

p;q

h
z
ˇ̌.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/

i

D 1

2�i

Z

L

‚.s/z�sds; (1.2)

where i D .�1/ 1
2 ; z ¤ 0; and z�s D expŒ�sfln jzjCi arg zg�;where ln jzj represents

the natural logarithm of jzj and arg z is not necessarily the principal value. Here

‚.s/ D fQm
jD1 �.bj C Bj s/gfQn

jD1 �.1 � aj �Aj s/g
fQq

jDmC1 �.1� bj � Bj s/gfQp
jDnC1 �.aj C Aj s/g : (1.3)

An empty product is always interpreted as unity; m; n; p; q 2 N0 with 0�n�p;
1 � m � q;Ai ; Bj 2 RC; ai ; bj 2 R, or C; i D 1; : : : ; pI j D 1; : : : ; q. L is a
suitable contour separating the poles

�j v D �
�
bj C v

Bj

�
; j D 1; : : : ; mI v D 0; 1; 2; : : : (1.4)

of the gamma functions �.bj C sBj / from the poles

!�k D
�
1 � a� C k

A�

�
; � D 1; : : : ; nI k D 0; 1; 2; : : : (1.5)

of the gamma functions �.1� a� � sA�/, that is

A�.bj C v/ ¤ Bj .a� � k � 1/; j D 1; � � � ; mI� D 1; : : : ; nI v; k D 0; 1; 2; : : :

(1.6)
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The contour L exists on account of (1.6). These assumptions will be retained
throughout. The contour L is either L�1; LC1 or Li�1. The following are the
definitions of these contours.

(i) L D L�1 is a loop beginning and ending at �1 and encircling all the poles
of �.bj C Bj s/; j D 1; : : : ; m once in the positive direction but none of the
poles of �.1 � a� � A�s/; � D 1; : : : ; n. The integral converges for all z if
� > 0 and z ¤ 0; or � D 0 and 0 < jzj < ˇ. The integral also converges if

� D 0; jzj D ˇ and <.ı/ < �1; (1.7)

where

ˇ D
8
<
:

pY
jD1

.Aj /
�Aj

9
=
;

8
<
:

qY
jD1

.Bj /
Bj

9
=
; ; (1.8)

� D
qX
jD1

Bj �
pX
jD1

Aj ; and (1.9)

ı D
qX
jD1

bj �
pX
jD1

aj C p � q

2
: (1.10)

(ii) L D LC1 is a loop beginning and ending at C1 and encircling all the poles
of �.1 � a� � A�s/; � D 1; : : : ; n once in the negative direction but none of
the poles of �.bj C Bj s/; j D 1; : : : ; m. The integral converges for all z if

� < 0 and z ¤ 0 or � D 0 and jzj > ˇ: (1.11)

The integral also converges if the conditions given in (1.7) are satisfied.
(iii) L D Li�1 is a contour starting at the point � � i1 and going to � C i1

where � 2 R D .�1;C1/ such that all the poles of �.bj C Bj s/; j D
1; : : : ; m are separated from those of �.1 � a� � A�s/; � D 1; : : : ; n. The
integral converges if

˛ > 0; j arg zj < 1

2
�˛; a ¤ 0: (1.12)

The integral also converges if ˛ D 0, �� C <.ı/ < �1, arg z D 0 and z ¤ 0

where

˛ D
nX
jD1

Aj �
pX

jDnC1
Aj C

mX
jD1

Bj �
qX

jDmC1
Bj : (1.13)

A detailed and comprehensive account of the H -function is available from the
monographs Mathai and Saxena (1978), Prudnikov et al. (1990), Kilbas and Saigo
(2004).
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Existence conditions for the H-function. In many applied problems associated
with fractional differential equations and fractional integral equations, the solutions
of certain problems are obtained in terms of the H -function. The H -function natu-
rally occurs as solutions of such equations. In order to find the existence conditions
of the solution of the problem, we therefore need the existence conditions for the
H -function. The existence conditions for theH -function are enumerated below. It is
presumed that the condition (1.6) is satisfied throughout this book unless otherwise
stated.

Theorem 1.1. The H -function is an analytic function of z and exists in the follow-
ing cases:

Case 1 W q � 1; � > 0; H -function exists for all z ¤ 0; (1.14)

Case 2 W q � 1; � D 0; H -function exists for 0 < jzj < ˇ; (1.15)

Case 3 W q � 1; � D 0;<.ı/ < �1; H -function exists for jzj D ˇ; (1.16)

Case 4 W p � 1; � < 0; H -function exists for all z; z ¤ 0; (1.17)

Case 5 W p � 1; � D 0; H -function exists for jzj > ˇ; (1.18)

Case 6 W p � 1; � D 0 and <.ı/ < �1; H -function exists for jzj D ˇ; (1.19)

Case 7 W ˛ > 0; j arg zj < 1

2
�˛; H -function exists for all z ¤ 0; (1.20)

Case 8 W ˛ D 0; ��C <.ı/ < �1; H -function exists for arg z D 0 and z ¤ 0:

(1.21)

In what follows

c� D mC n � 1

2
p � 1

2
q: (1.22)

Proof 1.1. The proof of the existence conditions can be obtained by finding the
convergence of the integral (1.2), which depends on the asymptotic estimate of‚.s/
at infinity. Such a result can be found by using the following asymptotic relation for
the gamma function �.z/; z D x C iy; x; y 2 R at infinity on lines parallel to the
coordinate axes given by Kilbas and Saigo (1999, p. 193):

jx C iyj � p
2� jxjx� 1

2 expŒ�x � x.1 � sign.x//y=2�; jxj ! 1; (1.23)

and
jx C iyj � p

2�jyjx� 1
2 e�x��jyj=2; jyj ! 1: (1.24)

The proof of the above results (1.23) and (1.24) can be developed by making use of
the Stirling formula (Erdélyi et al. 1953, p. 47, 1.18(2))

�.z/ � p
2� zz� 1

2 e�z

�
1C 1

12z
C 1

288z2
� 139

51840z3
� 0.z�4/

�
; j arg zj < �:

(1.25)

For details of the proof, see Kilbas and Saigo (1999).
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In order to prove Theorem 1.1, we first establish the following two lemmas.
These lemmas will then be applied in finding the asymptotic relations along the
lines 	1; 	2 and 	� , defined by

	1 D ft C i'1 W t 2 Rg; 	2 D ft C '2 W t 2 Rg; 	� D f� C i t W t 2 Rg; (1.26)

where '1; '2; � 2 R. �

Lemma 1.1. For 
; t 2 R, there holds the asymptotic estimate

‚.t C i
/j � A
�e

t

��t
ˇ�t t<.ı/; t ! 1; (1.27)

where

A D .2�/c
�

eq�m�n

�Qq
jD1ŒB

<.bj /� 1
2

j e�<.bj /�

	 nQn
jD1 e�Œ�Aj CIm.aj /�

o

�Qp
jD1ŒA

<.aj /� 1
2

j e�<.aj /�

	 nQn
jD1 e�Œ�Bj CIm.bj /�

o ; (1.28)

and

j‚.t C i
/j � B

�
e

jt j
��jt j

ˇ�jt jjt j<.ı/; t ! �1; (1.29)

where

B D .2�/c
�

eq�m�n

�Qq
jD1ŒB

<.bj /� 1
2

j e�<.bj /�

	 nQp
jDnC1 e�Œ�Aj CIm.aj /�

o

�Qp
jD1ŒA

<.aj /� 1
2

j e�<.aj /�

	 nQm
jD1 e�Œ�Bj CIm.bj /�

o ;

(1.30)
and ˇ;� and ı are defined in (1.8), (1.9), and (1.10) respectively.

Lemma 1.2. For 
; t 2 R there holds the asymptotic relation

j‚.
 C i t/ � C jt j��C<.ı/ expŒ��fjt j˛ C Im.�/sign.t/g=2�; jt j ! 1; (1.31)

uniformly on 
 on any bounded interval in R, where

C D .2�/c
�

expf�c� � �
 � <.ı/gˇ�
8
<
:

pY
jD1

A
1
2

�aj

j

9
=
;

8
<
:

qY
jD1

B
bj � 1

2

j

9
=
; ; (1.32)

where �; ı; c� are defined in (1.9), (1.10) and (1.22) respectively, and

� D
nX
jD1

aj �
pX

jDnC1
aj C

mX
jD1

bj �
qX

jDmC1
bj :
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The Lemma 1.1 and Lemma 1.2 follow from (1.3), (1.19) and (1.20). By virtue of
the above Lemmas 1.1 and 1.2. it is not difficult to derive the following asymptotic
relations at infinity of the integrand of (1.2):

j‚.z/z�sj � Bie�j arg z

�
e

jt j
��jt j � jzj

ˇ

�jt j
jt j<.ı/; s D t C i�j 2 	j ; j D 1; 2;

(1.33)

as t ! �1;

j‚.z/z�s j � Aj e�j arg z

�
e

jt j
���jt j �

ˇ

jzj
�t

jt j<.ı/; s D t C i�j 2 	j ; j D 1; 2;

(1.34)

as t ! C1;

j‚.z/z�s j � C1 expŒ�� log jzj C � Im.�/ sign.t/=2�jt j��C<.ı/; (1.35)

� expŒ��jt j˛
2

C t arg z�; s D � C i t 2 	� ; (1.36)

as jt j ! 1. Here A1 and A2; B1 and B2 are defined in (1.24) and (1.28) with 

replaced by �1 and �2 respectively, and C1 by (1.28) with 
 replaced by � .

The conditions for the existence of the H -function then follow as a consequence
of these asymptotic relations.

Remark 1.1. Existence conditions for theH -function are given by Braaksma (1964,
p. 240), Mathai (1993c) and Kilbas and Saigo (2004). The conditions described here
are based on the results given by Kilbas and Saigo (1998, p. 44), also see Kilbas and
Saigo (2004); which provide slight improvement over the conditions given in the
theorem initially given by Prudnikov, Brychkov, and Marichev (1990, Sect. 8.3.1,
p. 627).

Note 1.1. Due to the presence of the factor z�s in the integrand of (1.2), the
H -function is, in general, multivalued but one-valued on the Riemann surface of
ln z (Braaksma 1964).

Note 1.2. The convergence of a general Mellin–Barnes integral is already given in
the book by Erdélyi et al. (1953, pp. 49–50). Asymptotic estimates for the function
‚.
Ci t/ and its derivative‚0.
Ci t/ as jt j ! 1 are given by Kilbas et al. (1993).

Remark 1.2. An extension of the definition of the H -function has been given by
Skibinski (1970), Inayat-Hussain (1987), and Südland et al. (1998). Definition of
some of these extensions will be presented in the Appendix.
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1.3 Illustrative Examples

The simplest examples of the H -function involve the exponential function,
Mittag-Leffler functions (Erdélyi et al. (1955, Sect. 18.1); Mittag-Leffler (1903)),
and generalized Mittag-Leffler function (Prabhakar 1971), which are directly appli-
cable in fractional reaction, fractional relaxation and fractional reaction–diffusion
problems of science and engineering. These functions will be introduced with the
help of the following examples:

Example 1.1. Evaluate

f .z/ D 1

2�i

Z �Ci1

��i1
�.s/z�sds; .j arg zj < 1

2
�I z ¤ 0/; (1.37)

where the path of integration is a straight line <.s/ D �; � > 0, lying on the right
of the poles of �.s/ given by s D �v; v D 0; 1; 2; : : : and express it in terms of the
H -function.

Solution 1.1. Evaluating the integral as the sum of residues we have

f .z/ D
1X

vDo
lim
s!�v

.s C v/�.s/z�s

D
1X

vD0
lim
s!�v

.s C v/.s C v � 1/ : : : s

.s C v � 1/ � � � s �.s/z�s

D
1X

vD0
lim
s!�v

�.s C v C 1/

.s C v � 1/ : : : s z�s D
1X

vD0

.�1/v
vŠ

zv D e�z: (1.38)

On comparing the equation (1.37) with the definition of the H -function (1.2), we
obtain the relation

e�z D H
1;0
0;1

h
z
ˇ̌
.0;1/

i
: (1.39)

Note 1.3. Equation (1.37) gives the Mellin–Barnes integral for the exponential
function e�z. This integral is called Cahen–Mellin integral and is very useful in
evaluating integrals involving product of two exponential functions or one exponen-
tial function and one special function in a compact form. This integral is also useful
in the study of statistical distributions.

Example 1.2. Prove that

.1 � z/�a D 1

2�i �.a/

Z �Ci1

��i1
�.�s/�.s C a/.�z/sds; jarg.�z/j < �; (1.40)

where 0 < <.�/ < <.a/ and the contour is a straight line <.s/ D � , separating the
poles of �.�s/ at the points �s D �v; v D 0; 1; : : : from those of �.s C a/ at the
points s D �a � v; v D 0; 1; : : :.
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Solution 1.2. As in the preceding example, evaluating the integral as the sum of
residues we have

1

2�i �.a/

Z �Ci1

��i1
�.�s/�.s C a/.�z/sds

D 1

�.a/

1X
vD0

.�1/v�.a C v/.�z/v

vŠ
D

1X
vD0

.a/v

vŠ
zv

D 1F0.aI I z/ D .1 � z/�a; jzj < 1; (1.41)

where .a/k ; a 2 C; k 2 N0, is the Pochhammer symbol or shifted factorial, de-
fined by

.a/0 D 1; .a/k D a.a C 1/ : : : .a C k � 1/; a ¤ 0

D �.a C k/

�.a/
; (1.42)

when �.a/ is defined.

The result (1.42) can be expressed in terms of the H -function as

.1 � z/�a D 1

�.a/
H
1;1
1;1

h
�z
ˇ̌.1�a;1/
.0;1/

i
: (1.43)

Notation 1.2. E˛.z/: Mittag-Leffler function (Mittag-Leffler 1903).

Definition 1.2.

E˛.z/ D
1X
kD0

zk

�.˛k C 1/
; ˛ 2 C;<.˛/ > 0; z 2 C: (1.44)

Notation 1.3. E˛;ˇ .z/: Generalized Mittag-Leffler function (Erdélyi et al. (1955),
Sect. 18.1, Wiman (1905)).

Definition 1.3.

E˛;ˇ .z/ D
1X
kD0

zk

�.˛k C ˇ/
; ˛; ˇ 2 C;<.˛/ > 0;<.ˇ/ > 0; z 2 C: (1.45)

Note 1.4. Both the functions defined by (1.44) and (1.45) are entire functions
of order.


 D 1

˛
and type 
 D 1:
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Notation 1.4. E�
˛;ˇ
.z/: Generalized Mittag-Leffler function.

Definition 1.4.

E
�

˛;ˇ
.z/ D

1X
kD0

.�/kzk

�.˛k C ˇ/kŠ
;<.˛/ > 0;<.ˇ/ > 0;<.�/ > 0; z 2 C: (1.46)

This function is also an entire function with 
 D 1
<.˛/ , see Prabhakar (1971).

Example 1.3. Evaluate the Mellin–Barnes integral

f .z/ D 1

2�i

Z �Ci1

��i1
�.s/�.1� s/

�.1 � ˛s/
.�z/�sds; jarg zj < �; (1.47)

where ˛ 2 RC and show that f .z/ is the Mittag-Leffler function E˛.z/ defined by
the series (1.44).

Solution 1.3. We have

f .z/ D
1X

vD0
lim
s!�v

.s C v/�.s/�.1 � s/
�.1� ˛s/

.�z/�s D
1X

vD0

zv

�.˛v C 1/
(1.48)

D E˛.z/ D H
1;1
1;2

h
�z
ˇ̌.0;1/
.0;1/;.0;˛/

i
;

on comparing the results (1.2) and (1.48).

Example 1.4. Establish the Mellin–Barnes integral

E˛;ˇ .z/ D 1

2�i

Z �Ci1

��i1
�.s/�.1 � s/

�.ˇ � ˛s/ .�z/�sds; jarg zj < �; (1.49)

where ˛ 2 RC; ˇ 2 C;<.ˇ/ > 0 and E˛;ˇ .z/ is the generalized Mittag-Leffler
function defined by the series (1.45).

Solution 1.4. Evaluating the contour integral as a sum of residues, we find that

1

2�i

Z �Ci1

��1
�.s/�.1 � s/
�.ˇ � ˛s/

.�z/�sds D
1X

vD0
lim
s!�v

.s C v/�.s/�.1� s/

�.ˇ � ˛s/ .�z/�s

D
1X

vD0

zv

�.˛v C ˇ/
D E˛;ˇ .z/

D H
1;1
1;2

h
�z
ˇ̌.0;1/
.0;1/;.1�ˇ;˛/

i
; (1.50)

where we have used the definition of the generalized Mittag-Leffler function (1.45)
and the definition of the H -function (1.2).
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In a similar manner, we can prove the next example.

Example 1.5. Prove that the generalized Mittag-Leffler functionE�
˛;ˇ
.z/ defined by

(1.46) is represented as a Mellin–Barnes integral in the form

E
�

˛;ˇ
.z/ D 1

2�i �.�/

Z �Ci1

��i1
�.s/�.� � s/

�.ˇ � ˛s/
.�z/�sds; jarg zj < �; (1.51)

where ˛ 2 RC; ˇ; � 2 C;<.ˇ/ > 0; � ¤ 0;�1;�2; : : :
Solution 1.5. Proceed as in Solution 1.4 to establish the result.

Note 1.5. Applications of the generalized Mittag-Leffler function E�
˛;ˇ
.z/ in finite-

size scaling in anisotropic systems can be found in the papers by Tonchev (2005,
2007) and Chamati and Tonchev (2006). This function is studied by Prabhakar
(1971), Kilbas et al. (2002, 2004) and Saxena and Saigo (2005).

Example 1.6. Evaluate the following reaction rate integral of physics in terms of the
H -function.

I.a; b; cI 
/ D
Z 1

0

ta�1 exp.�bt � ct�	/dt; (1.52)

where a; b; c > 0.

Solution 1.6. Expressing the right hand side of the above expression with the help
of the convolution property of the Mellin transform and then taking the inverse
Mellin transform one has

Z 1

0

ta�1 exp.�bt � ct�	/dt D 1


ba
1

2�i

Z �Ci1

��i1
�.˛ C s/�

�
s




�
.bc

1
� /�sds

D 1


ba
H
2;0
0;2

h
bc

1
�

ˇ̌
.0;1/;.0; 1

�
/

i
: (1.53)

Remark 1.3. The integral of this example defines the Krätzel function (Krätzel
1979). For a detailed account of this function, the reader may consult the book by
Kilbas and Saigo (2004). Further, this integral is useful in the study of nuclear reac-
tion rates in astrophysics, see Anderson et al. (1994), Haubold and Mathai (1986),
Mathai and Haubold (1988) and Saxena et al. (2004), etc.

Following a similar procedure, it is not difficult to prove the next example.

Example 1.7. Prove that the Mellin–Barnes integral

J
.z/ D 1

2�i

Z �Ci1

��i1
�.s/

�.1C � � s/

�
1

2
z

�
�2s
ds; � > 0; (1.54)
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defines the Bessel function of the first kind, J
.z/, defined by

J
.z/ D
1X
kD0

.�1/k
�.1C � C k/kŠ

� z

2

�
C2k
: (1.55)

1.4 Some Identities of the H -Function

This section deals with certain basic properties of the H -function. Many authors
have investigated various properties of this function, and the researches carried out
by Braaksma (1964), Gupta (1965), Gupta and Jain (1966, 1968, 1969), Bajpai
(1969a), Lawrynowicz (1969), Anandani (1969a, 1969b), Kilbas and Saigo (2004),
Chaurasia (1976b) and Skibinski (1970) will be discussed here.

The results of this section follow as a consequence of the definition of the
H -function (1.2) by the application of certain properties of gamma functions, hence
their proofs are omitted.

Property 1.1. The H -function is symmetric in the pairs .a1; A1/; : : : ; .an; An/,
likewise .anC1; AnC1/; : : : ; .ap ; Ap/; in .b1; B1/; : : : ; .bm; Bm/ and in .bmC1;
BmC1/; : : : ; .bq; Bq/.

Property 1.2. If one of the .aj ; Aj /; j D 1; : : : ; n is equal to one of the .bj ; Bj /;
j D m C 1; : : : ; q or one of the .bj ; Bj /; j D 1; : : : ; m is equal to one of the
.aj ; Aj /; j D nC 1; : : : ; p then the H -function reduces to one of the lower order
p and q, and n (or m) decrease by unity.

Thus we have the following reduction formulae:

Hm;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq�1;Bq�1/;.a1;A1/

i
D H

m;n�1
p�1;q�1

h
z
ˇ̌.a2;A2/;:::;.ap ;Ap/

.b1;B1/;:::;.bq�1;Bq�1/

i
;

(1.56)

provided n � 1 and q > m; and

Hm;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap�1;Ap�1/;.b1;B1/

.b1;B1/;:::;.bq ;Bq/

i
D H

m�1;n
p�1;q�1

h
z
ˇ̌.a1;A1/;:::;.ap�1;Ap�1/

.b2;B2/;:::;.bq ;Bq/

i
;

(1.57)

providedm � 1 and p > n.

Property 1.3. There holds the formula:

Hm;n
p;q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
D Hn;m

q;p

�
1

z

ˇ̌.1�bq ;Bq/

.1�ap ;Ap/

�
: (1.58)
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This is an important property of the H -function because it enables us to transform
a H -function with � D Pq

jD1 Bj � Pp
jD1Aj > 0 and argz to one with � < 0

and arg1z and vice versa. It also helps in deducing the asymptotic expansion for the
H -function for the case � < 0 from the given result for this function for � > 0 and
vice versa.

Property 1.4. The following result holds:

Hm;n
p;q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
D k Hm;n

p;q

h
zk
ˇ̌.ap ;kAp/

.bq ;kBq/

i
; (1.59)

where k > 0:

Property 1.5. There holds the formula

z�Hm;n
p;q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
D Hm;n

p;q

h
z
ˇ̌.apC�Ap ;Ap/

.bqC�Bq ;Bq/

i
; (1.60)

where 
 2 C .

Property 1.6. The following relation holds:

H
m;nC1
pC1;qC1

h
z
ˇ̌.0;�/;.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/;.r;�/

i
D .�1/rHmC1;n

pC1;qC1
h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/;.0;�/

.r;�/;.b1;B1/;:::;.bq ;Bq/

i
;

(1.61)

where p � q; � > 0.

Property 1.7. The following relation holds:

H
mC1;n
pC1;qC1

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/;.1�r;�/
.1;�/;.b1;B1/;:::;.bq ;Bq/

i
D.�1/rHm;nC1

pC1;qC1
h
z
ˇ̌.1�r;�/;.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/;.1;�/

i
;

(1.62)

where p � q; � > 0.

Note 1.6. In the above results (1.58) to (1.62), the branches of the H -function are
suitably chosen.

Property 1.8. The multiplication formula for the H -function is given by:

Hm;n
p;q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
D .2�/.1�t/c�

tıC1H tm;tn
tp;tq

h
.zt��/t

ˇ̌.�.t;ap/;Ap/

.�.t;bq/;Bq/

i
; (1.63)

where t is a positive integer, �; ı and c� are defined in (1.9), (1.10), and (1.22)
respectively, and .�.t; ır/; �r/ represents the sequence of parameters

�
ır

t
; �r

�
;

�
ır C 1

t
; �r

�
; : : : ;

�
ır C t � 1

t
; �r

�
: (1.64)
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For similar results see Gupta and Jain (1969). The following properties of the
H -function follow from the definition itself.

Property 1.9. For a; b; c 2 C , there holds the formulae:

Hm;n
p;q

h
z
ˇ̌.a;0/;.a2;A2/;:::;.ap;Ap/

.bq ;Bq/

i
D �.1� a/Hm;n�1

p�1;q
h
z
ˇ̌.a2;A2/;:::;.ap ;Ap/

.bq ;Bq/

i
; (1.65)

where <.a/ < 1 and n � 1;

Hm;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b;0/;.b2;B2/;:::;.bq ;Bq/

i
D �.b/H

m�1;n
p;q�1

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b2;B2/;:::;.bq ;Bq/

i
; (1.66)

where <.b/ > 0 andm � 1;

Hm;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap�1;Ap�1/;.a;0/

.b1;B1/;:::;.bq ;Bq/

i
D 1

�.a/
H
m;n
p�1;q

h
z
ˇ̌.a1;A1/;:::;.ap�1;Ap�1/

.b1;B1/;:::;.bq ;Bq/

i
;

(1.67)

where <.a/ > 0 and p > n.

Hm;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq�1;Bq�1/;.b;0/

i
D 1

�.1 � b/H
m;n
p;q�1

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq�1;Bq�1/

i
;

(1.68)

where <.b/ < 1 and q > m.

1.4.1 Derivatives of the H -Function

The following formulas immediately follow from the definition of the H -function
and are useful in the study of fractional integrals and derivatives of theH -function.

�
d

dz

�n n
z	�1Hm;n

p;q

h
az�

ˇ̌.ap ;Ap/

.bq ;Bq/

io
D z	�n�1Hm;nC1

pC1;qC1
h
az
ˇ̌.1�	;�/;.ap;Ap/

.bq ;Bq/;.1�	Cn;�/
i

D .�1/nz	�n�1HmC1;n
pC1;qC1

h
az�

ˇ̌.ap ;Ap/;.1�	;�/
.1�	Cn;�/;.bq ;Bq/

i
;

(1.69)

where a; 
 2 C; 
 > 0.
Lawrynowich (1969) has given the following four formulae for the successive

derivatives of the H -function:

dr

dzr

�
z�.� b1

B1
/
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/

i	

D
�

� �

B1

�r
z�.rC� b1

B1
/
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.rCb1;B1/;:::;.bq ;Bq/

i
; (1.70)
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where m � 1; � D B1 for r > 1;

dr

dzr

�
z�.� bq

Bq
/
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i	

D
�
�

Bq

�r
z�.rC� bq

Bq
/
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq�1;Bq�1/;.rCbq ;Bq/

i
; (1.71)

where m < q; � D Bq for r > 1;

dr

dzr

�
z�.� .1�a1/

A1
/
Hm;n
p;q

h
z�� ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i	

D
�

� �

A1

�r
z�.rC� .1�a1/

A1
/
Hm;n
p;q

h
z�� ˇ̌.a1�r;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/

i
; (1.72)

where n � 1; � D A1 for r > 1;

dr

dzr

�
z�.� .1�ap/

Ap
/
Hm;n
p;q

h
z�� ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i	

D
�
�

Ap

�r
z�.rC� .1�ap/

Ap
/
Hm;n
p;q

h
z�� ˇ̌.a1;A1/;:::;.ap�1;Ap�1/;.ap�r;Ap/

.b1;B1/;:::;.bq ;Bq/

i
;

(1.73)

where p > n; � D Ap for r > 1.
The results (1.70) to (1.73) for r D 1 are immediate consequences of the differ-

ential formulae given by Anandani (1969a).

Remark 1.4. The results of Lawrynowicz cited above are in a compact form and are
convenient for practical application.

Next we give three-term differentiation formulae for the H -function.

z
d

dz

n
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/

io

D �.a1 � 1/

A1

n
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

io

C �

A1
Hm;n
p;q

h
z�
ˇ̌.a1�1;A1/;.a2;A2/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/

i
; (1.74)

where n � 1;

z
d

dz

n
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/

io

D �.ap � 1/

Ap

n
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

io

� �

Ap
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap�1;Ap�1/;.ap�1;Ap/

.b1;B1/;:::;.bq ;Bq/

i
; (1.75)
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where n � p � 1;

z
d

dz

n
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

io

D �b1

B1

n
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

io

� �

B1
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap;Ap/

.1Cb1;B1/;.b2;B2/;:::;.bq ;Bq/

i
; (1.76)

where m � 1;

z
d

dz

n
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

io

D �bq

Bq

n
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

io

C �

Bq
Hm;n
p;q

h
z�
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq�1;Bq�1/;.bqC1;Bq/

i
; (1.77)

where m � q � 1.
The above results can be proved with the help of the following formulae:

�A1s�.1 � a1 � A1s/ D .a1 � 1/�.1� a1 �A1s/C �.2 � a1 � A1s/; (1.78)

� Aps

�.ap C Aps/
D ap � 1
�.ap C Aps/

� 1

�.ap � 1C Aps/
; (1.79)

�B1s�.b1 C B1s/ D b1�.b1 C B1s/ � �.1C b1 CB1s/; (1.80)

and

� Bqs

�.1� bq � Bqs/
D bq

�.1 � bq � Bqs/
C 1

�.�bq � Bqs/
; (1.81)

which readily follow from the property of the gamma function

�.z C 1/ D z�.z/: (1.82)

Nair (1972, 1973) has given four formulae for the derivative of the H -function. His
results are the extensions of the formulae proved earlier by Gupta and Jain (1968).
One of the formulae proved by Nair (1972) is the following:
�
x

d

dx
� c1

�
� � �
�
x

d

dx
� cr

�n
xsHm;n

p;q

h
zxh

ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

io

D xsH
m;nCr
pCr;qCr

h
zxh

ˇ̌.c1�s;h/;:::;.cr�s;h/;.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/;.c1�sC1;h/;:::;.cr�sC1;h/
i
;

(1.83)

where h > 0.
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When c1 D c2 D � � � D cr D 0, (1.83) reduces to a result due to Gupta and Jain
(1968, p. 191). Oliver and Kalla (1971) have derived four differentiation formulae
for the H -function which extend the results of Anandani (1970c), which itself are
the generalization of the results due to Goyal and Goyal (1967a). One of the results
proved by Oliver and Kalla is the following:

dr

dxr

n
Hm;n
p;q

h
.cx C d/h

ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

io

D cr

.cx C d/r
H
m;nC1
pC1;qC1

h
.cx C d/h

ˇ̌.0;h/;.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/;.r;h/

i
; (1.84)

where c and d are complex numbers and h is real and positive.

Note 1.7. We note that partial derivatives of the H -function with respect to the pa-
rameters are investigated by Buschman (1974b).

1.5 Recurrence Relations for the H -Function

Gupta (1965) has obtained four recurrence formulae for the H -function by the
method of integral transforms due to Meijer (1940, 1941). One of his results is
given below.

.a1 � a2/H
m;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq ;Bq/

i
D Hm;n

p;q

h
z
ˇ̌.a1;A1/;.a2�1;A1/;.a3;A3/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

�Hm;n
p;q

h
z
ˇ̌.a1�1;A1/;.a2;A2/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i
;

(1.85)

where n � 2.
Anandani (1989) has given six recurrence relations for the H -function which

follow as a consequence of the definition of the H -function (1.2). Two such results
are enumerated below:

.b1A1 � a1B1 CB1/H
m;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

D B1H
m;n
p;q

h
z
ˇ̌.a1�1;A1/;.a2;A2/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

C A1H
m;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap;Ap/

.1Cb1;B1/;.b2;B2/;:::;.bq ;Bq/

i
; (1.86)
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where m; n � 1;

.bqAq � aqBq C Bq/H
m;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

D BqH
m;n
p;q

h
z
ˇ̌.aq�1;Aq/;.a2;A2/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

� AqH
m;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq�1;Bq�1/;.bqC1;Bq/

i
; (1.87)

where n � 1; 1 � m � q � 1.
For further results on recurrence relations of the H -function, see the work of

Bora and Kalla (1971a), Jain (1967), Srivastava and Gupta (1970, 1971), Raina
(1976), and Raina and Koul (1977). A set of contiguous relations for theH -function
are given by Buschman (1974b).

1.6 Expansion Formulae for the H -Function

Expansion formulae for the H -function are given by Lawrynowich (1969), Raina
(1979), and Kilbas and Saigo (2004). The four expansion formulae for the
G-function due to Meijer (1941a) have been extended toH -functions by Lawrynow-
icz (1969) by using a method analogous to the one adopted by Meijer (1941a) for
the G-function. The results are the following:

(i) Let m; n; p, and q be nonnegative integers such that 1 � m � q; 0 � n � p.
Further, let Aj ; j D 1; : : : ; p and Bj ; j D 1; : : : ; q be positive numbers and
aj ; j D 1; : : : ; p and bj ; j D 1; : : : ; q be complex numbers satisfying the
condition (1.6) and � > 0, where � is defined in (1.9). Then if ! and � are
complex numbers such that ! ¤ 0 and � ¤ 0, then the following results hold:

Hm;n
p;q

h
�!
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

D �
b1
B1

1X
rD0

.1 � �
1

B1 /r

rŠ
Hm;n
p;q

h
!
ˇ̌.a1;A1/;:::;.ap ;Ap/

.rCb1;B1/;.b2;B2/;:::;.bq ;Bq/

i
; (1.88)

where � is arbitrary for m D 1, and for m > 1, j� 1
B1 � 1j < 1, arg.�!/ D

B1arg.�
1

B1 /C arg! and jarg.�
1

B1 /j < �
2

;

Hm;n
p;q

h
�!
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

D �

�
bq
Bq

� 1X
rD0

.�
1

Bq � 1/r
rŠ

Hm;n
p;q

h
!
ˇ̌.a1;A1/;:::;.ap;Ap/

.b1;B1/;:::;.bq�1;Bq�1/;.rCbq ;Bq/

i
;

(1.89)
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where q > m; j� 1
Bq �1j < 1 arg.�!/ D Bqarg.�

1
Bq /Carg!, and jarg.�

1
Bq j<�

2
;

Hm;n
p;q

h
z
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

D �
.a1�1/

A1

1X
rD0

.1 � �� 1
A1 /r

rŠ
Hm;n
p;q

h
!
ˇ̌.a1�r;A1/;.a2;A2/;:::;.ap ;Ap/

.b1;B1/;:::.bq ;Bq/

i
;

(1.90)

where n > 0;<.� 1
A1 / > 1

2
, arg.�!/ D A1arg.�

1
A1 /C arg! and jarg.�

1
A1 /j<�

2
;

Hm;n
p;q

h
�!
ˇ̌.a1;A1/;:::;.ap ;Ap/

.b1;B1/;:::;.bq ;Bq/

i

D �
.ap�1/

Ap

1X
rD0

.�
� 1

Ap � 1/r
rŠ

Hm;n
p;q

h
!
ˇ̌.a1;A1/;:::;.ap�1;Ap�1/;.ap�r;Ap/

.b1;B1/;:::;.bq ;Bq/

i
;

(1.91)

wherep>n;<.� 1
Ap /> 1

2
, arg.�!/ D Aparg.�

1
Ap /Carg! and jarg.�

1
Ap /j< �

2
.

By virtue of the following transformation formula for the Gauss hypergeometric
function (Erdélyi et al. 1953, 2.10(1))

2F1.a; bI cI z/ D �.c/�.c � a � b/
�.c � a/�.c � b/2F1.a; bI a C b � c C 1I 1 � z/

C �.c/�.aC b � c/
�.a/�.b/

.1�z/c�a�b
2F1.c�a; c�bI c�a�bI 1�z/;

(1.92)

for jarg.1 � z/j < � we find that

1X
nD0

.a/n

nŠ
znHmC1;n

pC1;qC1
h
z
ˇ̌.ap ;Ap/;.cCn;�/
.bCn;�/;.bq ;Bq/

i

D �.c � a � b/

�.c � b/

1X
nD0

.a/n

.aC b � cC 1/n

.1 � z/n

nŠ
H
mC1;n
pC1;qC1

h
z
ˇ̌.ap ;Ap/;.c�a;�/
.cCn;�/;.bq;Bq/

i

C �.aC b � c/
�.a/

1X
nD0

.c � b/n
.c � a � b C 1/n

.1 � z/c�a�bCn

nŠ

�HmC1;n
pC1;qC1

h
z
ˇ̌.ap ;Ap/;.b;�/

.cCn;�/;.bq;Bq/

i
; (1.93)

where a; b; c 2 C; � > 0; jarg.1 � z/j < �;<.c � a � b/ > 0 if z D 1.
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1.7 Asymptotic Expansions

The behavior of the H -function for small and large values of the argument has
been discussed by Braaksma (1964) in detail. Explicit power and power-logarithmic
series expansions for theH -fucntion are given by Kilbas and Saigo (1999, 2004). In
this section we present some of their results which are useful in applied problems.
Asymptotic expansions of theH -function are discussed by Dixon and Ferrar (1936).
Convergence of the Mellin–Barnes integrals are recently discussed by Paris and
Kaminski (2001, p. 63).

Theorem 1.2. Let ˛ and � be as given in (1.13) and (1.9) and let the condition
(1.6) be satisfied. Then there holds the following results:

(i) If � � 0 or � < 0; ˛ > 0; j arg zj < 1
2
�˛ then the H -function has either the

asymptotic expansion at zero given by

Hm;n
p;q .z/ D O.zc/; jzj ! 0; or (1.94)

Hm;n
p;q .z/ D O.zc j ln.z/jN�1/; jzj ! 0: (1.95)

Here,

c D min
1�j�m

�<.bj /
Bj

�
; (1.96)

andN is the order of the poles �j v in (1.4) to which some other poles of �.bj C
Bj s/; j D 1; : : : ; m coincide. Also for �<0; ˛ D 0

Hm;n
p;q .z/ D O.z� /; jzj ! 0; jarg.z/ � ��; (1.97)


 D min
1�j�m

"
<.bj /
Bj

;
<.ı/C 1

2

�

#
; (1.98)

and �� is a constant such that

0 < �� <
�

2
min

1�j�mImC1�k�q
.Aj ; Bk/: (1.99)

(ii) If � � 0 or � > 0; ˛ > 0 then the H -function has either the asymptotic
expansion at infinity given by

Hm;n
p;q .z/ D O.zd /; jzj ! 1; or (1.100)

Hm;n
p;q .z/ D O.zd j ln.z/jM�1/; jzj ! 1; (1.101)

d D min
1�j�n

�<.aj /� 1
Aj

�
; (1.102)
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and M is the order of the poles !�k in (1.5) to which some of the poles of
�.1 � aj �Aj s/; j D 1; : : : ; n coincide. Also for � > 0; ˛ D 0

Hm;n
p;q .z/ D O.z	/; jzj ! 1; jarg.z/j � �; (1.103)


 D max
1�j�n

"
<.aj / � 1

Aj
;

<.ı/C 1
2

�

#
; (1.104)

and � is a constant such that

0 < � <
�

2
min

nC1�j�pI1�k�m
.Aj ; Bk/: (1.105)

For n D 0 the H -function, for real argument x, vanishes exponentially for large x
in certain cases. The case m D 0 is also discussed. Let

	 D
mX
jD1

Bj �
pX

jDnC1
Aj : (1.106)

Theorem 1.3.
(i) Let n D 0; ˛; ˇ; �; ı and 	 be given by (1.13), (1.8), (1.9), (1.10), and (1.106)

respectively. Further, let � > 0; ˛ � 0; � be a constant such that 0 < � < ��
2

,
and the condition (1.6) and Aj .1 � ai C k/ ¤ Ai .1 � aj C �/; i ¤ j; j D
1; : : : ; nI k; � 2 N0 are satisfied then for real x there holds the following asser-
tion: We have

Hm;0
p;q .x/ D O

�
xŒ<.ı/C 1

2
�=�
�

exp

�
cos

�
	�

�

�
�ˇ� 1

� x
1
�

�
; x ! 1: (1.107)

In particular,

H q;0
p;q.x/ D O

�
xŒ<.ı/C

1
2
�=�
�

exp
h
��ˇ� 1

�x
1
�

i
; x ! 1: (1.108)

(ii) Let m D 0; ˛; ˇ; �; and ı be given by (1.13),(1.8),(1.9) and (1.10) respectively.
Further, let � < 0; ˛ � 0I �� be a constant such that 0 < �� < �j�j

2
, and the

condition (1.6) and Bj .bi C k/ ¤ Bi .bj C �/; i ¤ jI i; j D 1; : : : ; mI k; � 2
N0 are satisfied. Then for real x there holds the following assertion: We have

H 0;n
p;q .x/ D O

�
x�Œ<.ı/C 1

2
�=j�j� exp

�
cos

�
��

j�j
�

j�jˇ 1
j�jx� 1

j�j

�
; x ! 0C;

(1.109)

� D
nX
jD1

Aj �
qX

jDmC1
Bj :
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In particular,

H 0;p
p;q .x/ D O

�
x�Œ<.ı/C 1

2
�=j�j� exp

h
�j�jˇ 1

j�jx
� 1

j�j

i
; x ! 0C : (1.110)

Remark 1.5. Power logarithmic expansions in particular cases of the H -function
H
p;0
0;p and Hp;0

p;p are investigated by Mathai (1973).

1.8 Some Special Cases of the H -Function

Notation 1.5.

G.z/ D Gm;np;q .z/ D Gm;np;q

�
z
ˇ̌ap

bq

�
D Gm;np;q

�
z
ˇ̌a1;:::;ap

b1;:::;bq

�
W Meijer’s G-function

or the G-function. (1.111)

Definition 1.5.

G.z/ D Gm;np;q .z/ D Gm;np;q

�
z
ˇ̌ap

bq

�
D Gm;np;q

�
z
ˇ̌a1;:::;ap

b1;:::;bq

�

D 1

2�i

Z

L

nQm
jD1 �.bj C s/

o nQn
jD1 �.1�aj�s/

o
nQq

jDmC1 �.1 � bj � s/
o nQp

jDnC1 �.ajCs/
o z�sds;

(1.112)

where 0 � m � q; 0 � n � qI aj ; j D 1; : : : ; p and bj ; j D 1; : : : ; q are complex
numbers and are such that

aj � bh ¤ 0; 1; : : : I j D 1; : : : ; nIh D 1; : : : ; m: (1.113)

The parameters are such that the points

s D �.bj C v/; j D 1; : : : ; mI v 2 N0; (1.114)

and

s D �.aj � v � 1/; j D 1; : : : ; nI v 2 N0; (1.115)

are separated. HereL is the same contour taken for theH -function defined by (1.2).
A detailed and comprehensive account of the theory and applications of the

G-function is available from the monographs written by Erdélyi et al. (1953,
Sects. 5.3–5.6), Luke (1969), Mathai and Saxena (1973), Mathai (1993c), Prudnikov
et al. (1990, Sects. 8.2 and 8.4). The G-function itself is a generalization of a
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number of known special functions occurring in applied mathematics and mathe-
matical physics. Special cases of theG-function can be found in Erdélyi et al. (1953,
Sect. 5.6), Luke (1969, Sects. 6.4, 6.5), Mathai and Saxena (1973a, Chap. II), and
Mathai (1993c).

Notation 1.6. pFq.z/ D pFq.a1; : : : ; ap I b1; : : : ; bqI z/: Generalized hypergeomet-
ric series.

Definition 1.6.

pFq.z/ D pFq.a1; : : : ; ap I b1; : : : ; bq I z/ D
1X
kD0

.a1/k � � � .ap/k

.b1/k � � � .bq/k
zk

kŠ
; (1.116)

where .a/k is the Pochhammer symbol defined in (1.42); ai ; bj 2 C; i D 1; : : : ; pI
j D 1; : : : ; qI bj ¤ �v; v 2 N0.

Notation 1.7. E.˛1; : : : ; ˛p Iˇ1; : : : ; ˇq I z/: MacRobert’s E-function (Erdélyi et al.
1953, p. 203).

Definition 1.7.

E.˛1; : : : ; ˛p Iˇ1; : : : ; ˇqI z/ D G
p;1
qC1;p

h
z
ˇ̌1;ˇ1;:::;ˇq

˛1;:::;˛p

i

D 1

2�i

Z

L

�.�s/Qp
jD1 �.˛j C s/Qq

jD1 �.ˇj C s/
z�sds: (1.117)

Notation 1.8. J�
 .z/: Bessel–Maitland function or Maitland–Bessel function
(Marichev, 1982, Eq. (8.3)).

Definition 1.8.

J�
 .z/ D
1X
nD0

.�z/n

�.� C n�C 1/ nŠ
: (1.118)

Notation 1.9. J�

;�
.z/: Generalized Bessel–Maitland function (Marichev 1983,

(8.2)).

Definition 1.9.

J
�


;�
.z/ D

1X
nD0

.�1/n
�.� C n�C �C 1/�.nC �C 1/

� z

2

�
C2�C2n
: (1.119)

Notation 1.10. Z
	 .z/: Krätzel function (Krätzel 1979).

Definition 1.10.

Z
	 .z/ D
Z 1

0

t
�1 exp
h
�t	 � z

t

i
dt; � 2 C; 
 > 0;<.z/ > 0: (1.120)
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Notation 1.11. K
.z/: Modified Bessel function of the third kind or Macdonald
function, see also Sect. 1.8.1.

Definition 1.11.

K
.z/ D 1

2

Z 1

0

expŒ� z

2
.t C 1

t
/�t�
�1dt;<� < 1

2
; (1.121)

D
p
�

�


1
2

� �
�
�
2

z

�
 Z 1

1

e�zt .t2 � 1/�
� 1
2 dt; <.z/ > 0; (1.122)

see Sect. 1.8.1 for more details.

Notation 1.12.

p‰q.z/ D p‰q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
W Wright generalized hypergeometric function

.Wright .1935//:

Definition 1.12.

p‰q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
D

1X
nD0

Qp
jD1 �.aj C nAj /Qq
jD1 �.bj C nBj /

zn

nŠ
; (1.123)

where ai ; bj 2 C and Ai ; Bj 2 R D .�1;1/; Ai ; Bj ¤ 0; i D 1; : : : ; p; j D
1; : : : ; q;

Pq
jD1 Bj �Pp

jD1Aj > �1.

Notation 1.13. �.a; bI z/; 0‰1.z/ W Wright function

Definition 1.13.

�.a; bI z/ D 0‰1

h
z
ˇ̌
.b;a/

i
D

1X
nD0

1

�.anC b/

zn

nŠ
; b; z 2 C I a 2 R; a ¤ 0:

(1.124)

The H -function in the generalized form contains a vast number of analytic func-
tions as special cases. These analytic functions appear in various problems arising
in theoretical and applied branches of mathematics, statistics, and engineering sci-
ences. We present here a few interesting special cases of theH -function, which may
be useful for workers on integral transforms, fractional calculus, special functions,
applied statistics, physical and engineering sciences, astrophysics, etc.

H
1;0
0;1

h
z
ˇ̌
.b;B/

i
D B�1z

b
B exp

�
�z

1
B

�
; (1.125)

H
1;1
1;1

h
z
ˇ̌.1�
;1/
.0;1/

i
D �.�/.1C z/�
 D �.�/1F0.�I I �z/; jzj < 1

(1.126)

H
1;0
0;2

�
z2

4

ˇ̌�
aC�

2 ;1
�
;. a��

2 ;1/

�
D
� z

2

�a
J
.z/; (1.127)
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where J
.z/ is the ordinary Bessel function of the first kind, see also Sect. 1.8.1.

H
2;0
0;2

�
z2

4

ˇ̌�
aC�

2
;1
�
;.a��

2
;1/

�
D 2

� z

2

�a
K
.z/; (1.128)

where K
.z/ is the modified Bessel function of the third kind or Macdonald func-
tion, see also Sect. 1.8.1.

H
2;0
1;3

"
z2

4

ˇ̌. a���1
2 ;1/

. a��
2
;1/;

�
aC�

2
;1
�
;. a���1

2
;1/

#
D
� z

2

�a
Y
.z/; (1.129)

where Y
.z/ is the modified Bessel function of the second kind or the Neumann
function, see also Sect. 1.8.1.

H
1;1
1;2

h
z
ˇ̌.1�a;1/
.0;1/;.1�c;1/

i
D �.a/

�.c/
ˆ.aI cI �z/ D �.a/

�.c/
1F1.aI cI �z/; (1.130)

which are called the Kummer’s confluent hypergeometric functions.

H
1;2
2;2

h
z
ˇ̌.1�a;1/;.1�b;1/
.0;1/;.1�c;1/

i
D �.a/�.b/

�.c/
F.a; bI cI �z/; (1.131)

D �.a/�.b/

�.c/
2F1.b; aI cI �z/; (1.132)

which are called the Gauss’ hypergeometric functions. The relation connecting
H -function and MacRobert’s E-function is given by

H
p;1
qC1;p

h
z
ˇ̌.1;1/;.ˇ1;1/;:::;.ˇq ;1/

.˛1;1/;:::;.˛p;1/

i
D E.˛1; : : : ; ˛p Iˇ1; : : : ; ˇq I z/: (1.133)

The relation connecting Whittaker function and the H -function is given by

H
2;0
1;2

�
z2

4

ˇ̌.	�kC1;1/
.	CmC 1

2 /;.	�mC 1
2 ;1/

�
D z	e� z

2Wk;m.z/; (1.134)

see also Sect. 1.8.1. We now give the special cases of the H -function which cannot
be obtained from the G-function:

H
1;1
1;2

h
�z
ˇ̌.0;1/
.0;1/;.0;˛/

i
D E˛.z/; (1.135)

where E˛.z/ is the Mittag-Leffler function (Mittag-Leffler 1903).

H
1;1
1;2

h
�z
ˇ̌.0;1/
.0;1/;.1�ˇ;˛/

i
D E˛;ˇ .z/; (1.136)
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where E˛;ˇ .z/ is also the Mittag-Leffler function (Mittag-Leffler 1903).

1

�.�/
H
1;1
1;2

h
�z
ˇ̌.1��;1/
.0;1/;.1�ˇ;˛/

i
D E

�

˛;ˇ
.z/;<.�/ > 0; (1.137)

where E�
˛;ˇ
.z/ is the generalized Mittag-Leffler function.

H
1;0
0;2

h
z
ˇ̌
.0;1/;.�
;�/

i
D J�
 .z/; (1.138)

where J�
 .z/ is the Bessel–Maitland function or Maitland Bessel function (see
Marichev 1983, (8.3)).

H
1;1
1;3

�
z2

4

ˇ̌.�C �
2 ;1/

.�C �
2
;1/;.�

2
;1/;.�.�C �

2
/���
;�/

�
D J

�


;�
.z/; (1.139)

where J�

;�
.z/ is the generalized Bessel–Maitland function (Marichev 1983, p. 128,

(8.2)),

H
1;p
p;qC1

h
�z
ˇ̌.1�a1;A1/;:::;.1�ap ;Ap/

.0;1/;.1�b1;B1/;:::;.1�bq ;Bq/

i
D p‰q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i

D 1

2�i

Z

L

�.s/
Qp
jD1 �.aj � Aj s/Qq

jD1 �.bj � Bj s/
.�z/�sds; (1.140)

where p‰q.z/ is the Wright generalized hypergeometric function (Wright 1935).

H
2;0
0;2

�
z
ˇ̌
.0;1/;

�
�
�
; 1

�

�
�

D 
Z
	 .z/; z 2 C; 
 > 0; � 2 C; (1.141)

where Z
	 .z/ is the Krätzel function (Krätzel, 1979). The following special cases of
the H -function occur in the study of certain statistical distributions.

H
2;0
2;2

h
z
ˇ̌.˛1Cˇ1�1;1/;.˛2Cˇ2�1;1/
.˛1�1;1/;.˛2�1;1/

i
D z˛2�1.1 � z/ˇ1Cˇ2�1

�.ˇ1 C ˇ2/

� 2F1.˛2Cˇ2�˛1; ˇ1Iˇ1Cˇ2I 1�z/; jzj < 1;
(1.142)

H
1;0
1;1

�
z
ˇ̌.˛C 1

2
;1/

.˛;1/

�
D �� 1

2 z˛.1 � z/�
1
2 ; jzj < 1; (1.143)

H
2;0
2;2

�
z
ˇ̌.˛C 1

3
;1/;.˛C 2

3
;1/

.˛;1/;.˛;1/

�
D z˛2F1

�
2

3
;
1

3
I 1I 1 � z

�
; j1 � zj < 1:

(1.144)
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1.8.1 Some Commonly Used Special Cases of the H -Function

(i) Psi function

 .z/ D d

dz
.ln�.z// D � 0.z/

�.z/
; (1.145)

D
Z 1

0

Œt�1e�t � .1 � e�t /�1e�tz�dt;<.z/ > 0; (1.146)

D �� C .z � 1/
1X
kD0

Œ.k C 1/.z C k/��1; � � 0:5772156649 : : : ; (1.147)

(ii) Zeta function (Riemann zeta function)

�.z/ D
1X
nD1

n�	;<.
/ > 1; (1.148)

�.
; a/ D
1X
nD0

.nC a/�	;<.
/ > 1; a ¤ 0;�1;�2; : : : ; (1.149)

(iii) Whittaker functions

M�;
.z/ D z
C 1
2 e�z=2

1F1

�
1

2
� �C �I 2� C 1I z

�
(1.150)

D z

1
2 ez=2

1F1

�
1

2
C �C �I 2� C 1I �z

�
(1.151)

D �.1C 2�/

�


1
2

C � C �
�
�


1
2

C � � ��e�z=2z
C 1
2

Z 1

0

e�zt t
��� 1
2

� .1 � t/
C�� 1
2 dt;<

�
1

2
C � ˙ �

�
> 0; j arg zj < � (1.152)

D �.1C 2�/

�


1
2

C � � �
�e�z=2z
C 1

2
1

2�i

Z cCi1

c�i1

� �.s/�


1
2

C � � � � s
�

�.1C 2� � s/ .�z/�sds; j arg zj < �=2; 2� ¤ �1;�2; : : :
(1.153)
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W�;
.z/ D �.�2�/
�


1
2

� � � ��M�;
.z/C �.2�/

�


1
2

� �C �
�M�;�
.z/; (1.154)

1

2
� � ¤ � ¤ 0;�1;�2; : : : ; 2� ¤ 0;˙1; : : :

D W�;�
.z/ (1.155)

D z�e�z=2

�


1
2

C � � ��
Z 1

0

e�t t
��� 1
2 .1C t

z
/
C�� 1

2 dt; (1.156)

<
�
1

2
C � � �

�
> 0; j arg zj < �;

D z�e�z=2

�


1
2

C � � ��� 
1
2

� � � �
� 1

2�i

Z cCı1

c�ı1
�.�s/

� �
�
1

2
C � � �C s

�
�

�
1

2
� � � �C s

�
z�sds (1.157)

j arg zj < 3�

2
;�1
2

C �˙ � ¤ 0; 1; 2; : : :

(iv) Parabolic cylinder function

D
.z/ D 2
�
2

C 1
4 z� 1

2W �
2

C 1
4
; 1

4

�
z2

2

�
(1.158)

D .�1/nez2=4 dn

dzn

�
e� z2

2

�
(1.159)

D 2
�
2

C 1
4 ez=2 1

2�i

Z cCi1

c�i1
�

�1

4
C s

�
�


1
4

C s
�

�.s � 

2

C 1
4
/

�
z2

2

��s
ds; (1.160)

j arg zj < �

4
:

(v) Bessel and associated functions

J
.z/ D
1X
rD0

.�1/r.z=2/
C2r

rŠ�.� C r C 1/
D .z=2/


�.� C 1/
0F1

�
I 1C �I � z2

4

�
(1.161)

D 1

4�i

Z cCi1

c�i1
�



Cs
2

�

�


1C 
�s

2

�
� z

2

��s
ds;�<.�/ < 1; j arg zj < �

(1.162)

D 1

2�i

Z i1

�i1
�.�s/

�.� C s C 1/

� z

2

�
C2s
ds; z > 0;<.�/ > �1: (1.163)

I
.z/ D
1X
rD0

.z=2/
C2r

rŠ�.� C r C 1/
D .z=2/


�.� C 1/
0F1

�
I 1C �I z2

4

�
(1.164)

D e�i
�=2J
.zei�=2/;�� < arg z � �=2: (1.165)
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Im

� z

2

�
D 2�2mz� 1

2

�.mC 1/
M0;m.z/: (1.166)

Y
.z/ D 1

2�i

Z cCi1

c�i1
�


s � 


2

�
�


s C 


2

�

�


s � 
C1

2

�
�


3C

2

� s�
�

z2

4

��s
ds (1.167)

� 3 < <.�/ < �1;

K
.z/ D
�
2z

�

�� 1
2

W0;
.2z/ (1.168)

D 1

4�i

Z cCi1

c�i1
�
�
s C �

2

�
�
�
s � �

2

�� z2

4

��s
ds; j arg zj < �

2
:

(1.169)

(vi) Struve’s function

H
.z/ D
1X
rD0

.�1/r.z=2/
C2rC1

�


r C 3

2

�
�


� C r C 3

2

� (1.170)

D .z=2/
C1

�


3
2

�
�


� C 3

2

�1F2
�
1I 3
2
; � C 3

2
I � z2

4

�
: (1.171)

(vii) Jacobi polynomials

P .˛;ˇ/n .x/ D .˛ C 1/n

nŠ
2F1

�
�n; nC �I˛ C 1I 1 � x

2

�
(1.172)

D .�1/n.ˇ C 1/n

nŠ
2F1

�
�n; nC �Iˇ C 1I 1C x

2

�
(1.173)

D .�1/n
2nnŠ

.1 � x/�˛.1C x/�ˇ
dn

dxn
f.1� x/˛Cn.1C x/ˇCng

(1.174)

D 2�n
nX
kD0

 
nC ˛

k

! 
nC ˇ

n � k

!
.x � 1/n�k.x C 1/k; � D ˛ C ˇ C 1:

(1.175)

(viii) Shifted Jacobi polynomial

R.˛;ˇ/n .x/ D P .˛;ˇ/n .2x � 1/: (1.176)

(ix) Legendre polynomials

Pn.x/ D 1

2nnŠ

dn

dxn
.x2 � 1/n D P .0;0/n .x/: (1.177)
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(x) Gegenbauer polynomial

C
.˛C 1

2 /
n D .2˛ C 1/n

.˛ C 1/n
P .˛;˛/n .x/: (1.178)

(xi) Chebyshev polynomials

Tn.x/ D nŠ

.1=2/n
P
.� 1

2 ;� 1
2 /

n .x/ (1.179)

D cos.n cos�1 x/: (1.180)

T �
n .x/ D Tn.2x � 1/: (1.181)

Un.x/ D .nC 1/Š

.3=2/n
P
. 1

2
; 1

2 /
n .x/: (1.182)

U �
n .x/ D Un.2x � 1/: (1.183)

(xii) Laguerre polynomials

L.˛/n .x/ D exx�˛

nŠ

dn

dxn
.e�xxnC˛/ (1.184)

D .˛ C 1/n

nŠ
1F1.�nI˛ C 1I x/ (1.185)

D lim
ˇ!1

P .˛;ˇ/n

�
1 � 2x

ˇ

�
: (1.186)

L.0/n .x/ D Ln.x/: (1.187)

(xiii) Hermite polynomials

Hn.x/ D .�1/nex
2 dn

dxn
.e�x2

/: (1.188)

Hen
.x/ D .�1/nex

2=2 dn

dxn
.e�x2=2/: (1.189)

1.9 Generalized Wright Functions

In this section, generalized Wright function is studied. Its existence conditions are
presented. In the preceding section the representations of the generalized Wright
function in terms of the Mellin–Barnes integral and the H -function were given.
Conditions for such representations are proved by Kilbas et al. (2002), also see
Kilbas et al. (2006).
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1.9.1 Existence Conditions

Existence conditions for the generalized Wright function are given by Braaksma
(1964, p. 326), also see Kilbas et al. (2002). In this section we will prove the exis-
tence conditions for the generalized Wright function. The main result is given in the
form of the following:

Theorem 1.4. Let p; q 2 N0. Further, let ai ; bj 2 C and Ai ; Bj 2 RC; i D
1; : : : ; pI j D 1; : : : ; q

(i) If � > �1 then the series in (1.190) is absolutely convergent for all z 2 C .
(ii) If � D �1 then the series in (1.190) is absolutely convergent for all values of

jzj < ˇ and for jzj D ˇ;<.ı/ > 1
2

where � and ı are defined in (1.9) and
(1.10) respectively.

Proof 1.2. Equation (1.190) is a power series

p‰q

h
z
ˇ̌.ap ;Ap/

.bq ;Bq/

i
D

1X
nD0

cnzn; (1.190)

cn D
Qp
iD1 �.ai C Ain/Qq

jD1 �.bj C Bjn/ nŠ
; n 2 N0: (1.191)

In order to investigate the asymptotic behavior of cn when n ! 1 we use the
Stirling formula for the gamma function (1.25) to obtain the following relations:

�.ai C nAi / � Pi

�n
e

�nAi

A
nAi

i nai � 1
2 ; Pi D .2�/

1
2A

ai � 1
2

i e�ai ; (1.192)

as n ! 1 for i D 1; : : : ; p;

�.bj C Bjn/ � Qj

�n
e

�nBj

B
nBj

j nbj � 1
2 ;Qj D .2�/

1
2B

bj � 1
2

j e�bj ; (1.193)

as n ! 1 for j D 1; : : : ; q; and

nŠ � .2�/
1
2

�n
e

�n
n

1
2 e; n ! 1: (1.194)

Using the results (1.192), (1.193), and (1.194) into (1.191) it yields the estimate for
cn in the form

cn � R
�n

e

��n.�C1/
8
<
:

2
4

pY
jD1

A
Aj

j

3
5
2
4

qY
jD1

B
�Bj

j

3
5
9
=
;

n

n�ŒıC 1
2 �; n ! 1; (1.195)
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where � and ı are defined in (1.17) and (1.18) respectively and

R D .2�/
.p�q�1/

2

Qp
jD1.A

aj � 1
2

j e�aj /

e
Qq
jD1.B

bj � 1
2

j e�bj /

: (1.196)

The theorem now follows from the known convergence principles of the power
series in (1.190). �

Corollary 1.1. Let p; q 2 N0. Let ai ; bj 2 C;Ai ; Bj 2 RC; i D 1; : : : ; pI j D
1; : : : ; q be such that the condition� > �1 is satisfied. Then the generalized Wright
function p‰q.z/ is an entire function of z, where � is defined in (1.9).

Corollary 1.2. Let a be real and b 2 C in the Wright function �.aI bI z/ of (1.124).

(i) If a > �1 then the series in (1.124) is absolutely convergent for all z 2 C .
(ii) If a D �1 then the series in (1.124) is absolutely convergent for all jzj < 1 and

for jzj D 1;<.ˇ/ > 1 where � is defined in (1.9).

Corollary 1.3. If a > �1 and b 2 C then the Wright function �.a; bI z/ defined by
(1.124) is an entire function of z.

Corollary 1.4. If � > �1 and � 2 C then the Bessel–Maitland function J�
 .z/
defined by (1.118) is an entire function of z.

1.9.2 Representation of Generalized Wright Function

Notation 1.14.

2R1.a; bI c; !I�I z/ W Dotsenko function (Dotsenko 1991, 1993) (1.197)

Definition 1.14.

2R1.a; bI c; !I�I z/ D �.c/

�.a/�.b/

1X
kD0

�.a C k/�.b C k !
�
/

�.c C k !
�
/

zk

kŠ
(1.198)

D �.c/

�.a/�.b/
2‰1

�
z
ˇ̌.a;1/;.b;!

�
/

.c;!
�
/

�
: (1.199)

The existence of the generalized Wright function p‰q.z/ defined by means of the
Mellin–Barnes integral (1.140) is given by the following results which yield dif-
ferent conditions for the representation (1.140) with the contours L D L�1; L D
LC1 and L D Li�1. By following a procedure similar to that adopted in proving
the existence conditions of the H -function in Theorem 1.1, the following theorems
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can be established on the contoursL1; L�1 and Li�1 (defined in Sect. 1.1). For a
detailed proof of these theorems, one can refer to Kilbas, Saigo, and Trujillo (2002)
and also to a recent article by Kilbas et al. (2006).

Theorem 1.5. Let p; q 2 N0. Let ai ; bj 2 C and Ai ; Bj 2 RC; i D 1; : : : ; pI j D
1; : : : ; q and be such that the conditions ai Ck

Ai
¤ �vI k; v 2 N0; i D 1; : : : ; p and

.ai C k/Aj ¤ .aj Cm/Ai ; i ¤ j; j D 1; : : : ; pI k;m 2 N0 be satisfied. Let either
of the following conditions hold:

� > �1; z ¤ 0; (1.200)

� D �1; 0 < jzj < ˇ; (1.201)

� D �1; jzj D ˇ;<.ı/ > 1

2
: (1.202)

Then there exists the generalized Wright function p‰q.z/ defined by means of the
Mellin–Barnes integral (1.140), where the path of integration L D L�1 separates
all poles given in s D �v; v 2 N0 to the left and all poles given by s D ai Ck

Ai
; i D

1; : : : ; nI k 2 N0 to the right.

Theorem 1.6. Let p; q 2 N0; ai ; bj 2 C and Ai ; Bj 2 RC; i D 1; : : : ; pI j D
1; : : : ; q and be such that the conditions on the parameters in Theorem 1.5 are sat-
isfied. Let either of the following conditions hold:

� < �1; z ¤ 0; (1.203)

� D �1; jzj > ˇ; (1.204)

� D �1; jzj D ˇ;<.ı/ > 1

2
: (1.205)

Then there exists the generalized Wright function p‰q.z/ defined by means of
Mellin–Barnes integral (1.140), where the path of integration L D LC1 separates
all poles as stated in Theorem 1.5.

Theorem 1.7. Let p; q 2 N0; ai ; bj 2 C and Ai ; Bj 2 RC; i D 1; : : : ; pI j D
1; : : : ; q and be such that the conditions on the parameters as stated in Theorem 1.5
be satisfied. Let either of the following conditions hold:

� < 1; jarg.�z/j < .1 � �/�

2
; z ¤ 0; (1.206)

� D 1; .1C �/� C 1

2
< <.ı/; arg.�z/ D 0; z ¤ 0: (1.207)

Then there exists the generalized Wright function p‰q.z/ defined by means of
Mellin–Barnes integral (1.140), where the path of integrationL D Li�1 separates
all poles as stated as in the Theorem 1.5.
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If we combine the Theorems 1.5–1.7 then we arrive at the following theorem
given by Kilbas et al. (2006, p. 125), which gives the conditions under which the
generalized Wright function can be represented as an H -function by (1.140).

Theorem 1.8. Let p; q 2 N0; ai ; bj 2 C and Ai ; Bj 2 RC; i D 1; : : : ; pI j D
1; : : : ; q and be such that the conditions in Theorem 1.5 be satisfied, and let � 2 R.
Let L be the contour which separates all poles as given in Theorem 1.5. Further, let
either of the following conditions hold:

.i/ L D L�1 and either (1.200), (1.201) or (1.202) holds (1.208)

.ii/ L D LC1 and either (1.203), (1.204) or (1.205) holds (1.209)

.iii/ L D L�1 and either (1.206), or (1.207) holds (1.210)

Then the generalized Wright function p‰q.z/ defined by (1.123) is represented as
an H -function by (1.140).

The utility and importance of the generalized Wright function is realized in recent
years due to its occurrence in certain problems of applied character. This function
is in the proximity of the H -function so its utility is further increased. Nearly all
the Mittag-Leffler functions and their generalizations can be expressed in terms of
this function; in this connection one can refer to the paper by Kilbas et al. (2002).
Various properties of the Wright function are studied by many authors in a series of
papers, some of which are enumerated below.

Wright (1933) showed the application of the results obtained for the function
�.a; bI z/ defined by (1.124) to the asymptotic theory of partitions. Dotsenko (1991)
developed fractional relations for the Wright function. Asymptotic relations and dis-
tribution of the zeros of this function �.a; bI z/ are investigated by Luchko (2000,
2001). Application of this function in operational calculus is given by Mikusinski
(1959) and in integral transform of Hankel type by Gajic and Stankovic (1976)
and Stankovic (1970). Mainardi (1994) derived the solution of fractional diffusion-
wave equation in terms of the Wright function. In this connection, the interested
reader can also refer to the book by Podlubny (1999, Sect. 4.12) and to the sur-
vey paper Mainardi (1997). Scale-variant solutions of some partial differential
equations of fractional order are given in terms of the special cases of the gener-
alized Wright function by Buckwar and Buckwar and Luchko (1998), Luchko and
Gorenflo (1998) and Gorenflo et al. (2000). Analytic properties of the Wright func-
tion with applications are obtained by Gorenflo et al. (1999). Existence conditions
and representations of the generalized Wright function in terms of Mellin–Barnes
integrals and the H -function are obtained by Kilbas et al. (2002). Wright function
representations of the Krätzel function are investigated recently by Kilbas et al.
(2006). Generalized Wright function has been used in the study of generalized
gamma functions by Srivastava et al. (2003). Generalized Wright function as a ker-
nel of an integral transform is recently studied by Saxena et al. (2006). Analytical
continuation formulae and asymptotic formulae for the generalized Wright function
are investigated by Kilbas et al. (2006).
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Exercises

1.1. Prove that if <.ı/ > 0, then

.i/ f .xI ı; ˛; �; 1/ D 2
��x
˛

� ı
2

Kı Œ2.˛�x/
1
2 �;

.ii/ f .xI ı; ˛; �;�1/ D �.ı/.˛ C �x/�ı ;<.˛ C �x/ > 0; j�x
˛

j < 1;

.iii/ f .xI ı; ˛; �;�1
2
/ D 21�ı�.2ı/˛�ı exp

�
˛�1�2x
8

�
D�2ı Œ.2˛/�

1
2 �x�;

.iv/ f .xI ı; ˛; �;�2/ D �.ı/.2�x/�
ı
2 expŒ� ˛2

ı�x
�D�ı Œ˛.2�x/�

1
2 �;

where f .xI ı; ˛; �; �/ D ˛�ıH 2;0
0;2 Œ˛

��xj.ı; �/; .0; 1/� (Buschman 1974a).

1.2. Prove that

B1z
�b1H1;n

p;q

h
zB1
ˇ̌.ap ;Ap/
.bq ;Bq /

i

D
1X

vD0

.�z/v

vŠ

Qn
jD1 �

h
1� aj CAj

�
b1Cv
B1

�i
nQq

jD2 �
h
1� bj C Bj

�
b1Cv
B1

�io nQp

jDnC1 �
h
aj � Aj

�
b1Cv
B1

�io :

(Braaksma 1964, p. 279)

1.3. Prove that

.i/ zr
dr

dzr

n
Hm;n
p;q

h
xı
ˇ̌.ap ;AP /

.bq ;Bq/

io
D H

m;nC1
pC1;qC1

h
zı
ˇ̌.0;ı/;.ap;Ap/

.bq ;Bq/;.r;ı/

i
;

.ii/ zr
dr

dzr

n
Hm;n
p;q

h
z�ı ˇ̌.ap ;Ap/

.bq ;Bq/

io
D .�1/rHm;nC1

pC1;qC1
h
z�ı ˇ̌.1�r;ı/;.ap ;Ap/

.bq ;Bq/;.1;ı/

i
;

giving the conditions of validity of the result. Hint: use the formulae

zr
dr

dzr
.zsı/ D �.1C sı/

�.1C sı � r/
zsı ;

and

zr
dr

dzr
.z�sı/ D .�1/r�.r C sı/

�.sı/
z�sı :
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Show that

dr

dzr

n
z�Hm;n

p;q

h
ˇzı

ˇ̌.ap ;Ap/

.bq ;Bq/

io
D z��rHm;nC1

pC1;qC1
h
ˇzı

ˇ̌.��;ı/;.ap ;Ap/

.bq ;Bq/;.r��;ı/
i
:

(Anandani 1970)

1.4. Establish the following identities:

.i/ H
m;nC1
pC1;qC1

h
z
ˇ̌.˛;ı/;.ap;Ap/

.bq ;Bq/;.˛Cr;ı/
i

D .�1/rHmC1;n
pC1;qC1

h
z
ˇ̌.ap ;Ap/;.˛;ı/

.˛Cr;ı/;.bq ;Bq/

i
:

(Anandani 1970, p. 191)

.ii/ H
4;0
2;4

�
z
ˇ̌. 1

2 Ca;1/;. 1
2 �a;1/

.0;1/;. 1
2 ;1/;.b;1/;.�b;1/

�
D
��
2

� 1
2

Wa;b.2z
1
2 /W�a;b.2z

1
2 /;

where Wa;b.z/ andW�a;b.z/ are Whittaker functions.

.iii/ H
m;nC2
pC2;qC2

h
z
ˇ̌.��;h/;.˛��;h/;.ap ;Ap/

.bq ;Bq/;.˛���
;h/;.�1�ˇ���
;h/
i

D .�1/
HmC1;nC1
pC2;qC2

h
z
ˇ̌.��;h/;.ap ;Ap/;.˛��;h/
.˛���
;h/;.bq;Bq/;.�1�ˇ���
;h/

i
;

.iv/ H
mC1;n
pC1;qC1

h
x
ˇ̌.ap ;Ap/;.˛�ˇ�1;h/
.˛�ˇ;h/;.bq ;Bq/

i

D H
mC1;n
pC1;qC1

h
x
ˇ̌.ap ;Ap/;.˛C1;h/
.˛C2;h/;.bq ;Bq/

i
� .ˇ C 2/Hm;n

p;q

h
x
ˇ̌.ap ;Ap/

.bq ;Bq/

i

(Anandani 1969).

1.5. Prove that
�

d

dx
x � c1

�
� � �
�

d

dx
x � cr

�n
xıHm;n

p;q

h
zxh

ˇ̌.ap ;Ap/

.bq ;Bq/

io

D xıH
m;nCr
pCr;qCr

h
zxh

ˇ̌.cr �ı�1;h/;:::;.c1�ı�1;h/;.ap ;Ap/

.bq ;Bq/;.cr �ı;h/;:::;.c1�ı;h/
i
;

where h > 0 and the symbol d
dxx indicates that the function of x in front of it is

first multiplied by x and then the product is differentiated with respect to x. Hence
deduce the following result:

�
d

dx
x � c

��
d

dx
x � c C e

�
� � �
�

d

dx
x � c C .r � 1/e

�

�
n
xıeCc�1Hm;n

p;q

h
zxhe

ˇ̌.ap ;Ap/

.bq ;Bq/

io

D erxıeCc�1Hm;nC1
pC1;qC1

h
zxhe

ˇ̌.1�r�ı;h/;.ap ;Ap/

.bq ;Bq/;.1�ı;h/
i
;

provided e ¤ 0; h > 0:

(Nair 1972)
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1.6. Establish the following differentiation formulae:

.i/
dr

dxr
Hm;n
p;q

h
.cx C d/h

ˇ̌.ap ;Ap/

.bq ;Bq/

i

D .�c/r
.cx C d/r

H
mC1;n
pC1;qC1

h
.cx C d/h

ˇ̌.ap ;Ap/;.0;h/

.r;h/;.bq ;Bq/

i
;

.ii/
dr

dxr
Hm;n
p;q

�
1

.cx C d/h

ˇ̌.ap ;Ap/

.bq ;Bq/

�

D cr

.cx C d/r
H
m;nC1
pC1;qC1

�
1

.cx C d/h

ˇ̌.ap ;Ap/;.1�r;h/
.1;h/;.bq;Bq/

�
;

.iii/
dr

dxr
Hm;n
p;q

�
1

.cx C d/h

ˇ̌.ap ;Ap/

.bq ;Bq/

�

D .�c/r
.cx C d/r

H
m;nC1
pC1;qC1

�
1

.cx C d/h

ˇ̌.1�r;h/;.ap;Ap/

.bq ;Bq/;.1;h/

�
;

where c and d are complex numbers, r is a positive integer and h > 0. (Oliver and
Kalla 1971).

1.7. Prove the following results:

.i/ Hm;n
p;q

h
z��

ˇ̌.a1;�/;:::;.ap�1;Ap�1/;.ap;��/

.b1;B1/;:::;.bq ;Bq/

i
D �a1�1

1X
rD0

1

rŠ

�
1 � 1

�

�r

�Hm;n
p;q

h
z
ˇ̌.a1�r;�/;.a2;A2/;:::;.ap�1;Ap�1/;.ap;��/

.b1;B1/;:::;.bq ;Bq/

i
;

where 1 � n � p � 1; � > 0; 
 > 0 and � and z are complex numbers.

.ii/ .ap � �a1/Hm;n
p;q

h
x
ˇ̌.1Ca1;�/;.a2;A2/;:::;.ap�1;Ap�1/;.ap;��/

.b1;B1/;:::;.bq ;Bq/

i

D Hm;n
p;q

h
x
ˇ̌.1Ca1;�/;.a2;A2/;:::;.ap�1;Ap�1/;.ap ;��/

.b1;B1/;:::;.bq ;Bq/
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C�Hm;n
p;q

h
x
ˇ̌.a1;�/;.a2;A2/;:::;.ap�1;Ap�1/;.apC1;��/
.b1;B1/;:::;.bq ;Bq/

i
;

where 1 � n � p � 1 and � > 0.

.iii/ H
mC1;n
pC1;qC1

h
x
ˇ̌.1Ca1;�/;.a2;A2/;:::;.ap�1;Ap�1/;.ap ;��/;.a1C
;�/
.a1C
C1;�/;.b1;B1/;:::;.bq ;Bq/

i

D �Hm;n
p;q

h
x
ˇ̌.1Ca1;�/;.a2;A2/;:::;.ap�1;Ap�1/;.ap ;��/

.b1;B1/;:::;.bq ;Bq/

i

�Hm;n
p;q

h
x
ˇ̌.a1;�/;.a2;A2/;:::;.ap�1;Ap�1/;.ap ;��/

.b1;B1/;:::;.bq ;Bq/

i
;

where 1 � n � p � 1 and � > 0.
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.iv/

�
x1� 1

�
d

dx
x

.ap�1/

�

�r
Hm;n
p;q

h
zx�� ˇ̌.a1;�/;.a2;A2/;:::;.ap�1;Ap�1/;.ap ;��/

.b1;B1/;:::;.bq ;Bq/

i

D
�
1

�

�r
x

.ap�r�1/

�

�Hm;n
p;q

h
zx�� ˇ̌.a1;�/;.a2;A2/;:::;.ap�1;Ap�1/;.ap�r;��/

.b1;B1/;:::;.bq ;Bq/

i
;

where 1 � n � p � 1 and � > 0.

(Srivastava and Gupta 1970)

Hint: The above results can be proved by representing theH -functions on the right
by their Mellin–Barnes representations, taking the common factors out and then
combining the terms.

1.8. Let

d.b1; ap � k/ D det

�
b1 ap � k

B1 Ap

�
;

in which the first row of the determinant is written by our notation. The second
row of the determinant is always to be completed with the appropriate A’s and
B’s corresponding to the a’s and b’s of the first row. Further, we employ the no-
tation HŒb1 C 1� to denote the contiguous function in which b1 is replaced by
b1 C 1, but with all other parameters left unchanged. Similar meanings hold for
all other contiguousH -functions occurring in this problem. In the following results
H will denote the H -function. Prove the following relations of contiguity for the
H -function.

ApHŒb1 C 1�� B1Œap � 1� D d.b1; ap � 1/H: (1.211)

ApHŒa1 � 1�C A1HŒap � 1� D �d.a1 � 1; ap � 1/H: (1.212)

BqHŒa1 � 1� �A1HŒbq C 1� D �d.a1 � 1; bq/H: (1.213)

BqHŒb1 C 1�C B1HŒbq C 1� D d.b1; bq/H: (1.214)

A1HŒb1 C 1�C B1HŒa1 � 1� D d.b1; a1 � 1/H: (1.215)

BqHŒap � 1�C ApHŒbq C 1� D d.ap � 1; bq/H: (1.216)

BqHŒb1 C 1�� B1HŒb2 C 1� D d.b1; b2/H: (1.217)

A2HŒa1 � 1� �A1HŒa2 � 1� D �d.a1 � 1; a2 � 1/H: (1.218)
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Ap�1HŒap � 1� �ApHŒap�1 � 1� D d.ap � 1; ap�1 � 1/H: (1.219)

Bq�1HŒbq C 1�� BqHŒbq�1 C 1� D �d.bq; bq�1/H: (1.220)

d.ap � 1; bq/HŒa1 � 1�� d.bq � a1 � 1/HŒap � 1�
D �d.a1 � 1; ap � 1/HŒbq C 1�: (1.221)

d.ap � 1; bq/HŒb1 C 1�C d.bq; b1/HŒap � 1�

D d.b1; ap � 1/HŒbq C 1�: (1.222)

d.a1 � 1; bq/HŒb1 C 1�� d.bq; b1/HŒa1 � 1�
D d.b1; a1 � 1/HŒbq C 1�: (1.223)

d.a1 � 1; bq/HŒb1 C 1�� d.bq; b1/HŒa1 � 1�

D d.b1; a1 � 1/HŒbq C 1�: (1.224)

d.a1 � 1; ap � 1/HŒb1 C 1�� d.ap � 1; b1/HŒa1 � 1� (1.225)

D �d.b1; a1 � 1/HŒap � 1�: (1.226)

d.b2; b3/HŒb1 C 1�C d.b3; b1/HŒb2 C 1/

D �d.b1; b2/HŒb3 C 1�: (1.227)

d.a2 � 1; a3 � 1/HŒa1 � 1�C d.a3 � 1; a2 � 1/HŒa2 � 1�

D �d.a1 � 1; a2 � 1/HŒa3 � 1�: (1.228)

d.ap�1 � 1; ap�2 � 1/HŒap � 1�C d.ap�2 � 1; ap � 1/HŒap�1 � 1�

D �d.ap � 1; ap�1 � 1/HŒap�2 � 1�:
(1.229)

d.bq�1; bq�2/HŒbq C 1�C d.bq � 2; bq/HŒbq�1 C 1�

D �d.bq; bq�1/HŒbq�2 C 1�: (1.230)

d.ap � 1; b1/HŒap�1 � 1�C d.b1; ap�1 � 1/HŒap � 1�
D �d.ap�1 � 1; ap � 1/HŒb1 C 1�: (1.231)

d.bq; a1 � 1/HŒbq�1 C 1�C d.a1 � 1; bq�1/HŒbq C 1�

D �d.bq�1; bq/HŒa1 � 1�: (1.232)
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d.a2 � 1; ap � 1/HŒa1 � 1�C d.ap � 1; a1 � 1/HŒa2 � 1�

D d.a1 � 1; a2 � 1/HŒap � 1�: (1.233)

d.b2; bq/HŒb1 C 1�C d.bq; b1/HŒb2 C 1�

D d.b1; b2/HŒbq C 1�: (1.234)

d.ap�1 � 1; a1 � 1/HŒap � 1�C d.a1 � 1; ap � 1/HŒap�1 � 1�
D d.ap�1; ap�1 � 1/HŒa1 � 1�: (1.235)

d.bq�1; b1/HŒbq C 1�C d.b1; bq/HŒbq�1 C 1�

D d.bq; bq�1/HŒb1 C 1�: (1.236)

d.a2 � 1; bq/HŒa1 � 1�C d.bq; a1 � 1/HŒa2 � 1�

D �d.a1 � 1; a2 � 1/HŒbq C 1�: (1.237)

d.b2; ap�1/HŒb1 C 1�C d.ap�1; b1/HŒb2 C 1�

D �d.b1; b2/HŒap � 1�: (1.238)

d.a2 � 1; b1/HŒa1 � 1�C d.b1; a1 � 1/HŒa2 � 1�

D d.a1 � 1; a2 � 1/HŒb1 C 1�: (1.239)

d.b2; a1 � 1/HŒb1 C 1�C d.a1 � 1; b1/HŒb2 C 1�

D d.b1; b2/HŒa1 � 1�: (1.240)

d.ap�1 � 1; bq/HŒap � 1�C d.bq; ap � 1/HŒap�1 � 1�
D d.ap � 1; ap�1 � 1/HŒbq C 1�: (1.241)

d.bq�1; ap � 1/HŒbq C 1�C d.ap � 1; bq/HŒbq�1 C 1�

D d.bq; bq�1/HŒap � 1�: (1.242)

(Buschman 1972)

Hint: First establish the basic relations (1.211) and (1.212) given above and then
derive all the others from two of them and using the transformation formula of
H.x/ going to H. 1

x
/.

1.9. Establish the following results associated with the Mellin transforms of the
partial derivatives of the H -function with respect to their parameters.

.i/ M

�
@

@b1
Hm;n
p;q .x/

	
D �.�s/ .b1 C B1s/; m > 0

.ii/ M

�
@

@a1
Hm;n
p;q .x/

	
D ��.�s/ .1 � a1 � A1s/; n > 0
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.iii/ M

�
@

@ap
Hm;n
p;q .x/

	
D ��.�s/ .ap C Aps/; n < p

.iv/ M

�
@

@bq
Hm;n
p;q .x/

	
D �.�s/ .1 � bq � Bqs/;m < q

.v/ M

�
@

@B1
Hm;n
p;q .x/

	
D s�.�s/ .b1 C B1s/;m > 0

.vi/ M

�
@

@A1
Hm;n
p;q .x/

	
D �s�.�s/ .1 � a1 � A1s/; n > 0

.vii/ M

�
@

@Ap
Hm;n
p;q .x/

	
D �s�.�s/ .ap C Aps/; n < p

.viii/ M

�
@

@Bq
Hm;n
p;q .x/

	
D s�.�s/ .1 � bq � Bqs/;m < q

where M denotes the Mellin transform,  is the psi-function and �.s/ is given as
‚.s/ in (1.3). (Buschman 1974a, p. 151).

1.10. Prove that

H
1;1
1;2

h
z
ˇ̌.a;A/
.a;A/;.0;1/

i
D A�1

1X
kD0

.�1/kz
.kCa/

A

�
�
1C .kCa/

A

� ;

where A > 0.

1.11. Prove that

H
1;1
2;1

h
z
ˇ̌.1�a;A/;.1;1/
.1�a;A/

i
D A�1

1X
kD0

.�1/kz� .a�k�1/
A

�
�
1C .a�k�1/

A

� ;

where A > 0.

1.12. Prove that

d

dz
H
1;1
1;2

h
z
ˇ̌.a;A/
.a;A/;.0;1/

i
D H

1;1
1;2

h
z
ˇ̌.a�A;A/
.a�A;A/;.0;1/

i
; A > 0:

1.13. Prove that

1

2�i

Z

L

�.s/�.1 � s/
�.ˇ � ˛s/ .�z/�sds D

1X
kD0

zk

�.ˇ C ˛k/
:
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1.14. Prove that

Z
	 .z/ D �1


H
1;1
1;1

�
z
ˇ̌.1� �

� ;� 1
� /

.0;1/

�
; z 2 C; z ¤ 0; 
 < 0;<.�/ < 0:

1.15. Evaluate

f .z/ D 1

2�i

Z

C

�.s � a/z�sds;

where C is a loop which embraces all the poles of �.s � a/ at the points s D
a � �; � 2 N0.

1.16. Prove that the Mellin–Barnes integral (Paris and Kaminski 2001, p. 113)

1

2�i

Z �Ci1

��i1
�.�s/
s C a

zaCsds;

defines the incomplete gamma function �.a; z/ defined by �.a; z/ D R z
0
ta�1e�tdt ,

where jarg.z/j < �
2

and the contour C separates the poles at s D ��; � 2 N0 from
the pole s D �a (a is not a positive integer).

1.17. Prove that the Wright function (or Dotsenko function) 2R1.a; bI cI!;�I z/
can be expressed by the Mellin–Barnes integral (Kilbas et al. 2006, p. 123) in the
form

2R1.a; bI cI!;�I z/ D �.c/

�.a/�.b/

1

2�i

Z

L

�.s/�.a � s/�.b � !s
�
/

�.c � !s
�
/

.�z/�sds;

where the contour of integration L D L�1 separates all poles of �.s/ to the left
and all the poles of �.1� s/ and �.b � !s

�
/ to the right.

1.18. Prove that (Braaksma 1964, p. 289)

Gq;0p;q

h
x
ˇ̌.ap/

.bq/

i
D .2�/

1
2
.a�1/

p
.a/

x
.1�b/

a e�ax 1
a
Œ1CO.x� 1

a /�; as x ! 1;

a D q � p; b D
pX
iD1

ai �
qX
jD1

bj C 1

2
.q � p C 1/:

1.19. Prove that the function �.n/� .z/ defined by the integral

�.n/� .z/ D .2�/
.n�1/

2

p
n

�.� C 1 � 1
n
/

� z

n

�n� Z 1

1

.tn � 1/�� 1
n e�ztdt;
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for n 2 N;<.�/ > 1
n

� 1;<.z/ > 0 can be expressed in terms of the H -function as

H
2;0
1;2

�
z
ˇ̌.�C1� 1

n ;
1
n /

.n�;1/;.0; 1
n
/

�
D .2�/

.1�n/
2 nn�C 1

2�.n/� .z/:

1.20. Prove that the function �.ˇ/�;�.z/ defined by the integral

�.ˇ/�;� .z/ D ˇ

�.� C 1 � 1
ˇ
/

Z 1

1

.tˇ � 1/�� 1
ˇ e�ztdt;

for ˇ > 0;<.�/ > 1
ˇ

� 1;<.z/ > 0; 
 2 C , can be expressed in terms of the
H -function as

H
2;0
1;2

�
z
ˇ̌.1� .�C1/

ˇ
; 1

ˇ
/

.n�;1/;.��� �
ˇ
; 1

ˇ
/

�
D �.ˇ/�;� .z/:

1.21. Prove the following results:

�.2/� .z/ D 2
� z

2

��
K�� .z/;

and

�2�;0.z/ D 2p
�

�
2

z

��
K�� .z/;

where K��.z/ is the modified Bessel function of the third kind.

Notation 1.15. Multi-index Mittag-Leffler functions:E� 1
�i

�
;.�i /

.z/.

Definition 1.15. Let m D 1 be an integer, 
1; : : : ; 
m > 0 and �1; : : : ; �m be
arbitrary real numbers. By means of “multi-indices” .
i /; .�i /, the so-called multi-
index (m-tuple, multiple) Mittag-Leffler functions are introduced (Kiryakova 2000,
p. 244) as

E� 1
�i

�
;.�i /

.z/ D
1X
kD0

zk

�.�1 C k
	1
/ � � ��.�m C k

	m
/
: (1.243)

1.22. Prove that the multi-index Mittag-Leffler functions in Definition 1.15 can be
expressed as follows:

E� 1
�i

�
;.�i /

.z/ D 1‰m

�
z
ˇ̌.1;1/
.�1;

1
�1
/;:::;.�m;

1
�m

/

�

D H
1;1
1;mC1

�
�z
ˇ̌.0;1/
.0;1/;.1��1;

1
�1
/;:::;.1��m;

1
�m

/

�
:
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1.23. For the multi-index functionE� 1
�1

�
;.�i /

.z/ prove the following result (Saxena

et al. 2003, p. 369): For 
i > 0;�i > 0; i D 1; : : : ; m; r 2 N there holds the
formula

zrE� 1
�i

�
;.�i C r

�i
/
.z/ D E� 1

�i

�
;.�i /

.z/ �
r�1X
hD0

zhQm
jD1 �.�j C h

	j
/
:

1.24. Prove the following asymptotic estimates for the Mittag-Leffler function
E˛.z/. For 0 < ˛ < 2 show that

E˛.z/ �
(
1
˛

exp.z
1
˛ / �P1

kD1 z�k


.1�˛k/ ; jarg.z/j < 3
2
�˛

�P1
kD1 z�k


.1�˛k/ ; jarg.�z/j < 1
2
�.2 � ˛/

;

as jzj ! 1. Further, show that for ˛ > 2 the following asymptotic estimate holds:

E˛.z/ � 1

˛

NX
rD�N

expfz
1
2 e

2�ir
˛ g �

1X
kD1

z�k

�.1 � ˛k/ ;�� < arg.z/ � �;

as jzj ! 1, where N D �
1
2
˛ � 1

2



, (Paris and Kaminski 2001, p. 189).



Chapter 2
H -Function in Science and Engineering

2.1 Integrals Involving H -Functions

This chapter deals with integrals involving H -functions. We propose to present
the results for Mellin, Laplace, Hankel, Bessel, and Euler transforms of the H -
functions. Further, on account of the importance and considerable popularity
achieved by fractional calculus, that is, the calculus of fractional integrals and frac-
tional derivatives of arbitrary real or complex orders, during the last four decades
due to its applications in various fields of science and engineering, such as fluid flow
rheology, diffusive transport akin to diffusion, electric networks and probability, the
discussion of H -function is more relevant. In this connection, one can refer to the
work of Phillips (1989, 1990), Bagley (1990), Bagley and Torvik (1986) and So-
morjai and Bishop (1970) and the book by Podlubny (1999). In the present book,
fractional integration and fractional differentiation of the H -functions will be dis-
cussed. A long list of papers on integrals of the H -functions is available from the
bibliography of the books by Mathai and Saxena (1978), Srivastava et al. (1982),
Prudnikov et al. (1990) and Kilbas and Saigo (2004).

2.2 Integral Transforms of the H -Function

2.2.1 Mellin Transform

In order to present the results of this section, a few notations and definitions are
given first

Notation 2.1. M ff .t/ W sg; f �.s/; Mellin transform of f with respect to a
parameter s.

Notation 2.2. M�1ff �.s/I xg: Inverse Mellin transform

A.M. Mathai et al., The H-Function: Theory and Applications,
DOI 10.1007/978-1-4419-0916-9 2, c� Springer Science+Business Media, LLC 2010

45
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Definition 2.1. The Mellin transform of a function f .t/, denoted by f �.s/, is
defined by

f �.s/ D MŒf .t/I s� D
Z 1

0

ts�1f .t/dt; t > 0; (2.1)

provided that the integral converges. The inverse Mellin transform is given by the
contour integral

f .x/ D M�1ff �.s/I xg D 1

2�i

Z �Ci1

��i1
f �.s/x�sds: (2.2)

If f �.s/ is analytic in the relevant strip then f .x/ is uniquely determined by
f �.s/ by using the formula (2.2).

2.2.2 Illustrative Examples

Example 2.1. Find the Mellin transform of Gauss hypergeometric function 2F1.

Solution 2.1. By definition (2.1), we have to evaluate the integral

I D
Z 1

0

ts�12F1.a; b W c W �t/dt;

where a; b; c 2 C , minf<.a/;<.b/g > <.s/ > 0.

If we use Euler integral representation of the hypergeometric function then the given
integral becomes

ID
Z 1

0

ts�1
�.c/

�.b/�.c � b/

Z 1

0

ub�1.1 � u/c�b�1.1C tu/�adudt

D �.c/

�.b/�.c � b/

Z 1

0

ub�1 .1 � u/c�b�1
Z 1

0

ts�1

.1C tu/a
dtdu

D �.s/�.a � s/�.c/
�.a/�.b/�.c � b/

Z 1

0

ub�s�1.1�u/c�b�1du D �.s/�.a�s/�.c/�.b�s/
�.a/�.b/�.c�s/ ;

(2.3)

for <.s/ > 0;<.a � s/ > 0;<.b � s/ > 0;<.c � s/ > 0: The interchange of the
order of integration in the above steps is justified under the conditions given along
with the integral. This completes the solution of Example 2.1.

Example 2.2. Find the inverse Mellin transform of the right side in (2.3).



2.2 Integral Transforms of the H -Function 47

Solution 2.2. By virtue of the results (2.2) and (2.3), we find that

2F1.a; bI cI z/ D �.c/

�.a/�.b/

1

2�i

Z �Ci1

��i1
�.s/�.a � s/�.b � s/

�.c � s/
.�z/�sds; (2.4)

where a; b; c 2C , minf<.a/;<.b/g>� >0 and c¤0;�1;�2; � � � :I jarg.�z/j<� .
The path of integration separates the poles at s D aCm; s D bCm from the poles
at s D �m;m 2 N0.
Example 2.3. Prove that the Mellin transform of the generalized Mittag-Leffler
function E�

˛;ˇ
.z/, defined by (1.47), is given by

M

�
E
�

˛;ˇ
.�z/I s

	
D �.s/�.� � s/
�.�/�.ˇ � ˛s/

; (2.5)

where <.s/ > 0;<.� � s/ > 0I˛ 2 RC; ˇ; � 2 C; ˇ ¤ 0;�1;�2; : : : and when
�.�/ is defined.

The result (2.5) follows from Example 1.5, and (2.2).

Note 2.1. From (2.5), we see that the Mellin transforms of the Mittag Leffler func-
tions E˛.z/ and E˛;ˇ .z/, defined by (1.44) and (1.45) respectively, are given by

M

�
E˛.�z/I s

	
D �.s/�.1� s/

�.1� as/
; 0 < <.s/ < 1; (2.6)

and

M fE˛;ˇ.�z/I sg D �.s/�.1� s/

�.ˇ � as/
; 0 < <.s/ < 1: (2.7)

In what follows, the H -functions considered satisfy the condition Eq. (1.6) and
˛; ˇ; � and ı have the values given in (1.13), (1.8), (1.9), and (1.10), respectively.

2.2.3 Mellin Transform of the H -Function

In view of the Mellin inversion formula (see, Titchmarsh (1986), Sect. 1.5) the
Mellin transform of the H -function follows from the Definition 1.1). We have

Z 1

0

xs�1Hm;n
p;q

"
ax

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D a�s

hQm
jD1 �.bj C Bj s/

i hQn
jD1 �.1 � aj �Aj s/

i
hQq

jDmC1 �.1 � bj � Bj s/
i hQp

jDnC1 �.aj C Aj s/
i ; (2.8)
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where a; s 2 C I � min
1�j�m<

�
bj

Bj

�
< <.s/ < max

1�i�n

h
1�<.aj /

Aj

i
; j arg aj < 1

2
�˛;

˛ > 0: Further, �<.s/C <.ı/ < �1; when ˛ D 0; arga D 0 and a ¤ 0.

2.2.4 Mellin Transform of the G -Function

If we set Aj D Bj D 1, for all i and j and use the identity (1.112), we obtain the
Mellin transform of the G-function.

Z 1

0

xs�1Gm;np;q

"
ax

ˇ̌
ˇ̌
.ap/

.bq/

#
dx

D a�s

hQm
jD1 �.bj C s/

i hQn
jD1 �.1� aj � s/

i
hQq

jDmC1 �.1� bj � s/
i hQp

jDnC1 �.aj C s/
i ; (2.9)

where a; s 2C , � min
1�j�m<.bj / < <.s/ < 1� max

1�i�n<.ai /; j arg aj< 1
2
�c�; c� >0

and c� is defined in (1.22).

2.2.5 Mellin Transform of the Wright Function

Z 1

0

xs�1 p‰q

h
.ap ;Ap/

.bq ;Bq/

ˇ̌� ax
i

dx D a�s �.s/
hQp

jD1 �.aj �Aj s/
i

hQq
jD1 �.bj � Bj s/

i ; (2.10)

where s 2 C;<.s/ > 0;<.aj � Aj s/ > 0; j D 1; � � � ; p; j arg aj < 1
2
�b; b D

1CPp
iD1Ai �Pq

j�1 Bj I� > �1 and � is defined in (1.9).

2.2.6 Laplace Transform

Notation 2.3. F.s/ D Lff .t/I sg D .Lf /.s/ W Laplace transform of f .t/ with
parameter s

Notation 2.4. L�1fF.s/I tg : Inverse Laplace transform

Definition 2.2. The Laplace transform of a function f .t/, denoted by F.s/, is de-
fined by the integral equation

F.s/ D Lff .t/I sg D .L f /.s/ D
Z 1

0

e�stf .t/dt; (2.11)
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where <.s/ > 0, which may be symbolically written as

F.s/ D Lff .t/I sg or f .t/ D L�1fF.s/I tg;

provided that the function f .t/ is continuous for t � 0, it being tacitly assumed that
the integral in (2.11) exists.

Definition 2.3. The inverse Laplace transform is given by the contour integral

f .t/ D L�1fF.s/I tg D 1

2�i

Z �Ci1

��i1
estF.s/ds: (2.12)

2.2.7 Illustrative Examples

Example 2.4. Find the Laplace transform of the Mittag-Leffler function xˇ�1E˛;ˇ
.ax˛/.

Solution 2.3. We have

Lftˇ�1E˛;ˇ .ax˛/I sg D
Z 1

0

e�sxxˇ�1E˛;ˇ .ax˛/dx

D
Z 1

0

xˇ�1e�sx
1X
kD0

akx˛k

�.ak C ˇ/
dx

D
1X
kD0

ak

�.ak C ˇ/

Z 1

0

e�sxxakCˇ�1dx

D s˛�ˇ

s˛ � a ;<.˛/ > 0;<.ˇ/ > 0; jas
�˛ j < 1: (2.13)

Note 2.2. We note from the above result that

LfE˛.ax˛ I s/g D s˛�1

s˛ � a
; (2.14)

where a; s; ˛ 2 C , <.˛/ > 0;<.s/ > 0, and jas�˛ j < 1.

Example 2.5. Find the inverse Laplace transform of s�ˇ .1 � as�˛/�� .

Solution 2.4. We have

L�1fs�ˇ .1� as�˛/�� I xg D L�1
( 1X
kD0

.�/ka
ks�ak�ˇ

kŠ
I x
)
:
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Applying the formula

L�1fs�	I xg D x	�1

�.
/
; 
; s 2 C;<.s/ > 0;<.
/ > 0; (2.15)

the above line reduces to

xˇ�1
1X
kD0

.�/k.ax
˛/k

�.˛k C ˇ/kŠ
D xˇ�1E�

˛;ˇ
.ax˛/; (2.16)

where ˛; a; ˇ; ��C;<.˛/ > 0;<.ˇ/ > 0;<.�/ > 0; jas�˛j < 1 is the generalized
Mittag-Leffler function defined in (1.46).

Remark 2.1. When � D 1, Example 2.5 gives the interesting transform pair

L�1fs�ˇ .1 � as�˛/�1I xg D xˇ�1E˛;ˇ .at˛/; (2.17)

where ˛; ˇ; a�C;<.˛/ > 0;<.ˇ/ > 0; and jas�˛j < 1. For ˇ D 1, (2.17) re-
duces to

L�1fs�1.1 � as�˛/�1I xg D E˛.ax
˛/; (2.18)

where a; ˛�C;<.˛/ > 0; jas�˛j < 1:

2.2.8 Laplace Transform of the H -Function

Let either ˛ > 0, j argaj < 1
2
�˛ or ˛ D 0 and <.ı/ < �1. Further assume that

˛ > 0I 
; ˛; s � C; 
 > 0, satisfy the condition

<.
/C 
 min1�j�m
�

<.bj /

Bj

�
> 0 for ˛ > 0 or ˛ D 0; � � 0I and

<.
/C 
 min1� j �m
�

<.bj /

Bj
C <.ı/C 1

2

�

�
> 0;

for ˛ D 0 and � < 0. Then for <.s/ > 0, there holds the formula

L

(
x	�1Hm;n

p;q

"
ax�

ˇ̌
ˇ̌
.ap ;Ap/

.bq Ibq/

#
I s
)

D s�	Hm;nC1
pC1;q

"
as��

ˇ̌
ˇ̌
.1�	;�/;.ap;Ap/

.bq ;Bq/

#
;

(2.19)

for <.s/ > 0; s 2 C: (2.19) can be established by virtue of the definition of the
H -function (1.2) and the well-known gamma function formula.
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2.2.9 Inverse Laplace Transform of the H -Function

Due to the importance and utility of inverse Laplace transforms of special functions
in physical problems, we present the inverse Laplace transform of the H -function
in this section.

By virtue of the cancelation law for the H -function (1.56), the result (2.19) can
be written in the form

L

�
x	�1Hm;n

p;qC1
�
ax�

ˇ̌.ap ;Ap/

.bq Ibq/;.1�	;�/

�
I s
	

D s�	Hm;n
p;q

�
as�� ˇ̌.ap ;Ap/

.bq ;Bq/

�
; (2.20)

If we use the property of the H -function from Mathai and Saxena (1978, p. 4,
Eq. (1.38)) then the desired result follows:

L�1
(
s�	Hm;n

p;q

"
as�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
I t
)

D t	�1Hm;n
pC1;q

h
at��

ˇ̌.ap ;Ap/;.	;�/

.bq ;Bq/

i
; (2.21)

where 
; a; s 2 C;<.s/ > 0; 
 > 0;<.
/C
 max1�i�n
h
1
Ai

� <.ai /
Ai

i
>0; j argaj<

1
2
��; � D ˛ � 
 . Two interesting special cases of (2.21), which are applicable in

fractional diffusion problems, are given below. If we use the identity

H
1;0
0;1

"
x

ˇ̌
ˇ̌
.˛;1/

#
D x˛e�x ; (2.22)

we obtain

L�1fs�	 exp.�as� /I tg D t	�1H 1;0
1;1

"
at��

ˇ̌
ˇ̌
.	;�/

.0;1/

#
; (2.23)

where <.s/ > 0;<.a/ > 0; 
 > 0. Further, if we employ the identity

H
2;0
0;2

"
x

ˇ̌
ˇ̌
. �

2
;1/;.� �

2
;1/

#
D 2K
.2x

1
2 /; (2.24)

we obtain

2L�1fs�	K
.as� /I xg D x	�1H 2;0
1;2

"
a2x�2�

4

ˇ̌
ˇ̌
.	;2�/

. �
2 ;1/;.� �

2 ;1/

#
; (2.25)

where <.s/ > 0;<.a2/ > 0; 
 > 0, and K
.x/ is the modified Bessel function of
the third kind or Macdonald function.
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Remark 2.2. It will not be out of place to mention here that one-sided Lévy stable
density can be obtained from the above result by virtue of the identity (Mathai and
Saxena 1973a)

K˙ 1
2
.x/ D

h �
2x

i 1
2

e�x ; (2.26)

and can be conveniently expressed in terms of the Laplace transform

Z 1

0

e�sxˆ	.x/dx D exp.�s	/; 
; s 2 C; <.s/ > 0;<.
/ > 0; (2.27)

where

ˆ	.x/ D 1



H
1;0
1;1

"
1

x

ˇ̌
ˇ̌
.1;1/

�
1
�
; 1

�

�

#
; 
 > 0: (2.28)

This result is obtained earlier by Schneider and Wyss (1989) by following a dif-
ferent procedure. Asymptotic expansion of ˆ˛.x/ is given by Schneider (1986).

2.2.10 Laplace Transform of the G -Function

In what follows, the G-functions involved satisfy the existence conditions. When
Ai D Bj D 1 for all i and j , the H -function reduces to a G-function and conse-
quently we arrive at the following result:

L

(
x	�1Gm;np;q

"
ax�

ˇ̌
ˇ̌
ap

bq

#
I s
)

D s�	Hm;nC1
pC1;q

"
as��

ˇ̌
ˇ̌
.1�	;�/;.ap;1/

.bq ;1/

#
; (2.29)

where 
; s 2 C;<.s/ > 0; 
 > 0;<.
/ C 
 min1�j�m <.bj / > 0; j arg˛j <
1
2
c�; c� > 0; c� is defined in (1.21).

If we set 
 D k
�
; k; � 2 N in (2.29), we arrive at a result given by Saxena (1960,

p. 402):

L

(
x	�1Gm;np;q

"
ax

k
�

ˇ̌
ˇ̌
ap

bq

#
I s
)

D s�	.2�/.1��/c�C 1
2
.1�k/�ıC1k	� 1

2

�H�m;�nCk
�pCk;�q

"
kka�s�k

�.q�p/�

ˇ̌
ˇ̌
�.kI1�	/;�.�;a1/;:::;�.�Iap/

�.�Ib1/;:::;�.�Ibq/

#
; (2.30)

where 
; s 2 C;<.s/ > 0;<.
/C
�
k
�

�
min1�j�m <.bj / > 0; j argaj < 1

2
�c�; c�>

0; c� is defined in equation (1.21) and the existence conditions of theG-function are
satisfied. Here, �.kI b/ represents the sequence
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b

k
;
b C 1

k
; : : : ;

b C k � 1

k
; k 2 N:

Several special cases of the general result (2.30) can be obtained by using the tables
of the special cases of the G-function (Mathai and Saxena 1973a; Mathai 1993c)
but for brevity one interesting case is presented here, associated with the Whittaker
function, given by Saxena (1960, p. 404, Eq. (15))

L

�
x	�1 exp

�
�1
2
ax� k

�

�
W�;
.ax

� k
� /I s

	
D s�	.2�/

1
2 .2�k��/��C 1

2 k	� 1
2

�G2�Ck;0
�;2�Ck

"
a�sk

��kk

ˇ̌
ˇ̌
�.�I1��/

�.2�I1˙2
/;�.kI	/

#
;

(2.31)

where 
; s 2 C;<.a/ > 0;<.s/ > 0: One interesting particular case of (2.31) can
be obtained by using the identity

W0;˙ 1
2
.x/ D exp

�
�1
2
x

�
:

That is,

L
n
x	�1 exp.�ax� k

� /I s
o

D s�	.2�/
1
2 .2�k��/k	� 1

2 �
1
2

�G�Ck;0
0;�Ck

"
a�sk

��kk

ˇ̌
ˇ̌
�.�I0/;�.kI	/

#
; (2.32)

where 
; s 2 C;<.a/ > 0;<.s/ > 0:
Remark 2.3. The result (2.32) is very useful in problems of physics. Regarding its
application in nuclear and neutrino astrophysics, one can refer to the monograph
of Mathai and Haubold (1988). An alternative derivation of this result based on
statistical techniques is given by Mathai (1971).

2.2.11 K-Transform

Notation 2.5. Rvff .x/Ipg: K-Transform

Definition 2.4. The transform defined by the following integral equation

Rvff .x/Ipg D g.pI v/ D
Z 1

0

.px/
1
2Kv.px/f .x/dx; (2.33)

is called the K-transform with p as a complex parameter.
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This transform was defined by Meijer (1940) who obtained its inversion formula
and representation theorems. Its inversion formula is given by

G.p/ D 1

�i

Z �Ci1

��i1
.px/

1
2 Iv.xp/g.p/dp; (2.34)

where Iv.x/ is Bessel function of the first kind defined by

Iv.z/ D
1X
kD0

.z=2/vC2k

kŠ�.v C k C 1/
: (2.35)

2.2.12 K-Transform of the H -Function

Let us assume that either ˛ > 0; j argbj < 1
2
�˛ or ˛ D 0 and <.ı/ < �1. Further

assume that ˛ > 0I 
; �; a; b 2 C; 
 > 0 satisfy the condition

<.
/C j<.v/j C 
 min
1�j�m

�<.bj /
Bj

�
> 0;

for ˛ > 0; j argbj < 1
2
�˛ or ˛ D 0; � � 0; and

<.
/C j<.v/j C 
 min
1�j�m

"
<.bj /
Bj

;
<.ı/C 1

2

�

#
> 0;

for ˛ D 0 and � < 0. Then for <.a/ > 0; 
 > 0 there holds the formula

Z 1

0

x	�1Kv.ax/H
m;n
p;q

"
bx�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D 2	�2a�	Hm;nC2
pC2;q

"
b

�
2

a

�� ˇ̌
ˇ̌
.1� 1

2
.	�v/; �

2
/;.1� 1

2
.	Cv/;�

2
/;.ap;Ap/

.bq ;Bq/

#
: (2.36)

The result (2.36) can be computed directly from the definition of the H -function
(1.2) if we use the formula (Mathai and Saxena 1973, p. 78)

Z 1

0

x	�1Kv.ax/dx D 2	�2a�	�
�

˙ v

2

�
; (2.37)

where <.s/ > j<.v/j;<.a/ > 0. If we apply the definition (1.2) of the H -function
to the given integral then we have
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Z 1

0

x	�1Kv.ax/H
m;n
p;q

"
bx�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D 1

2�i

Z

Li�1

‚.s/b�s
Z 1

0

x	�s��1Kv.ax/dxds

D 2	�2a�	 1

2�i

Z

Li�1

�

�

 ˙ v � 
s

2

�
‚.s/b�s

�
2

a

���s
ds;

and the result (2.36) readily follows from the definition of the H -function (1.2).

Remark 2.4. When v D ˙1
2

in (2.36) then by virtue of the identity (2.26) one can
obtain the Laplace transform of the H -function with argument bx� ; 
 > 0.

2.2.13 Varma Transform

Notation 2.6. V.f; k;m; s/: Varma transform

Definition 2.5. Varma transform is defined by the integral equation

V.f; k;mI s/ D
Z 1

0

.sx/m� 1
2 exp

�
�1
2
sx

�
Wk;m.sx/f .x/dx; <.s/ > 0; (2.38)

where Wk;m represents a Whittaker function, defined by

Wk;m.z/ D
X
m;�m

�.�2m/
�


1
2

� k �m
�Mk;m.z/; (2.39)

where the summation symbol indicates that the expression following it, a similar
expression with m replaced by �m is to be added. For the definition of Mk;m.z/
see, Sect. 1.8.1. This transform is introduced by Varma (1951), who gave some
inversion formulae for this transform.

2.2.14 Varma Transform of the H -Function

Let ˛ > 0; j argbj < 1
2
�˛ or ˛ D 0 and <.ı/ < �1; further, �; a; k; b
 2 C; 
 > 0,

<.
/C j<.v/j C min
1�j�m

�<.bj /
Bj

�
> �1

2
;

for ˛ > 0; j argbj < 1
2
�˛ or ˛ D 0; � � 0 and

<.
/C j<.v/j C min
1�j�m

"
<.bj /
Bj

;
<.ı/C 1

3

�

#
> �1

2
;
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for ˛ D 0 and � < 0 then for <.a/ > 0, the following result holds:

Z 1

0

x	�1 exp

�
�1
2
ax

�
Wk;v.ax/H

m;n
p;q

"
bx�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D a�	Hm;nC2
pC2;qC1

"
b

a�

ˇ̌
ˇ̌.

1
2

�v�	;�/;. 1
2

Cv�	;�/;.ap ;Ap/

.bq ;Bq/;.k�	;�/

#
; (2.40)

which can be computed directly from the definition of the H -function (1.2) and
from the following formula (Mathai and Saxena 1973, p. 79):

Z 1

0

x	�1 exp

�
�1
2
ax

�
Wk;v.ax/dx D a�	�.
C v C 1

2
/�.
 � v C 1

2
/

�.1 � k C 
/
; (2.41)

where <.a/ > 0;<.
˙ v/ > �1
2

.

Remark 2.5. It is interesting to observe that for k D � C 1
2

the Varma transform
defined by (2.38) reduces to the Laplace transform (2.11) by virtue of the identity

WvC 1
2
;˙v.x/ D x
C 1

2 exp

�
�1
2
x

�
: (2.42)

Consequently the Laplace transform of the H -function (2.19) can be derived
from the result (2.40) by taking k D vC 1

2
:Certain properties of the Varma transform

involving Meijer’s G-functions and Whittaker functions are investigated by Saxena
in a series of papers in Saxena (1960, 1962, 1964).

2.2.15 Hankel Transform

Notation 2.7. Hvff .x/I 
g: Hankel transform of order v of f .x/.

Definition 2.6. The Hankel transform of a function f .x/, denoted by g.pI v/ or in
short by simply g.p/ is defined as

g.pI v/ D
Z 1

0

.px/
1
2 Jv.px/f .x/dx; p > 0: (2.43)

The inverse Hankel transform is given by

f .x/ D
Z 1

0

.xp/
1
2 Jv.xp/g.p/dp; <.v/ > �1: (2.44)

Remark 2.6. This transform is self-reciprocal. It is used in solving problems of ap-
plied mathematics and physical sciences.
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2.2.16 Hankel Transform of the H -Function

Suppose that ˛ > 0 or ˛ D � D 0 and <.ı/ < �1. Then if 
; v; b 2 C; 
 > 0

satisfy the conditions

<.
/C <.v/C 
 min
1�j�m

�<.bj /
Bj

�
> �1;

and

<.
/C 
 max
1�j�n

�
1

Aj
� <.aj /

Aj

�
<
3

2
;

for <.v/ > �1
2

. Then for a; b > 0 there holds the formula

Z 1

0

x	�1Jv.ax/H
m;n
p;q

"
bx�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D 2	�1

a	
H
m;nC1
pC2;q

2
4b

�
2

a

�� ˇ̌
ˇ̌
.1� .�Cv/

2 ; �
2 /;.ap ;Ap/;.1� .��v/

2 ;�
2 /

.bq ;Bq/

3
5 : (2.45)

The result (2.45) can be established with the help of the definition of theH -function
(1.2) and the formula

Z 1

0

x��1Jv.ax/dx D 2��1a�� �
�
�Cv
2

�

�
�
1C v��

2

� ; (2.46)

where a > 0;�<.v/ < <.�/ < 3
2

. If we use the definition of the H -function (1.2)
and the result (2.46), then

Z 1

0

x	�1Jv.ax/H
m;n
p;q

"
bx�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D 1

2�i

Z

Li�1

‚.s/b�s
Z 1

0

x	��s�1Jv.ax/dxds

D 2	�1a�	 1

2�i

Z

Li�1

‚.s/
�
�
	Cv��s

2

�

�
�
1C v�	C�s

2

�b�s
�
2

a

���s
ds:

Interpreting the above result with the help of (1.2), the result (2.45) readily follows.
When v D ˙1

2
then by using the identities

J 1
2
.x/ D

s�
2

�x

�
sin.x/; (2.47)
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and

J� 1
2
.x/ D

s�
2

�x

�
cos.x/; (2.48)

we arrive at the following results which provide the sine and cosine transforms of
the H -function

Z 1

0

x	�1 sin.ax/Hm;n
p;q

"
bx�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D 2	�1p�
a	

H
m;nC1
pC2;q

2
4b

�
2

a

�� ˇ̌
ˇ̌
�

.1��/
2

;�
2

�
;.ap ;Ap/;

�
.2��/

2
; �

2

�

.bq ;Bq/

3
5 ; (2.49)

where a; ˛; 
 > 0; 
; b 2 C ; j argbj < 1
2
�˛;

<.
/C 
 min
1�j�m<

�
bj

Bj

�
> �1I <.
/C 
 max

1�j�nŒ
.aj � 1/

Aj
� < 1:

Z 1

0

x	�1 cos.ax/Hm;n
p;q

"
bx�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx D 2	�1p�

a	

�Hm;nC1
pC2;q

2
4b

�
2

a

�� ˇ̌
ˇ̌
�

.2��/
2

; �
2

�
;.ap ;Ap/;

�
1��

2
; �

2

�

.bq ;Bq/

3
5 ; (2.50)

where a; ˛; 
 > 0; 
; b 2 C ; j argbj < 1
2
�˛;

<.
/C 
 min
1�j�m<

�
bj

Bj

�
> 0I <.
/C 
 max

1�j�n

�
.aj � 1/

Aj

�
< 1:

2.2.17 Euler Transform of the H -Function

Z t

0

x	�1.t � x/��1Hm;n
p;q

"
bxk.t � x/�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D t	C��1Hm;nC2
pC2;qC1

"
btkC�

ˇ̌
ˇ̌
.1�	;k/;.1��;�/;.ap ;Ap/

.bq ;Bq/;.1�	��;kC�/

#
; (2.51)
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Let ˛ > 0 and j argbj < 1
2
�˛ or ˛ > 0;<.ı/ < �1. The result (2.51) holds

provided the parameters 
; 
; b 2 C; k and 	 > 0 satisfy

<.
/C k min
1�j�m

�
<
�
bj

Bj

��
> 0; <.
/C 	 min

1�j�m

�
<
�
bj

Bj

��
> 0;

for ˛ > 0; j argbj < 1
2
�˛ or ˛ D 0; � � 0, and

<.
/C k min
1�j�m<

"
<.bj /
Bj

;
<.ı/C 1

2

�

#
> 0;<.
/

C	 min
1�j�m<

"
<.bj /
Bj

;
<.ı/C 1

2

�

#
> 0;

for ˛ D 0 and � < 0. The result (2.51) can be proved in the same way if we use the
well-known beta function formula

Z 1

0

x˛�1.1 � x/ˇ�1dx D �.˛/�.ˇ/

�.˛ C ˇ/
D B.˛; ˇ/: (2.52)

where minf<.˛/;<.ˇ/g > 0. The result (2.51) has been given by Goyal (1969). As
	 ! 0 in (2.51), it yields the Euler transform of the H -function:

Z t

0

x	�1.t � x/��1Hm;n
p;q

"
bxk

ˇ̌
ˇ̌
.ap :Ap/

.bq ;Bq/

#
dx

D t	C��1�.
/Hm;nC1
pC1;qC1

"
btk

ˇ̌
ˇ̌
.1�	;k/;.ap;Ap/

.bq ;Bq/;.1�	��;k/

#
; (2.53)

which holds under the same condition as given with the result (2.51) with 	 D 0.
By an obvious change of variable in (2.53) we arrive at its companion the integral

Z 1

t

x	�1.x � t/��1Hm;n
p;q

"
bxk

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D t	C��1�.
/HmC1;n
pC1;qC1

"
btk

ˇ̌
ˇ̌
.ap ;Ap/;.1�	;k/

.1�	��;k/;.bq ;Bq/

#
I (2.54)

which holds for 
; b; 
 2 C;<.
/ > 0; 
 2 C and k > 0; either ˛ > 0; j argbj <
1
2
�˛ or ˛ D 0;<.ı/ < �1 and the following conditions are satisfied:

k max
1�j�n

�<.aj /� 1

Aj

�
C <.
/C <.
/ < 1;



60 2 H -Function in Science and Engineering

for ˛ > 0; j argbj < 1
2
�˛ or ˛ D 0; � � 0; and

k max
1�i�n

"
<.ai /� 1

Ai
;

<.ı/C 1
2

�

#
C <.
/C <.
/ < 1;

for ˛ D 0 and � < 0.

2.3 Mellin Transform of the Product of Two H -Functions

Z 1

0

xs�1Hm;n
p;q

"
zx�

ˇ̌
ˇ̌
ap ;Ap/

.bq ;Bq/

#
Hm1;n1
p1;q1

"
�x

ˇ̌
ˇ̌
.dp1

;Dp1
/

.eq1
;Eq1

/

#
dx

D ��sHmCn1;nCm1

pCq1;qCp1

"
z���

ˇ̌
ˇ̌
.1�eq1

�sEq1
;�Eq1

/;.ap ;Ap/

.bm;Bm/;.1�dp1
�sDp1

;�Dp1
/;.bmC1;BmC1/;:::;.bq ;Bq/

#
;

where �; s; z;2 C; 
 > 0; ˛ > 0;� > 0; j arg zj < 1
2
�˛; j arg�j < 1

2
�k; k > 0I

k D
n1X
iD1

Di �
p1X

iDnC1
Di �

m1X
iD1

Ei �
q1X

iDmC1
Ei > 0;

� 
 min
1�h�m

�<.bh/
Bh

�
� min
1�j�m1

�<.ej /
Ej

�
< <.s/

< 
 max
1�j�n

�
1 � <.aj /

Aj

�
C max
1�j�n1

�
1 � <.dj /

Dj

�
:

Remark 2.7. For the applications of this result in the theory of statistical distribu-
tions, see the work of Mathai and Saxena (1969). It can be established with the help
of the definition of the H -function and the result (2.8).

2.3.1 Eulerian Integrals for the H -Function

In this section, certain Eulerian integrals for the H -functions will be evaluated in
terms of theH -function of two variables. In order to present the results, we need the
definition of the H -function of two complex variables introduced earlier by Mittal
and Gupta (1972). The analysis developed here is based on the work of Saxena
and Nishimoto (1994), Saigo and Saxena (1998). To unify and extend the existing



2.3 Mellin Transform of the Product of Two H -Functions 61

results on Riemann-Liouville fractional integrals available in the literature, certain
new Eulerian integrals associated with the H -function are investigated by Saxena
and Nishimoto (1994). The importance of the derived results lies in the fact that a
table of Riemann-Liouville fractional integrals can be prepared by using the tables
of the special cases of theH -function given in the monograph by Mathai and Saxena
(1978, pp. 145–151). Further special cases of these integrals can be used in studying
statistical density functions.

Notation 2.8.

H

�
x

y

�
D H 0;n1Wm2;n2Wm3;n3

p1;q1Wp2;q2Wp3;q3

"
x

y

ˇ̌
ˇ̌
.ai I˛i ;Ai /1;p1W.ci ;�i /1;p2I.ei ;Ei/1;p3

.bj Iˇj ;Bj /1;q1W.dj ;ıj /1;q2I.fj ;Fj /1;q3

#
W (2.55)

The H -function of two variables.

Definition 2.7. (Srivastava et al. 1982, pp. 82–83; also see Srivastava and Panda
1976)

H

�
x

y

�
D H 0;n1Wm2;n2Im3;n3

p1;q1Wp2;q2Ip3;q3

"
x

y

ˇ̌
ˇ̌
.ai I˛i ;Ai /1;p1W.ci ;�i /1;p2I.ei ;Ei /1;p3

.bj Iˇj ;Bj /1;q1W.dj ;ıj /1;q2I.fj ;Fj /1;q3

#
(2.56)

D � 1

4�2

Z

L1

Z

L2

�.s; t/�1.s/�2.t/x
sytdsdt; (2.57)

where x and y are not equal to zero. For convenience the parameters .ai I˛i ; Ai /1; p1
and .ci ; �i /1; p2 will abbreviate the sequence of the parameters .a1I˛1; A1/; : : : ;
.ap1

I˛p1
; Ap1

/ and .c1; �1/; : : : ; .cp2
; �p2

/ respectively, and similar meanings hold
for the other parameters .bj Iˇj ; Bj /1; q1 and .dj ; ıj /1; q2, etc. Here

�.s; t/ D
Qn1

iD1 �.1 � ai C ˛i s C Ai t/

Œ
Qp1

iDn1C1 �.ai � ˛i s �Ai t/�ŒQq1

jD1 �.1 � bj C ˇj s C Bj t/�
(2.58)

�1.s/ D Œ
Qm2

jD1 �.dj � ıj s/�ŒQn2

iD1 �.1 � ci C �is/�

Œ
Qq2

jDm2C1 �.1 � dj C ıj s/�Œ
Qp2

iDn2C1 �.ci � �is/� ; (2.59)

�2.t/ D Œ
Qm3

jD1 �.fj � Fj t/�Œ
Qn3

iD1 �.1� ei CEi t/�

Œ
Qq3

jDm3C1 �.1 � fj C Fj t/�Œ
Qp3

iDn3C1 �.ei � Ei t/�
: (2.60)

It is assumed that all the poles of the integrand are simple. An empty product is
interpreted as unity. Further, we suppose that all the parameters ai ; bj ; ci ; dj ; ei and
fj be complex numbers and associated coefficients ˛i ; Ai ; ˇj ; Bj ; �i ; ıj ; Ei and
Fj be real and positive for the standardization purposes, such that
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1 D
p1X
iD1

˛i C
p2X
iD1

�i �
q1X
jD1

ˇj �
q2X
jD1

ıj � 0; (2.61)


2 D
p1X
iD1

Ai C
p2X
iD1

Ei �
q1X
jD1

Bj �
q2X
jD1

Fj � 0; (2.62)

�1 D �
p1X

iDn1C1
˛i �

q1X
jD1

ˇj C
m2X
jD1

ıj

�
p2X

jDm2C1
ıj C

n2X
iD1

�i �
p2X

iDn2C1
�i > 0; (2.63)

�2 D �
p1X

iDn1C1
Ai �

q1X
jD1

Bj C
m3X
jD1

Fj

�
p3X

jDm3C1
Fj C

n3X
iD1

Ei �
p3X

iDn3C1
Ei > 0: (2.64)

It can be seen that the contour integral (2.56) converges absolutely under the condi-
tions (2.61)–(2.64) and defines an analytic function of two complex variables x and
y inside the sectors given by

j argxj < 1

2
��1 and j argyj < 1

2
��2; (2.65)

the points x D 0 and y D 0 being tacitly excluded.

The conditions given here from (2.61) to (2.65) are the sufficient conditions for
the convergence of the Mellin–Barnes double integral (2.57), for details the reader
is referred to the book by Srivastava et al. (1982).

Remark 2.8. In a series of papers Buschman (1978) has given a detailed analysis
of the sufficient conditions for the convergence of H -function of two variables of a
general character. Simple criteria are provided for the determination of the conver-
gence of certain double Mellin–Barnes integrals in terms of their parameters by Hai
et al. (1992). A systematic and comprehensive account of the double Mellin–Barnes
type integrals or ratherH -function of two variables can be found in the book by Hai
and Yakubovich (1992).

2.3.2 Fractional Integration of a H -Function

Theorem 2.1. If minf<.˛/;<.ˇ/g > 0; ˛; ˇ; � 2 C;� � 0; b ¤ a;
ˇ̌
ˇ .a�b/c
acCd

ˇ̌
ˇ < 1,

j arg.dCcb/=.dCca/j < �I�; � > 0; j argkj < 1
2
��, then there holds the formula
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Z b

a

.x � a/˛�1.b � x/ˇ�1.cx C d/�Hm;n
p;q

"
k.cx C d/��

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D .b � a/˛Cˇ�1.ac C d/��.ˇ/

�H
0;1Wm;nI1;1
1;0Wp;qC1I1;2

2
6664

k
.acCd/�

c.b�a/

.acCd/

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.a1; A1/; : : : ; .ap; Ap/I .1� ˛; 1/

.b1; B1/; : : : ; .ba; Bq/; .1C �; �/I .0; 1/; .1� ˛ � ˇ; 1/

3
7775 ;

(2.66)

� D
nX

jD1

Aj �
pX

jDnC1

Aj C
mX

jD1

Bj �
qX

jDmC1

Bj > 0:

Proof 2.1. To establish (2.66) we express the H -function in terms of the contour
integral (1.2), interchange the order of integration, which is permissible due to abso-
lute convergence of the integrals involved in the process, and evaluate the x-integral
by means of the integral (Prudnikov et al. 1986, p. 301):

Z b

a

.x � a/˛�1.b � x/ˇ�1.cx C d/�dx

D .ac C d/�.b � a/˛Cˇ�1B.˛; ˇ/2F1
�
˛;�� I˛ C ˇI c.a � b/

.ac C d/

�
;

(2.67)

where <.˛/> 0;<.ˇ/>0, jc.a�b/=.acCd/j<1, j arg...d C bc/=.acCd//j<1,
the integral transforms into the form

.b�a/˛Cˇ�1.acCd/� 1

2�i

Z

L

‚.s/.acCd/s�2F1
�
˛;���s�I˛CˇI c.a � b/

ac C d

�
ds:

If we now employ the formula

2F1.a; bI cI z/ D �.c/

�.a/�.b/

1

2�i

Z �i 1

��i1
�.�s/�.aC s/�.b C s/

�.c C s/
.�z/sds;

(2.68)

where j arg.�z/j < � and the path of integration separates the poles at s D
0; 1; 2; : : : from the poles at s D �a � n; s D �b � n; n D 0; 1; : : :, the result
readily follows from (2.57). �

On applying the identity (1.58), we obtain the following theorem:

Theorem 2.2. If minf<.˛/;<.ˇ/g > 0, ˛; ˇ; � 2 C;� � 0; b ¤ a, jŒ.a � b/c�=

.ac C d/j < 1, j arg.d C cb/=.d C ca/j < � , �; � > 0, j argkj < 1
2
��, then there

holds the formula
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Z b

a

.x � a/˛�1.b � x/ˇ�1.cx C d/�Hm;n
p;q

h
k.cx C d/�

ˇ̌.ap ;Ap/
.bq ;Bq /

i
dx

D .b � a/˛Cˇ�1.ac C d/� �.ˇ/

�H
0;1Wn;mI1;1
1;0Wq;pC1I1;2

2
6664
k�1.ac C d/��

c.b�a/

acCd

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.1� b1;B1/; : : : ; .1� bq ;Bq/I .1 � ˛; 1/

.1� a1;A1/; : : : ; .1 � ap;Ap/; .1 C �; �/I .0; 1/; .1 � ˛ � ˇ; 1/

3
7775 :

(2.69)

When Ai D Bj D 1 for all i and j , then we obtain the following corollaries
from the above theorems, involving Meijer G-function.

Corollary 2.1. If minf<.˛/;<.ˇ/g > 0; ˛; ˇ; � 2 C;� � 0; b ¤ a, jŒ.a � b/c�=

.ac C d/j < 1, j arg.d C cb/=.d C ca/j < �; c� > 0; j argkj < 1
2
�c�, then there

holds the formula

Z b

a

.x � a/˛�1.b � x/ˇ�1.cx C d/�Gm;n
p;q

h
k.cx C d/��

ˇ̌
ˇapbq
i

dx

D .b � a/˛Cˇ�1.ac C d/��.ˇ/

�H
0;1Wm;nI1;1
1;0Wp;qC1I1;2

2
6664

k
.acCd/�

c.b�a/

acCd

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.a1; 1/; : : : ; .ap; 1/I .1� ˛; 1/

.b1; 1/; : : : ; .bq; 1/; .1C �; �/I .0; 1/; .1� ˛ � ˇ; 1/

3
7775 : (2.70)

Corollary 2.2. If minf<.˛/;<.ˇ/g > 0; ˛; ˇ; � 2 C;� � 0; b ¤ a, jŒ.a � b/c�=

.ac C d/j < 1, j arg.d C cb/=.d C ca/j < �; c� > 0; j argkj < 1
2
�c�, then there

holds the formula

Z b

a

.x � a/˛�1.b � x/ˇ�1.cx C d/�Gm;n
p;q

h
k.cx C d/�

ˇ̌.ap /
.bq /

i
dx

D .b � a/˛Cˇ�1.ac C d/��.ˇ/

�H
0;1Wn;mI1;1
1;0Wq;pC1I1;2

2
6664

k�1

.acCd/�

c.b�a/

acCd

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.1� b1; 1/; : : : ; .1� bq; 1/ W .1� ˛; 1/

.1� a1; 1/; : : : ; .1� ap; 1/; .1C �; �/I .0; 1/; .1� ˛ � ˇ; 1/

3
7775 ;

(2.71)

where c� is defined in (1.22).

On the other hand, if we use the identity (Mathai and Saxena 1978, p. 4) then we ar-
rive at the following corollaries associated with Wright generalized hypergeometric
functions.

Corollary 2.3. If minf<.˛/;<.ˇ/g > 0; ˛; ˇ; � 2 C;� � 0; b ¤ a; jŒc.a � b/�=

.ac C d/j < 1, j arg.d C cb/=.d C ca/j < �; � D � C 1 > 0; � > 0 and
j argkj < 1

2
�� then there holds the formula
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Z b

a

.x � a/˛�1.b � x/ˇ�1.cx C d/� p‰q

h
�k.cx C d/��

ˇ̌.a1 ;A1/;:::;.ap ;Ap/
.b1 ;B1/;:::;.bq ;Bq /

i
dx

D .b � a/˛Cˇ�1.ac C d/��.ˇ/

�H
0;1W1;pI1;1

1;0Wp;qC1I1;2

2
6664

k
.acCd/�

c.b�a/

acCd

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.1� a1;A1/; : : : ; .1� ap;Ap/ W .1� ˛; 1/

.0; 1/; .1 � b1;B1/; : : : ; .1 � bq ;Bq/; .1C �; �/I .0; 1/; .1 � ˛ � ˇ; 1/

3
7775 ;

(2.72)

where � is defined in (1.9).

Corollary 2.4. If minf<.˛/;<.ˇ/g > 0; ˛; ˇ; � 2 C;� � 0; k ¤ 0; b ¤ a,
jŒc.a � b/�=.ac C d/j < 1, j arg.d C cb/=.d C ca/j < �; � D �C 1 > 0; � > 0

and j argkj < 1
2
�� then there holds the formula

Z b

a
.x � a/˛�1.b � x/ˇ�1.cx C d/�p‰q

h
�k.cx C d/�

ˇ̌.a1;A1/;:::;.ap;Ap/
.b1;B1/;:::.bq ;Bq/

i
dx

D .b � a/˛Cˇ�1.ac C d/��.ˇ/

�H
0;1Wp;1I1;1

1;0WqC1;pC1I1;2

2
6664

1
k.acCd/�

c.b�a/

acCd

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.1; 1/; .b1; B1/; : : : ; .bq ; Bq/ W .1� ˛; 1/

.a1; A1/; : : : ; .ap; Ap/; .1C �; �/I .0; 1/; .1� ˛ � ˇ; 1/

3
7775 ;

(2.73)

where � is defined in (1.9).

When d D 0, (2.66), (2.69) give rise to the following theorems:

Theorem 2.3. If minf<.˛/;<.ˇ/g > 0; ˛; ˇ; � 2 C;� � 0; b ¤ a; a ¤ 0,
j1 � b

a
j < 1, j arg.b=a/j < � , �; � > 0; j argkj < 1

2
��, then there holds the

formula

Z b

a

x� .x � a/˛�1.b � x/ˇ�1Hm;n
p;q

"
kx��

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D a� .b � a/˛Cˇ�1�.ˇ/

�H 0;1Wm;nI1;1
1;0Wp;qC1I1;2

2
664

k
a	

b
a

� 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌

.1C � W �; 1/ W �
�

.ap ; Ap/I .1 � ˛; 1/

.bq; Bq/; .1C �; �/I .0; 1/; .1 � ˛ � ˇ; 1/

3
775 :

(2.74)

Theorem 2.4. If minf<.˛/;<.ˇ/g > 0; ˛; ˇ; � 2 C;� � 0; b ¤ a; a ¤ 0; k ¤ 0,
j1� b

a
j < 1; j arg.b=a/j < �; �; � > 0, j argkj < 1

2
��, then there holds the formula
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Z b

a
x� .x � a/˛�1.b � x/ˇ�1Hm;n

p;q

h
kx�

ˇ̌ap ;Ap/
.bq ;Bq/

i
dx

D a� .b � a/˛Cˇ�1�.ˇ/

�H
0;1Wn;mI1;1
1;0Wq;pC1I1;2

2
6664

1
ka�
b
a

� 1

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.1� b1; B1/; : : : ; .1� bq; Bq/I .1� ˛; 1/

.1� a1;A1/; : : : ; .1� ap; Ap/; .1C �; �/I .0; 1/; .1� ˛ � ˇ; 1/

3
7775 :

(2.75)

Alternative form of Theorem 2.1. Let

f .z/ D .z � a/ˇ�1.cz C d/�Hm;n
p;q Œk.cz C d/�
 �;

then there holds the formula

aDz
�˛Œf .z/� D .z � a/˛Cˇ�1.ac C d/�

�H
0;1Wm;nI1;1
1;0Wp;qC1I1;2

2
6664

k
.acCd/�

c.z�a/
acCd

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.a1; A1/; : : : ; .ap; Ap/I .1� ˇ; 1/

.b1; B1/; : : : ; .bq ;Bq/; .1C �; �/I .0; 1/; .1� ˛ � ˇ; 1/

3
7775 ; (2.76)

under the conditions stated along with (2.66) with b replaced by z and � replaced
by C�, where 0D

�˛
z is the fractional integral operator, see Chap. 3 for a discussion

of fractional integrals and fractional derivatives.

Alternative form of Theorem 2.2. Let

f .z/ D .z � a/ˇ�1.cz C d/�Hm;n
p;q Œk.cz C d/
 �;

then there holds the formula

aDz
�˛Œf .z/� D .z � a/˛Cˇ�1.ac C d/�

�H
0;1Wn;mI1;1
1;0Wq;pC1I1;2

2
6664

1
k.acCd/�

c.z�a/
acCd

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

.1C � W �; 1/ W �
�

.1� b1; B1/; : : : ; .1� bq; Bq/I .1� ˇ; 1/

.1� a1;A1/; : : : ; .1� ap:Ap/; .1C �; �/I .0; 1/; .1� ˛ � ˇ; 1/

3
7775 ;

(2.77)

under the conditions stated along with (2.69) with b replaced by z and � replaced
by C�.

It may be mentioned here that for generalization of the results of this section, one
can refer to the papers by Saxena and Saigo (1998), Saigo and Saxena (1999, 1999a,
2001) and Srivastava and Hussain (1995).

Remark 2.9. On the integration of H -functions with respect to their parameters,
see the works of Nair (1973), Nair and Nambudiripad (1973), Anandani (1970b),
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Taxak (1971). Golas (1968) and Pendse (1970). Integration of products of
generalized Legendre functions and H -functions with respect to a parameter is
discussed by Anandani (1970b, 1971d).

2.4 H -Function and Exponential Functions

The following integrals are evaluated by Bajpai (1970) with the help of the integral

Z �
2

� �
2

.cos �/˛�1 exp.iˇ�/d� D ��.˛/

2˛�1�
�
˛CˇC1

2

�
�
�
˛�ˇC1
2

� ; (2.78)

where <.˛/ > 0.

Z �
2

� �
2

.cos �/kC��2 expŒi.k � �/��Hm;n
p;q

"
z.ei� cos �/�h

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
d�

D �

2kC��2�.�/
H
mC1;n
pC1;qC1

"
2hz

ˇ̌
ˇ̌
.ap ;Ap/;.k;h/

.kC��1;h/;.bq ;Bq/

#
; (2.79)

where <.k C � � h
ai

Ai
/ > 1 � h

Ai
; i D 1; : : : ; n; h > 0; k; � 2 C;� � 0; ˛ >0;

j arg zj < 1
2
�˛.

Z �
2

� �
2

.cos �/kC��2 expŒi.k � �/��Hm;n
p;q

"
zeih�.sec �/h

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
d�

D �

2kC��2�.k/
H
mC1;n
pC1;qC1

"
2hz

ˇ̌
ˇ̌
.ap ;Ap/;.�;h/

.kC��1;h/;.bq;Bq/

#
; (2.80)

where <.k C � � h
ai

Ai
/ > 1 � h

Ai
; i D 1; : : : ; n; h > 0; k; � 2 C;� � 0; ˛ > 0;

j arg zj < 1
2
�˛.

Z �
2

� �
2

.cos �/kC��2 expŒi.k � �/��Hm;n
p;q

"
z.sec �/2h

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
d�

D �

2kC��2H
mC1;n
pC2;qC1

"
22hz

ˇ̌
ˇ̌
.ap ;Ap/;.k;h/;.�;h/

.kC��1;2h/;.bq ;Bq/

#
; (2.81)

where <.k C � � h
ai

Ai
/ > 1 � h

Ai
; i D 1; : : : ; n; h > 0; k; � 2 C;� � 0; ˛ > 0;

j arg zj < 1
2
�˛. By means of the following integral (Nielson 1906, p. 158)
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Z �

0

.sin t/˛e�ˇtdt D �e� �ˇ
2 �.˛ C 1/

2˛�
�
1C ˛Ciˇ

2

�
�
�
1C ˛�iˇ

2

� ; (2.82)

where <.˛/ > �1, Saxena (1971a) has established the following results:

(i) Let ˛ > 0; j arg zj < 1
2
�˛ or ˛ D 0;<.ı/ < �1 then there holds the formula

Z �

0

.sin �/��1e���Hm;n
p;q

"
z.sin �/2h

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
d�

D �

2��1 exp
�
���
2

�
H
m;nC1
pC1;qC2

"
z

4h

ˇ̌
ˇ̌
.1��;2h/;.ap;Ap/

.bq ;Bq/;
�

1��Ci	
2 ;h

�
;
�

1���i	
2 ;h

�

#
;

(2.83)

where �; �2C; h>0 are such that <.�/C2hmin1�j�m
h<.bj /

Bj

i
>0 for ˛ >0;

j arg zj < 1
2
�˛ or ˛ D 0; � � 0, and <.�/ C 2hmin1�j�m

�
<.bj /

Bj
;

<.ı/C 1
2

�

�

> 0 for ˛ D 0 and � < 0.
(ii)

Z �

0

.sin �/��1e���Hm;n
p;q

"
zei2h�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
d�

D ��.�/

2��1 exp
�
���
2
�
�
H
m;n
pC1;qC1

2
4 zei�h

4h

ˇ̌
ˇ̌
.ap ;Ap/;

�
1C��i	

2 ;h
�

.bq ;Bq/;
�

1���i	
2

;h
�

3
5 ; (2.84)

where �; � 2 C; h > 0; j arg zj < 1
2
�˛; ˛ > 0;<.�/ > 0.

(iii) Let ˛ > 0;<.�/ > 0 or ˛ D 0;<.ı/ < �1 then

Z �

0

.sin �/��1e���Hm;n
p;q

"
z.sin �/2�ei2h�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
d�

D �

2��1 exp
�
���
2

�
H
m;nC1
pC1;qC2

"
zei�h

4�

ˇ̌
ˇ̌
.1��;2�/;.ap;Ap/

.bq ;Bq/;
�

1���i	
2 ;�Ch

�
;
�

1��Ci	
2 ;��h

�

#
;

(2.85)

holds for h > 0; � > h; �; � 2 C , such that <.�/C 2�min1�j�m
h<.bj /

Bj

i
> 0

for ˛ > 0 or ˛ D 0 and� � 0; and <.�/C2�min1�j�m
�

<.bj /

Bj
;

<.ı/C 1
2

�

�
> 0

for ˛ D 0 and � < 0. When h D 1 and Ai D Bj D 1 for all i and j , then the
H -function reduces to a G-function and from the results (2.83) and (2.85) we
find that
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Z �

0

.sin �/��1e���Gm;np;q

"
z sin2 �

ˇ̌
ˇ̌
.ap/

.bq/

#
d�

D p
� exp

�
���
2

�
G
m;nC2
pC2;qC2

"
z

ˇ̌
ˇ̌

1��
2
; 2��

2
;ap

bq ;
1��Ci	

2
; 1���i	

2

#
; (2.86)

where <.�/ C 2min1�j�m <.bj / > 0; �; � 2 C; c� > 0; j arg zj < 1
2
�c�,

where c� is defined in (1.22) and

Z �

0

.sin �/��1e���Gm;np;q

"
ze2i�

ˇ̌
ˇ̌
ap

bq

#
d�

D �

2��1�.�/ exp
�
���
2

�
G
m;n
pC1;qC1

2
4zei�

ˇ̌
ˇ̌
ap ;

1C��i	
2

.bq/;
1���i	

2

3
5 ; (2.87)

where <.�/ > 0; j arg zj < 1
2
�c�; c� > 0.

2.5 Legendre Function and the H -Function

Let 
; z 2 C; ˛ > 0; j arg zj < 1
2
�˛ or ˛ D 0;<.�/ < �1. Further, let 
 2 C; k > 0

satisfy the conditions

<.
/C k min
1�j�m

�<.bj /
Bj

�
>
1

2
j<.�/j

for ˛ > 0; j arg zj < 1
2
�˛ or ˛ D 0; � � 0 and

<.
/C k min
1�j�m

"
<.bj /
Bj

;
<.ı/C 1

2

�

#
>
1

2
j<.�/j;

for ˛ D 0; � < 0 then there holds the formula (Singh and Varma 1972)

Z 1

�1
.1 � x2/	�1P �
 .x/Hm;n

p;q

"
z.1 � x2/k

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D 2��

�
�
2C
��
2

�
�
�
1�
��
2

�

�Hm;nC2
pC2;qC2

"
z

ˇ̌
ˇ̌
.1�	˙ �

2 ;k/;.ap;Ap/

.bq ;Bq/;.1�	C �
2
;k/;.�	� �

2
;k/

#
: (2.88)
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For a definition of P �nu.x/ see Sect. 1.8.1. On making use of finite difference
operator E (Milne-Thomson 1933, p. 33 with ! D 1), which has the following
properties:

Eaf .a/ D f .a C 1/ (2.89)

Enaf .a/ D EaŒE
n�1
a f .a/�: (2.90)

Singh and Varma (1972) have further shown that

Z 1

�1
.1 � x2/	�1P �
 .x/UFV .˛1; : : : ; ˛U Iˇ1; : : : ; ˇV I c.1 � x2/d /

�Hm;n
p;q

"
z.1 � x2/k

ˇ̌
ˇ̌
.ap ;Ap/

.bq :Bq/

#
dx

D 2��

�
�
2C
��
2

�
�
�
1�
��
2

�
1X
rD0

.˛1/r � � � .˛U /r

.ˇ1/r � � � .ˇV /r
cr

rŠ

�Hm;nC2
pC2;qC2

"
z

ˇ̌
ˇ̌
.1�	�rd˙ �

2
;k/;.ap;Ap/

.bq ;Bq/;.1�	�rdC �
2
;k/;.�	�rd� �

2
;k/

#
; (2.91)

which holds under the conditions given with the result along with the conditions
that k and d are positive integers, U < V or U D V C 1 and jcj < 1 and none of
ˇj ; j D 1; : : : ; V is a negative integer or zero. In case � D 0 and � D �, where �
is a positive integer, then the result (2.91) reduces to

Z 1

�1
.1 � x2/	�1P�.x/UFV .˛1; : : : ; ˛U Iˇ1; : : : ; ˇV I c.1 � x2/d /

�Hm;n
p;q

"
z.1 � x2/k

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D �

�
�
2C�
2

�
�
�
1��
2

�
1X
rD0

.˛1/r � � � .˛U /r

.ˇ1/r � � � .ˇV /r
cr

rŠ

�Hm;nC2
pC2;qC2

�
z

ˇ̌
ˇ̌.1�	�rd;k/;.1�	�rd;k/;.ap;Ap/

.bq ;Bq/;.1�	�rdC �
2
;k/;.�	�rd� �

2
;k/

�
; (2.92)

where P�.x/ is the Legendre polynomial and the conditions of the validity are the
same as stated in (2.91) with � D 0 and � replaced by �.
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2.6 Generalized Laguerre Polynomials

From the integral (Mathai and Saxena 1973, p. 76) it can be easily shown that

Z 1

0

x�e�xL.�/
k
.x/Hm;n

p;q

"
zx�

ˇ̌
ˇ̌
.ap ;Ap/

.bq ;Bq/

#
dx

D .2�/
.1�	/

2 ��CkC 1
2

kŠ

�HmC�;nC�
pC2�;qC�

"
z��

ˇ̌
ˇ̌
�.�I��/;1/;.�.�I���/I1/;.ap;Ap/

.�.�I���Ck/;1/;.bq ;Bq/

#
; (2.93)

where � is a positive integer, either ˛ > 0; j arg zj < 1
2
�˛ or ˛ D 0;<.ı/ < �1.

Further, the parameters z; �; 
 2 C are such that <.�/C�min1�j�m
h<.bj /

Bj

i
> �1

for ˛ >0; j arg zj< 1
2
�˛ or ˛D0; �� 0; and <.�/C�min1�j�m

�
<.bj /

Bj
;

<.ı/C 1
2

�

�
>

�1 for ˛ D 0 and � < 0. For a definition of Laguerre polynomials see Sect. 1.8.1.

Remark 2.10. Solutions of certain integral equations involving generalH -function
were developed by Galué et al. (1993). It is interesting to observe that the results
given earlier by Kalla and Kiryakova (1990) for the Erdélyi–Kober and Weyl oper-
ators follow easily from the results of this section.

Exercises

2.1. Prove that

Z t

0

x	�1.t � x/c�1
2F1.a; bI cI 1 � x

t
/Hm;n

p;q

h
dx�

ˇ̌.ap ;Ap/

.bq ;Bq/

i
dx

D t	Cc�1�.c/Hm;nC2
pC2;qC2

h
dt�

ˇ̌.1�	;�/;.1CaCb�c�	;�/;.ap;Ap/

.bq ;Bq/;.1Ca�c�	;�/;.1Cb�c�	;�/
i
;

(2.94)

where either ˛ > 0; j argd j < 1
2
�˛ or ˛ D 0;<.ı/ < �1 and the param-

eters 
; a; b; c; d 2 C;<.c/ > 0; 
 > 0 be such that <.
 C c � a � b/ C
min1�k�m

h<.bj /

Bj

i
> 0 for ˛ > 0; j arg zj < 1

2
�˛ or ˛ D 0; � � 0 and

<.
C c � a � b/C min1�j�m
�

<.bj /

Bj
;

<.ı/C 1
2

�

�
> 0 for ˛ D 0 and � < 0.
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2.2. Establish the following integrals:

(i)

tY
rD1

Z 1

0

x˛r �1
r .1 � xr /� 1

2Tnr
.2xr � 1/Hm;n

p;q

�
z

.x1x2 � � �xt /h
ˇ̌.ap ;Ap/

.bq ;Bq/

�
dxr

D �
t
2H

mC2t;n
pC2t;qC2t

2
664z

ˇ̌
ˇ̌
.ap ; Ap/; .˛1 � n1 C 1

2
; h/; .˛1 C n1 C 1

2
; h/

� � � .˛t � nt C 1
2
; h/; .˛t C nt C 1

2
; h/

.bq ; Bq/; .˛1; h/; .˛1 C 1
2
; h/; : : :

.˛t ; h/; .˛t C 1
2
; h/

3
775 ;

where z; ˛r 2 C , either ˛ > 0; j arg zj < 1
2
�˛ or ˛ > 0;<.ı/ < �1. [For

a definition of Tn.x/ see Sect. 1.8.1]. Further, the parameter h is such that

<.˛r / > hmax1�j�n
h<.aj /�1

Aj

i
> 0; r D 1; : : : ; t for ˛ > 0 or ˛ D 0; � � 0

and <.˛r / C min1�j�m
�

<.aj /�1
Aj

;
<.ı/C 1

2

�

�
> 0; r D 1; : : : ; t for ˛ D 0 and

� > 0.
(ii)

tY
rD1

Z 1

0

x˛r �1
r .1 � xr /

� 1
2Tnr

.2xr � 1/Hm;n
p;q

h
z.x1x2 � � �xt /h

ˇ̌.ap ;Ap/

.bq ;Bq/

i
dxr

D �
t
2H

m;nC2t
pC2t;qC2t

2
664z

ˇ̌
ˇ̌

.1 � ˛1; h/;


1
2

� ˛1; h
�
;

: : : ; .1 � ˛t ; h/;


1
2

� ˛t ; h
�
; .ap ; Ap/

.bq; Bq/;


1
2

� ˛1 � n1; h
�
;


1
2

� ˛1 C n1; h
�
; : : :


1
2

� ˛t � nt ; h
�
;


1
2

� ˛t C nt ; h
�

3
775 ;

where z; ˛r 2 C , either ˛ > 0; j arg zj < 1
2
�˛ or ˛ D 0;<.ı/ < �1. Fur-

ther, the parameter h> 0 is such that <.˛r / C hmin1�j�m
h<.bj /

Bj

i
> � 1;

r D 1; : : : ; t for ˛ > 0 or ˛ D 0; � � 0, and <.
 C c � a � b/ C
min1�j�m

�
<.bj /

Bj
;

<.ı/C 1
2

�

�
> 0; r D 1; : : : ; t for ˛ D 0 and � < 0. Hint:

use the integral (Prudnikov et al. 1990, p. 681, Eq. (8.4.31.1))

2.3. Let ˛; ˇ; � 2 C , either ˛ > 0; j argyj < 1
2
�˛ or ˛ D 0;<.ı/ < �1. Further,

let � � 0; b ¤ a;
ˇ̌
ˇ .b�a/c
acCd

ˇ̌
ˇ < 1;

ˇ̌
ˇy.b�a/�C	

.acCd/�
ˇ̌
ˇ < 1; j arg.d C cb/=.d C ca/j < �

be such that <.˛/ C �min1�j�m
h<.bj /

Bj

i
> 0;<.˛/ C �min1�j�m

h<.bj /

Bj

i
> 0

for ˛ > 0 or ˛ D 0; � � 0 and <.˛/C�min1�j�m
�

<.bj /

Bj
;

<.ı/C 1
2

�

�
> 0, <.˛/C

�min1�j�m
�

<.bj /

Bj
;

<.ı/C 1
2

�

�
> 0 for ˛ D 0; � < 0 then there holds the formula
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Z b

a
.x � a/˛�1.b � x/ˇ�1.cx C d/�Hm;n

p;q

h
y.x � a/�.b � x/�.cx C d/��

ˇ̌.ap;Ap/
.bq ;Bq/

i
dx

D .b � a/˛Cˇ�1.ac C d/�

�H
0;2Wm;nC1I1;0
2;1WpC1;qC1I0;1

2
6664
y.b�a/�C�

.acCd/�

c.b�a/

acCd

ˇ̌
ˇ̌

.1� ˛I�; 1/; .1C � I �; 1/ W �
�

.a1;A1/; : : : ; .ap; Ap/I .1� ˇ; �/

.1� ˛ � ˇI�C �; 1/I .b1; B1/; : : : ; .bq ;Bq/; .1C �; �/I .0; 1/

3
7775 :

Hence or otherwise show that

Z b

a
.x � a/˛�1.b � x/ˇ�1x�Hm;n

p;q

h
yx�� .x � a/�.b � x/�

ˇ̌.ap;Ap/
.bq ;Bq/

i
dx

D .b � a/˛Cˇ�1a�

�H
0;2Wm;nC1I1;0
2;1WpC1;qC1I0;1

2
6664
y.b�a/�C�

a�
c.b�a/

a

ˇ̌
ˇ̌

.1� ˛I�; 1/; .1C � I �; 1/ W �
�

.a1; A1/; : : : ; .ap;Ap/I .1� ˇ; �/I �
.1� ˛ � ˇI�C �; 1/ W .b1; B1/; : : : ; .bq ; Bq/; .1C �; �/I .0; 1/

3
7775 ;

and give its conditions of validity (Saxena and Saigo 1998).

2.4. Notation 2.9. F3: Appell function of the third kind

Definition 2.8. The Appell function of the third kind is defined in the form

F3.a; a
0; b; b0I cI x; y/ D

1X
m;nD0

.a/m.a
0/n.b/m.b0/n
.c/mCn

xmyn

mŠnŠ

D
1X
mD0

.a/m.b/m

.c/m
2F1.a

0; b0I c0Iy/x
m

mŠ
;

where maxfjxj; jyjg < 1. Prove the following result:

Z b

a

.t � a/˛�1.b � t/ˇ�1.ut C v/� .yt C z/�dt

D .b � a/˛Cˇ�1.au C v/� .by C z/�B.˛; ˇ/

� F3
�
a; ˇ;��;��I˛ C ˇI � .b � a/u

au C v
;
.b � a/y
by C z

�
;

where for convergence

max

� ˇ̌
ˇ̌ .b � a/u

au C v

ˇ̌
ˇ̌ ;
ˇ̌
ˇ̌ .b � a/y
by C z

ˇ̌
ˇ̌
	
< 1I b ¤ a;minf<.˛/;<.ˇ/g > 0:
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2.5. Show that

Z 1

�1
.1C t/	�1.1 � t/��1P .˛;ˇ/


h
1 � 
y

2
.1 � t/

i
Hm;n
p;q

h
z.1 � t/h

ˇ̌.ap ;Ap/

.bq ;Bq/

i
dt

D 2�C	�1.˛ C 1/
�.
/

�Š


X
rD0

.��/r
rŠ

.1C ˛ C ˇ1/r

.1C ˛/r

�
y
2

�r

�Hm;nC1
pC1;qC1

h
2hz
ˇ̌.1���r;h/;.ap;Ap/

.bq ;Bq/;.1���	�
;h/
i
;

where z; �; 
 2 C; h > 0;� � 0, ˛ > 0; j arg zj < 1
2
�˛; <.
/ > 0;<.�/ C h

min1�j�m
h<.bj /

Bj

i
> 0.

2.6. Prove that
Z 1

0

t�	Jv.t/Jw.t/H
m;n
p;q

h
at2h

ˇ̌.ap ;Ap/

.bq ;Bq/

i
dt

D 2�	HmC1;nC1
pC4;qC1

"
zt2h

ˇ̌� 1C��w�v
2

;h
�
;.ap ;Ap/;

�
1C�Cv˙w

2
;h
�
;
�

pCw�vC1
2

;h
�

.	;2h/;.bq;Bq/

#
;

where Jv.�/ is the ordinary Bessel function, h > 0; 
; �; ! 2 C;� � 0; ˛ > 0,

j argaj < 1
2
�˛, <.w C � � 
 C 2h/min1�j�m

h<.bj /

Bj

i
> �1 and <.
/ >

2hmax1�i�n
h<.ai /�1

Ai

i
.



Chapter 3
Fractional Calculus

3.1 Introduction

The subject of fractional calculus deals with the investigations of integrals and
derivatives of any arbitrary real or complex order, which unify and extend the no-
tions of integer-order derivative and n-fold integral. It has gained importance and
popularity during the last four decades or so, mainly due to its vast potential of
demonstrated applications in various seemingly diversified fields of science and en-
gineering, such as fluid flow, rheology, diffusion, relaxation, oscillation, anomalous
diffusion, reaction-diffusion, turbulence, diffusive transport akin to diffusion, elec-
tric networks, polymer physics, chemical physics, electrochemistry of corrosion,
relaxation processes in complex systems, propagation of seismic waves, dynamical
processes in self-similar and porous structures and others. In this connection, one
can refer to Caputo (1967), Glöckle and Nonnenmacher (1991), Mainardi (1995,
1996), Mainardi and Tomirotti (1997), Metzler et al. (1994), and monographs by
Podlubny (1999), Dzherbashyan (1966), Oldham and Spanier (1974), Miller and
Ross (1993), Hilfer (2000), Kilbas et al. (2006) and references therein.

The importance of this subject further lies in the fact that during the last three
decades, three international conferences dedicated exclusively to fractional calculus
and its applications were held in the University of New Haven in 1974, University
of Strathclyde, Glasgow, Scotland in 1984, and the third in Nihon University in
Tokyo, Japan in 1989 in which various workers presented their investigations deal-
ing with the theory and applications of fractional calculus (see, for details, Ross
(1975), McBride and Roach (1985), and Nishimoto (1991)). The works of Srivastava
and Owa (1989), Kalia (1993), Rusev et al. (1995, 1997), Gaishun et al. (1996) also
deal especially with the subject of fractional calculus.

A comprehensive account of fractional calculus and its applications can be found
in the monographs written by Kiryakova (1994), McBride (1985), Oldham and
Spanier (1974), Miller and Ross (1993), and Ross (1975). In particular, the five
volumes work published recently by Nishimoto (1984, 1987, 1989, 1991, 1996)
contains an interesting account of the theory and applications of fractional calculus
in a number of areas of mathematical analysis, such as ordinary and partial differ-
ential equations, summation of series, special functions, etc.

A.M. Mathai et al., The H-Function: Theory and Applications,
DOI 10.1007/978-1-4419-0916-9 3, c� Springer Science+Business Media, LLC 2010
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This chapter deals with the definition and basic properties of various operators
of fractional integration and fractional differentiation of arbitrary order. Among the
various operators studied, it involves the Riemann–Liouville fractional integration
operators, Riemann–Liouville fractional differentiation operators, Weyl operators,
Kober operators, Saigo operators, etc. Besides the basic properties of these opera-
tors, their behavior under Laplace, Fourier, and Mellin transforms are also presented.
Application of Riemann–Liouville fractional calculus operators in the solution of
kinetic equations, fractional reaction, fractional diffusion and fractional reaction–
diffusion equations, etc. are demonstrated. The results are mostly derived in a closed
form in terms of the H -functions and Mittag-Leffler functions suitable for numeri-
cal computation.

3.2 A Brief Historical Background

In order to give a meaning to the notation dny
dxn for the nth order derivative, when

n is any number: fractional, irrational or complex, fractional calculus came into
existence. In fact G.A. l’Hopital wrote to G. W. Leibnitz to know the meaning of
dny
dxn , when n D 1

2
. Leibnitz replied in a letter of 30 September 1695 to l’Hopital that

“ d
1
2 x will be equal to x

p
dx W x; an apparent paradox from which one day useful

consequences will be drawn”. The name “fractional calculus” is probably due to
l’Hopital’s question “what if n is 1

2
?” In another letter of Leibniz to J. Wallis dated

28 May 1697, Leibniz discusses Wallis’ infinite product for � , mentions differential
calculus and uses the notation d

1
2 y to denote a derivative of order 1

2
.

Lacroix (1819) observed that

dm

dxm
xn D nŠ

.n �m/Š
xn�m; n 2 N D 1; 2; 3; : : : I m 2 N0 D N [ f0gI n � m:

(3.1)

Since nŠ D �.nC1/ and .n�m/Š D �.n�mC1/; the above equation was written
by Lacroix (1819) in terms of the gamma function in the form

dm

dxm
xn D �.nC 1/

�.n �mC 1/
xn�m; (3.2)

and then set m D 1
2

and n D 1 to obtain

d
1
2 x

dx
1
2

D 2x
1
2

�
1
2

:

During the eighteenth century, several mathematicians have contributed to the de-
velopment of fractional calculus, which includes Fourier (1822), Abel (1823–1826),
Liouville (1822–1837), and Riemann (1847).
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Grun̈wald (1867) defined the differintegration in terms of the following infinite
series:

dqf

Œd.x � a/�q D lim
N!1

(
Œ.x � a/=N ��q

�.�q/
N�1X
kD0

�.k � q/

�.k C 1/
f
�
x � k

hx � a
N

i�)
;

(3.3)

where q is arbitrary. The above definition was further generalized by Post (1930) to
the form

dnf

dxn
D lim

ıx!0

(
.ıx/�n

nX
kD0

.�1/k 
nk
�
f .x � kıx/

)
; n 2 N0; (3.4)

where,

 
n

k

!
D nŠ

kŠ.n � k/Š
:

The theory of fractional calculus by complex integral transformations approach
has been developed by many mathematicians including Augustin–Louis Cauchy
(1789–1857) and Edward Goursat (1858–1936). Further, Sonin in 1869 wrote a
paper entitled “On differentiation with arbitrary index” from which the present def-
inition of the Riemann–Liouville operator appears to follow. Letnikov (1872) in his
four papers presented an explanation of the main concept of theory of differentiation
of an arbitrary index which provides extension of Sonin’s work. A detailed account
of the origin of the Riemann–Liouville definition and its applications can be found
in the monograph of Miller and Ross (1993). The works of Davis (1927, 1936),
Love (1936–1996), Erdélyi (1939–1965), Kober (1940), Riesz (1949), Gelfand and
Shilov (1959–1964), and Caputo (1969) may also be mentioned in this connection.

A chronological bibliography of fractional calculus given by Ross is available
from the monograph of Oldham and Spanier (1974, pp. 1–15). Ross (1975) has also
given a brief history and exposition of the fundamental theory of fractional calculus.

3.3 Fractional Integrals

Notation 3.1. aI nx ; aD
�n
x In 2 N0 W Fractional integral of integer order n.

Definition 3.1.

.aI
n
x f /.x/ D aD

�n
x f .x/ D 1

�.n/

Z x

a

.x � t/n�1f .t/dt; x > a; (3.5)

where n 2 N0.
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We begin our study by introducing a fractional integral of order n in the form
(Cauchy formula):

.aD
�n
x f /.x/ D 1

�.n/

Z x

a

.x � t/n�1f .t/dt: (3.6)

It will be shown that the above integral can be expressed in terms of n-fold integral,
that is,

.aD
�n
x f /.x/ D

Z x

a

dx1

Z x1

a

dx2

Z x2

a

dx3 � � �
Z xn�1

a

f .t/dt; (3.7)

Proof 3.1. When n D 2, then using the well-known Dirichlet formula, namely

Z b

a

dx
Z x

a

f .x; y/dy D
Z b

a

dy
Z b

y

f .x; y/dx (3.8)

Equation (3.7) becomes

Z x

a

dx1

Z x1

a

f .t/dt D
Z x

a

dtf .t/
Z x

t

dx1

D
Z x

a

.x � t/f .t/dt: (3.9)

This shows that the twofold integral can be reduced to a simple integral with the
help of Dirichlet formula. For n D 3, the integral in (3.7) gives

.aD
�3
x f /.x/ D

Z x

a

dx1

Z x1

a

dx2

Z x2

a

f .t/dt

D
Z x

a

dx1

�Z x1

a

dx2

Z x2

a

f .t/dt

�
: (3.10)

Using the result (3.9) the integrals within big bracket simplify to yield

.aD
�3
x f /.x/ D

Z x

a

dx1

�Z x1

a

.x1 � t/f .t/dt

�
: (3.11)

If we use (3.8), then the above line reduces to

.aD
�3
x f /.x/ D

Z x

a

dtf .t/

�Z x

t

.x1 � t/dx1
�

D
Z x

a

.x � t/2

2Š
f .t/dt; (3.12)

�
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Continuing this process, we finally obtain

.aD
�n
x f /.x/ D 1

.n � 1/Š

Z x

a

.x � t/n�1f .t/dt D 1

�.n/

Z x

a

.x � t/n�1f .t/dt:
(3.13)

It is evident that the last integral in (3.13) is meaningful for any number n pro-
vided its real part is greater than zero.

3.3.1 Riemann–Liouville Fractional Integrals

Notation 3.2. aI ˛x ; aD
�˛
x I I˛aC

W Riemann–Liouville left-sided fractional integral
of order ˛.

Notation 3.3. xI ˛b ; xD
�˛
b

I I˛
b�

W Riemann–Liouville right-sided fractional integral
of order ˛.

Notation 3.4. L.a; b/: Space of Lebesgue measurable real or complex valued
functions.

Definition 3.2. L.a; b/ consists of Lebesgue measurable real or complex valued
function f .x/ on Œa; b�:

L.a; b/ D
(
f W jjf jj1 D

Z b

a

jf .t/jdt < C1
)
: (3.14)

Definition 3.3. Let f .x/ 2 L.a; b/; ˛ 2 C;<.˛/ > 0; then

aI
˛
x f .x/ D aD

�˛
x f .x/ D I˛aCf .x/ D 1

�.˛/

Z x

a

.x�t/˛�1f .t/dt; x > a; (3.15)

is called the Riemann–Liouville left-sided fractional integral of order ˛.

Definition 3.4. Let f .x/ 2 L.a; b/; ˛ 2 C;<.˛/ > 0; then

xI
˛
b f .x/ D xD

�˛
b f .x/ D I ˛b�f .x/ D 1

�.˛/

Z b

x

.t�x/˛�1f .t/dt; x < b; (3.16)

is called the Riemann–Liouville right-sided fractional integral of order ˛.

3.3.2 Basic Properties of Fractional Integrals

Proposition 3.1. Fractional integrals obey the following property:

.aI
˛
x aI

ˇ
x '/.x/ D .aI

˛Cˇ
x '/.x/ D .aI

ˇ
x aI

˛
x '/.x/:

.xI
˛
b xI

ˇ

b
'/.x/ D .xI

˛Cˇ
b

'/.x/ D .xI
ˇ

b x
I ˛b '/.x/: (3.17)
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Proof 3.2. By virtue of the definition (3.14) and the Dirichlet formula (3.8), it fol-
lows that

.aI
˛
x aI

ˇ
x '/.x/ D 1

�.˛/

Z x

a

dt

.x � t/1�˛
1

�.ˇ/

Z t

a

'.u/du

.t � u/1�ˇ

D 1

�.˛/�.ˇ/

Z x

a

du'.u/
Z x

u

dt

.x � t/1�˛.t � u/1�ˇ ; (3.18)

If we use the substitution y D t�u
x�u , the value of the second integral is

1

�.˛/�.ˇ/.x � u/1�˛�ˇ

Z 1

0

yˇ�1.1 � y/˛�1dy D .x � u/˛Cˇ�1

�.˛ C ˇ/
;

which when substituted in (3.18) yields the first part of (3.17). The second part can
be similarly established. In particular,

aI
nC˛
x f .x/ D .aI

n
x aI

˛
x f /.x/; n 2 N;<.˛/ > 0; (3.19)

which shows that the n-fold differentiation
�

dn

dxn
I nC˛
x f

�
.x/ D aI

˛
x f .x/; n 2 N;<.˛/ > 0; (3.20)

for all x. When ˛ D 0, we obtain

.aI
0
xf /.x/ D f .x/I .aI

�n
x f /.x/ D dn

dxn
f .x/ D f .n/.x/: (3.21)

�

Note 3.1. The property given in (3.17) is called the semigroup property of fractional
integration.

Proposition 3.2. The following result holds:

Z b

a

f .x/.aI
˛
x g/dx D

Z b

a

g.x/.xI
˛
b f /dx: (3.22)

The result (3.22) can be established by interchanging the order of integration in the
integral on the left of (3.22) and then by using the Dirichlet formula (3.8).

Remark 3.1. Stanislavsky (2004) derived a specific interpretation of fractional cal-
culus. It was shown that there exists a relation between stable probability distribution
and the fractional integral. The relation investigated shows that the parameter of the
stable distribution coincides with the exponent of the fractional integral.
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3.3.3 Illustrative Examples

Example 3.1. If f .x/ D .x � a/ˇ�1; then find the value of aI ˛x f .x/:

Solution 3.1. We have

.aI
˛
x f /.x/ D 1

�.˛/

Z x

a

.x � t/˛�1.t � a/ˇ�1dt:

If we substitute t D aC y.x � a/ in the above integral, it reduces to

�.ˇ/

�.˛ C ˇ/
.x � a/˛Cˇ�1;

where <.ˇ/ > 0. Thus,

.aI
˛
x f /.x/ D �.ˇ/

�.˛ C ˇ/
.x � a/˛Cˇ�1; (3.23)

provided ˛; ˇ 2 C , minf<.˛/;<.ˇ/g > 0.

Example 3.2. It can be similarly shown that

.xI
˛
b g/.x/ D �.ˇ/

�.˛ C ˇ/
.b � x/˛Cˇ�1; x < b; (3.24)

where g.x/ D .b � x/ˇ�1; ˛; ˇ 2 C I minf<.˛/;<.ˇ/g > 0.

Note 3.2. It may be noted that (3.23) and (3.24) give the Riemann–Liouville inte-
grals of the power functions f .x/ D .x�a/ˇ�1 and g.x/ D .b�x/ˇ�1;minf<.˛/;
.<.ˇ/g > 0.

Exercises 3.2

3.2.1. Prove that

.aI
˛
x Œx ˙ c���1/.x/ D .a˙ c/��1

�.˛ C 1/
.x � a/˛2F1

�
1; 1� � I˛ C 1I a � x

a˙ c

�
;

where <.˛/ > 0; ˛; � 2 C; ˇ̌a�x
a˙c

ˇ̌
< 1:

3.2.2. Prove that
�
aI
˛
x .x � a/ˇ�1.b � x/��1

�
.x/

D �.ˇ/

�.˛ C ˇ/

.x � a/˛Cˇ�1

.b � a/1�� 2F1.ˇ; 1 � � I˛ C ˇI a � x

b � a
/;

where <.˛/ > 0;<.ˇ/ > 0; ˛; ˇ; � 2 C; ˇ̌a�x
b�a

ˇ̌
< 1:
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3.2.3. Prove that

�
aI
˛
x Œe

�x�
�
.x/ D e�a.x � a/˛E1;˛C1.�x � �a/:

where x > a; ˛; � 2 C;<.˛/ > 0 and E1;˛C1.:/ is the Mittag-Leffler function.

3.2.4. Prove that

�
aI
˛
x Œe

�x.x � a/ˇ�1�
�
.x/ D e�a

�.ˇ/

�.˛ C ˇ/
.x�a/˛Cˇ�1

1F1.ˇI˛CˇI�x��a/;

where ˛; ˇ 2 C;minf<.˛/;<.ˇ/g > 0:
3.2.5. Prove that

�
aI
˛
x .Œx � a�ˇ�1 ln.x � a/

�
.x/

D �.ˇ/

�.˛ C ˇ/
.x � a/˛Cˇ�1Œln.x � a/C  .ˇ/ �  .˛ C ˇ/�;

where ˛; ˇ 2 C;minf<.˛/;<.ˇ/g > 0I and  .:/ is the logarithmic derivative of
the gamma function.

3.2.6. Prove that

�
aI
˛
x Œ.x � a/

�
2 J
 Œ�

p
x � a�

�
.x/ D

�
2

�

�˛
.x � a/.˛C
/=2J˛C
.�

p
x � a/;

where ˛; � 2 C;<.˛/ > 0;<.�/ > �1:
3.2.7. Prove that

�
aI


x ..x � a/ˇ�1E�;ˇ Œ.x � a/��

�
.x/ D .x � a/
Cˇ�1E�;
Cˇ Œ.x � a/��;

where ˇ;�; � 2 C;<.�/ > 0:
3.2.8. Prove that



0I


x Œx

��1 sin ax�
�
.x/

D x�C
�1

2i

�.�/

�.�C �/
Œ1F1.�I�C �I iax/ � 1F1.�I�C �I �iax/� ;

where ˇ; � 2 C; a > 0;minf<.�/;<.�/g > 0:
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3.2.9. Prove that

.I nb�

g/.x/D
Z b

x

dt1

Z b

t1

dt2 � � �
Z b

tn�1

g.tn/dtnD 1

.n�1/Š
Z b

x

.t�x/n�1g.t/dt; n2N:

3.2.10. Prove that Riemann–Liouville fractional integrals aI ˛x and xI ˛b with <.˛/ >
0 are bounded in L1Œa; b�. That is

jjaI ˛x hjj1 � .b � a/<.˛/
j�.˛/j<.˛/ jjhjj1; jjxI ˛b hjj1 � .b � a/<.˛/

j�.˛/j<.˛/ jjhjj1; (3.25)

where ˛ 2 C;<.˛/ > 0:
3.2.11. Prove that the Riemann–Liouville fractional integral I ˛0C of theH -function
exists and the following result holds:
�
I ˛0C

t	�1Hm;n
p;q

�
t�
ˇ̌.ap; Ap/
.bq; Bq/

��
.x/Dx	C˛�1Hm;nC1

pC1;qC1
�
x�
ˇ̌ .1� 
; 
/; .ap; Ap/

.bq; Bq/; .1� 
 � ˛; 
/

�
;

provided ˛ 2 C;<.˛/ > 0; ai ; bj 2 C;Ai ; Bj > 0; i D 1; : : : ; pI j D 1; : : : ; q;


 2 C; 
 > 0. Further let

˛� D
nX
jD1

Aj �
pX

jDnC1
Aj C

mX
jD1

Bj �
qX

jDmC1
Bj > 0; (3.26)

or

˛� D 0; ��C <.ı/ < �1I 
min
1�j�m

�<.bj /
Bj

�
C <.
/ > 0; (3.27)

and

�
 < <.
/; where the contour of integration is L D Li�1. (3.28)

3.4 Riemann–Liouville Fractional Derivatives

Notation 3.5. f˛g means the fractional part of number ˛; 0 � f˛g < 1.

Notation 3.6. Œ˛� means the integral part of number ˛.

Note 3.3. We note that
˛ D f˛g C Œ˛�:

Notation 3.7. aD˛
x 'I D˛

aC

': Riemann–Liouville left-sided fractional derivative
of the function '.x/ of order ˛.

Notation 3.8. bD˛
x '; I

˛
b�

': Riemann–Liouville right-sided fractional derivative
of the function '.x/ of order ˛.
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Definition 3.5. The left-sided Riemann–Liouville fractional derivative of order ˛ 2
C;<.˛/ � 0 of the function '.x/ is defined by

.aD
˛
x '/.x/ D .D˛

aC

'/.x/

D 1

�.n � ˛/
�

d

dx

�n Z x

a

'.t/dt

.x � t/˛�nC1 ; n D Œ<.˛/�C 1I x > a; (3.29)

where Œ<.˛/� means the integral part of <.˛/.
Definition 3.6. The right-sided Riemann–Liouville fractional derivative of order
˛ 2 C; <.˛/ � 0 of the function '.x/is defined by

.xD
˛
b '/.x/ D .D˛

b�

'/.x/

D .�1/n
�.n � ˛/

�
d

dx

�n Z b

x

'.t/dt

.t � x/˛�nC1 ; n D Œ<.˛/�C 1I x < b: (3.30)

In short, one can express (3.29) in the form

.aD
˛
x'/.x/ D dn

dxn
.aI

n�˛
x '/.x/; (3.31)

and (3.30) as

.xD
˛
b '/.x/ D .�1/n dn

dxn
.xI

n�˛
b '/.x/: (3.32)

For ˛ 2 RC, the equations (3.29) and (3.30) take the forms

.aD
˛
x '/.x/ D .D˛

aC

'/.x/

D 1

�.n � ˛/
�

d

dx

�n Z x

a

'.t/dt

.x � t/˛�nC1 ; n D Œ˛�C 1I x < b (3.33)

and

xD
˛
b '/.x/ D .D˛

b�

'/.x/

D .�1/n
�.n � ˛/

�
d

dx

�n Z b

x

'.t/dt

.t � x/˛�nC1 ; n D Œ˛�C 1I x < b: (3.34)

We shall also employ the notations

.aD
˛
x / ' D .aI

�˛
x / ' D .aI

˛
x /

�1'I ˛ � 0:

Similarly, we have

.xD
˛
b /' D .xI

�˛
b /' D .xI

˛
b /

�1'I ˛ � 0:
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Remark 3.2. Geometric and physical interpretations of fractional integration and
fractional differentiation were given by Podlubny (2002), also see Nigmatullin
(1992).

Notation 3.9. � D Œa; b�;�1 < a < b < 1; � may be a finite interval, a half
line or a whole line.

Notation 3.10. AC.�/, the space of absolutely continuous functions.

Notation 3.11. AC n.�/. If n 2 N; the space of complex-valued functions h.x/
which have continuous derivatives up to order n � 1 on Œa; b� with h.n�1/.x/ 2
AC Œa; b� is denoted by AC nŒa; b�. That is

AC nŒa; b� D ˚
h W Œa; b� ! C and



Dn�1h

�
.x/ 2 AC Œa; b�� ; D D d

dx
; (3.35)

where C is the set of complex numbers. It is evident that AC 1Œa; b� D AC Œa; b�:

We now present some properties of the operators defined by (3.29) and (3.30)
(see Samko et al. (1993)).

Proposition 3.3. LetAC Œa; b� be the space of absolutely continuous functions h on
Œa; b�. It is known [see Kolmogorov and Fomin 1984, p. 338] thatAC Œa; b� coincides
with the space of primitives of Lebesgue summable functions:

h.x/ 2 AC Œa; b� , h.x/ D c C
Z x

a

'.t/dt; '.t/ 2 L.a; b/: (3.36)

Hence absolutely continuous function h.x/ has a summable derivative h0.x/ D
'.x/ almost everywhere on Œa; b�. Thus (3.36) gives

'.t/ D h0.t/ and c D h.a/: (3.37)

The following lemma can be established with the help of (3.36), which provides
the characterization of the space AC nŒa; b�:

Lemma 3.1. The space AC nŒa; b� consists of those and only those functions h.x/,
which are represented in the form

h.x/ D 1

.n � 1/Š
Z x

a

.x � t/n�1'.t/dt C
n�1X
rD0

cr.x � a/r ; (3.38)

where '.x/ 2 L.a; b/ and cr ; r D 0; 1; : : : ; n�1 are arbitrary constants. It follows
from (3.38) that

'.x/ D h.n/.x/ and cr D h.r/.a/

rŠ
; r D 0; 1; : : : ; n � 1: (3.39)
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The next theorem characterizes the conditions for the existence of the fractional
derivatives in the space AC nŒa; b�, defined by (3.35)

Theorem 3.1. If ˛ 2 C;<.˛/ � 0In D j<.˛/j C 1; and h.x/ 2 AC nŒa:b�, then
the fractional differentiation operators aD˛

xh and xD˛
b
h exist almost everywhere on

Œa; b� and may be represented in the forms

.aD
˛
xh/.x/ D

n�1X
rDo

h.r/.a/

�.1C r � ˛/
.x � a/r�˛ C 1

�.n � ˛/

Z x

a

h.n/.t/dt

.x � t/˛�nC1 ;

(3.40)

and

.xD
˛
b h/.x/ D

n�1X
rDo

.�1/rh.r/.b/
�.1C r � ˛/

.b � x/r�˛ C .�1/n
�.n � ˛/

Z b

x

h.n/.t/dt

.t � x/˛�nC1 ;

(3.41)

respectively.

To prove the first part of the theorem, we observe that since h.x/ 2 AC n; conse-
quently the representation (3.38) holds. Using this in the definition of the fractional
derivative aD˛

xh (3.29) and taking (3.39) into account, the result (3.40) follows. The
second part can be proved similarly by using the Definition 3.6 and the representa-
tion for the function f .x/ 2 AC nŒa; b� of the form (3.38):

f .x/ D .�1/n
.n � 1/Š

Z b

x

.t � x/n�1�.t/dt C
n�1X
rD0

.�1/rer .b � x/r ; (3.42)

where

�.t/ D f .n/.t/ and er D f .r/.b/

rŠ
: (3.43)

Corollary 3.1. If ˛ 2 C; 0 � <.˛/ < 1; ˛ ¤ 0; and h.x/ 2 AC Œa; b�, then there
holds the relations

.aD
˛
xh/.x/ D 1

�.1 � ˛/
�

h.a/

.x � a/˛
C
Z x

a

h0.t/dt
.x � t/˛

�
; (3.44)

and

.xD
˛
bh/.x/ D 1

�.1 � ˛/

"
h.b/

.b � x/˛
�
Z b

x

h0.t/dt
.t � x/˛

#
: (3.45)
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Lemma 3.2. If ˛ 2 C;<.˛/ > 0 and h.x/ 2 Lp.a; b/; 1 � p < 1, then the
following formulae

.aD
˛
x aI

˛
x h/.x/ D h.x/ and .xD

˛
b xI

˛
b h/.x/ D h.x/; <.˛/ > 0 (3.46)

hold almost everywhere on Œa; b�.

Remark 3.3. The above assertion shows that the fractional differentiation is an op-
eration inverse to fractional integration from the left.

Lemma 3.3. If ˛; ˇ 2 C;<.˛/><.ˇ/ > 0; then for h.x/ 2 Lp.a; b/; 1�p<1;

the composition relations

.aD
ˇ
x aI

˛
x h/.x/ D aI

˛�ˇ
x h.x/ and .xD

ˇ

b xI
˛
b h/.x/ D xI

˛�ˇ
b

h.x/; (3.47)

hold almost everywhere on Œa; b�.

The first part in (3.47) readily follows from the results (3.40), Theorem 3.2 and
Lemma 3.2. The second part can be proved similarly.

Notation 3.12. aI ˛x .Lp/ W Space of functions.

Notation 3.13. xI ˛b .Lp/ W Space of functions,

Definition 3.7. The space of functions aI ˛x .Lp/ is defined by

aI
˛
x .Lp/ D fh W h D aI

˛
x 'I' 2 Lp.a; b/g; (3.48)

for ˛ 2 C;<.˛/ > 0 and1 � p < 1.

Definition 3.8. The space of functions xI ˛b .Lp/ is defined by

xI
˛
b .Lp/ D fh W h D xI

˛
b 'I' 2 Lp.a; b/g; (3.49)

for ˛ 2 C;<.˛/ > 0 and 1 � p � 1.

Theorem 3.2. Let ˛ 2 C;<.˛/ > 0; n D j<.˛/j C 1 and let hn�˛.x/ D
.aI

n�˛
x h/.x/ be the fractional integral of order n � ˛, defined by (3.15). Then the

following results hold:

(i) If h.x/ 2 aI
˛
x .Lp/; 1 � p < 1, then



aI
˛
x aD

˛
xh
�
.x/ D h.x/: (3.50)

(ii) If h.x/ 2 L1Œa:b� and hn�˛.x/ 2 AC nŒa:b�; then the formula



aI
˛
x aD

˛
xh
�
.x/ D h.x/ �

nX
jD1

h
.n�j /
n�˛ .a/

�.n � j C 1/
.x � a/n�j ; (3.51)

holds almost everywhere on Œa; b�.
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3.4.1 Illustrative Examples

Example 3.3. Prove that

.0D
˛
x Œt

� �/.x/ D �.� C 1/

�.� � ˛ C 1/
x��˛ ; ˛ � 0; � 2 C;<.�/ > �1; x > 0; (3.52)

Solution 3.2. We have

.0D
˛
x Œt

� �/.x/ D 1

�.n� ˛/

dn

dxn

Z x

0

t� .x � t/n�˛�1dt

D �.� C 1/

�.� C nC 1 � ˛/ .� � ˛ C 1/nx
��˛

D �.� C 1/

�.� C 1 � ˛/x
��˛ ; (3.53)

for � 2 C;<.�/ > �1:
Note 3.4. It is interesting to observe that for � D 0; (3.53) yields

.0D
˛
x1/.x/ D x�˛

�.1 � ˛/ I˛ ¤ 1; 2; : : : ; (3.54)

which is a surprising result and indicates that the fractional derivative of a constant
is, in general, not equal to zero. Thus it is not difficult to show that

.aD
˛
x1/.x/ D .x � a/�˛

�.1 � ˛/ and .xD˛
b 1/.x/ D .b � x/�˛

�.1� ˛/
I 0 < <.˛/ < 1: (3.55)

Example 3.4. Prove that

.0I


x Œln t �/.x/ D x


�.� C 1/
Œln x � � �  .� C 1/�;

where � is the Euler’s constant and  .z/ D 
 0.z/

.z/ :

Solution 3.3. We have

.0I


x Œln t �/.x/ D 1

�.�/

Z x

0

.x � t/
�1 ln t dt:

If we use the substitution t D xu, then

.0I


x Œln t �/.x/ D 1

�.�/

Z 1

0

x
.1 � u/
�1.ln x C ln u/du

D x
 lnx

�.� C 1/
C x


�.�/

Z 1

0

.1 � u/
�1 ln udu:
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We know that

Z 1

0

t˛�1.1 � t/ˇ�1 ln tdt D B.˛; ˇ/Œ .˛/ �  .˛ C ˇ/�; (3.56)

where ˛; ˇ 2 C;<.˛/ > 0;<.ˇ/ > 0: Applying the formula (3.56) for ˛ D 1 and
noting that  .1/ D �� , we see that

.0I
˛
x Œln t �/.x/ D x


�.� C 1/
Œln x � � �  .� C 1/�:

Similarly, we can prove the result in the next example.

Example 3.5. Prove that

.0D
˛
x Œln t �/.x/ D x�


�.1� �/
Œln x � � �  .�� C 1/�:

Example 3.6.

.0D
˛
x Œe

at �/.x/ D x�˛

�.1 � ˛/ 1F1.1I 1� ˛I ax/:

Solution 3.4. We have

.0D
˛
x Œexp.at/�/.x/ D

1X
rD0

ar

rŠ
0D

˛
x .x

r /

D
1X
rD0

ar

rŠ

�.r C 1/

�.r � ˛ C 1/
xr�˛

D x�˛

�.1 � ˛/ 1F1 .1I 1 � ˛I ax/:

Remark 3.4. One can unify the definitions of Riemann-Liouville fractional integral
defined by (3.15) and Riemann–Liouville fractional derivative defined by (3.29) of
arbitrary order ˛; ˛ 2 C;<.˛/ ¤ 0; n 2 N; in the form

.aD
˛
xf /.x/ D

(
1


.�˛/
R x
a
.x � t/�˛�1f .t/dt; <.˛/ < 0


d
dx

�n
.aI

n�˛
x f /.x/; <.˛/ > 0In� 1 � <.˛/ < n; (3.57)

which is called differintegral of f of order ˛. This process is also called fractional
integro–differentiation. (Butzer and Westphal 2000)
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Exercises 3.3

3.3.1. Prove that



0D

˛
x Œx

p exp.ax/�
�
.x/ D �.p C 1/xp�˛

�.p � ˛ C 1/
1F1.p C 1Ip � ˛ C 1I ax/;

where ˛; p 2 C;<.p/ > �1:
3.3.2. Prove that

J
.z/ D ��1=221�
z�

0D

�
C.1=2/
z .sin z/:

3.3.3. Prove that

 .x/ D �� C ln z � �.x/z1�x
0D

1�x
z .ln z/;

where  .x/ is the logarithmic derivative of the gamma function and � is the Euler’s
constant.

3.3.4. Prove that
�.a; z/ D �.a/e�z

0D
�a
z .exp z/;

where �.a; z/ is the incomplete gamma function.

3.3.5. Prove that
�
0D



xŒx

�=2J�.x
1
2 /�
�
.x/ D 2�
x

1
2
.��
/J��
.x

1
2 /:

where � 2 C;<.�/ > �1:
3.3.6. Prove that

2F1.a; bI cI z/ D �.c/

�.b/
z1�c

0D
b�c
z Œzb�1.1 � z/�a�:

3.3.7. Establish the result

.0D


x Œx

�
2F1.a; bI cI x/�/.x/ D �.�C 1/

�.� � � C 1/
x��


3F2.�C1; a; bI cI���C1I x/;

where �; �; a; b; c 2 C;<.�/ > �1;<.� � �/ > �1 and c ¤ 0;�1;�2; : : : I and
jxj < 1:
3.3.8. Prove that

.aD
˛
x aI

˛
xh/.x/ D h.x/:
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3.3.9. Prove that
.aD

ˇ
x aI

˛
xh/.x/ D aI

˛�ˇ
x h.x/;

where ˛; ˇ 2 C , minf<.˛/;<.ˇ/g > 0, h.x/ 2 L.a; b/.

3.5 The Weyl Integral

Notation 3.14. xW ˛1; xI ˛1; I ˛� Weyl integral of order ˛.

Definition 3.9. The Weyl integral of f .x/ of order ˛, denoted by xW
˛1, is de-

fined by

.xW
˛1f /.x/ D .xI

˛1f /.x/ D .I˛�f /.x/

D 1

�.˛/

Z 1

x

.t � x/˛�1f .t/dt; � 1 < x < 1 (3.58)

where ˛ 2 C;<.˛/ > 0:
Notation 3.15. xD˛1; xD

˛� W Weyl fractional derivative.

Definition 3.10. The Weyl fractional derivative of f .x/ of order ˛, denoted by
xD

˛1, is defined by

.xD
˛1f /.x/ D .D˛�f /.x/ D .�1/m

�
d

dx

�m 

xW

m�˛1 f .x/
�

D .�1/m
�

d

dx

�m
1

�.m � ˛/
Z 1

x

f .t/dt

.t � x/1C˛�m ;�1 < x < 1
(3.59)

where m � 1 � ˛ < mI m 2 N; ˛ 2 C:

3.5.1 Basic Properties of Weyl Integrals

Proposition 3.4. The following result holds.

Z 1

0

'.x/


0I
˛
x  .x/

�
dx D

Z 1

0

 .x/


xW

˛1'.x/
�

dx: (3.60)

Equation (3.60) is called the formula for fractional integration by parts. It is also
called the Parseval equality. Equation (3.60) can be established by interchanging
the order of integration.
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Proposition 3.5. Weyl fractional integrals obey the semigroup property. That is

�
xW

˛1 xW
ˇ1f

�
.x/ D .xW

˛Cˇ1 f /.x/ D
�
xW

ˇ1 xW
˛1f

�
.x/: (3.61)

Proof 3.3. We have

�
xW

˛1 xW
ˇ1f

�
.x/ D 1

�.˛/

Z 1

x

dt.t � x/˛�1

� 1

�.ˇ/

Z 1

t

.u � t/ˇ�1f .u/du:

Using the modified form of Dirichlet formula (3.8), namely

Z a

x

dt.t � x/˛�1
Z a

t

.u � t/ˇ�1f .u/du D B.˛; ˇ/

Z a

t

.u � t/˛Cˇ�1du (3.62)

and letting a ! 1, (3.62) yields the desired result

�
xW

˛1 xW
ˇ1f

�
.x/ D .xW

˛Cˇ1 f /.x/: (3.63)

The second part of Eq. (3.61) can be similarly proved. �

3.5.2 Illustrative Examples

Example 3.7. Prove that

�
xW

˛1Œe��x �
�
.x/ D e��x

�˛

where <.˛/ > 0:
Solution 3.5. We have

.xW
˛1Œe��x�/.x/ D 1

�.˛/

Z 1

x

.t � x/˛�1e��tdt; � > 0;

D e��x

�.˛/

Z 1

0

u˛�1e��udu D e��x

�˛
:

Example 3.8. Find the value of .xD˛1Œe��x�/.x/; � > 0:
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Solution 3.6. We have

.xD
˛1Œe��x �/.x/ D .�1/m

�
d

dx

�m
xW

m�˛1 e��x

D .�1/m
�

d

dx

�m
��.m�˛/e��x D �˛e��x :

Exercises 3.4

3.4.1. Prove that

.xW

1Œx�� exp.a=x/�/.x/ D �.� � �/

�.�/
x
��ˆ.� � �; �I a=x/;

where �; � 2 C; 0 < <.�/ < <.�/.
3.4.2. Prove that

.xW

1Œx
�1 exp.�ax/�/.x/ D �� 1

2 .x=a/
� 1
2 exp.�ax=2/K
� 1

2
.ax=2/;

where <.ax/ > 0; � 2 C;<.�/ > 0:
3.4.3. Prove that

.xW
˛1Œx�˛��Eıˇ;� .ax

�ˇ /�/.x/ D x��Eıˇ;˛C� .ax
�ˇ /;

where minf<.˛/;<.ˇ/;<.�/g > 0I ˛; ˇ; � 2 C; a 2 R.

3.4.4. Prove that the Riemann–Liouville fractional integral I˛� of the H -function
exists and the following relation holds:

�
I ˛� t	�1Hm;n

p;q

�
t�
ˇ̌
ˇ̌ .ap ; Ap/
.bq; Bq/

��
.x/ D x	C˛�1

�HmC1;n
pC1;qC1

�
x�
ˇ̌
ˇ̌ .ap ; Ap/; .1 � 
; 
/

.1 � 
 � ˛; 
/; .bq ; Bq/

�
;

provided ˛ 2 C;<.˛/ > 0 and further the constants ai ; bj 2 C;Ai ; Bj > 0

i D 1; : : : ; pI j D 1; : : : ; q; 
 2 C; 
 > 0 satisfy


 max
1�j�n

�<.aj /� 1

Aj

�
C <.
/C <.˛/ < 1;

and 1C �
 > <.
/C <.˛/; the contour of integration being L D Li�1.
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3.6 Laplace Transform

In this section, we derive the Laplace transforms of fractional integrals and fractional
derivatives which are applicable in certain problems associated with fractional reac-
tion, fractional diffusion fractional reaction–diffusion, etc.

3.6.1 Laplace Transform of Fractional Integrals

We have

.0I


x f /.x/ D I 
0C

f .x/ D 1

�.�/

Z x

0

.x � t/
�1f .t/dt; (3.64)

where � 2 C;<.�/ > 0.
Application of the convolution theorem of the Laplace transform to (3.64) gives

L f0I 
x f I sg D L

�
t
�1

�.�/
I s
	
L ff .t/I sg

D s�
F.s/; (3.65)

where s; � 2 C;<.s/ > 0;<.�/ > 0.

3.6.2 Laplace Transform of Fractional Derivatives

Let n 2 N , then by the theory of the Laplace transform, we know that

L

�
dn

dxn
f I s

	
D snF.s/ �

n�1X
rD0

sn�r�1f .r/.0C/ (3.66)

D snF.s/ �
n�1X
rD0

srf .n�r�1/.0C/; (3.67)

where s 2 C;<.s/ > 0 and F.s/ is the Laplace transform of f .t/.



3.6 Laplace Transform 95

By virtue of the definition of the Riemann–Liouville fractional derivative, we
find that

L
�
0D

˛
xf I s
 D L

�
dn

dxn
0I
n�˛
x f I s

	

D snL
�
0I
n�˛
x f I s
 �

n�1X
rD0

sr
dn�r�1

dxn�r�1 0I
n�˛
x f .0C/

D s˛F.s/ �
n�1X
rD0

sr
d˛�r�1

dx˛�r�1 f .0C/ (3.68)

D s˛F.s/ �
nX
rD1

sr�1 d˛�r

dx˛�r f .0C/; (3.69)

D s˛F.s/ �
nX
rD1

sr�1D˛�rf .0C/;
�
D D d

dx

�
; n� 1 < ˛ � n;

(3.70)

where <.s/ > 0:

3.6.3 Laplace Transform of Caputo Derivative

Notation 3.16. Ca D
˛
xf : Caputo fractional derivative of f .t/.

Definition 3.11. The Caputo fractional derivative of a casual function f .t/ (that is
f .t/ D 0 for t < 0) with ˛ > 0 was defined by Caputo (1969) in connection
with certain boundary value problems arising in the theory of viscoelasticity and the
hereditary solid mechanics in the form

.Ca D
˛
xf /.x/ D aI

n�˛
x

dn

dxn
f .x/ D aD

�.n�˛/
x f .n/.x/ (3.71)

D 1

�.n � ˛/
Z x

a

.x � t/n�˛�1f .n/.t/dt; n � 1 < ˛ < n (3.72)

D dnf

dxn
; if ˛ D n; n 2 N: (3.73)

From the Eqs. (3.65), (3.67) and (3.71), it follows that

L
n
C
0 D

˛
xf I s

o
D s�.n�˛/Lff .n/.t/g: (3.74)
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On using (3.66) and (3.73), we see that

L
n
C
0 D

˛
xf I s

o
D s�.n�˛/

"
snF.s/ �

n�1X
rD0

sn�r�1f .r/.0C/
#

D s˛F.s/ �
n�1X
rD0

s˛�r�1f .r/.0C/; n � 1 < ˛ � n; (3.75)

where ˛; s 2 C;<.s/ > 0;<.˛/ > 0:
Note 3.5. From (3.71), it can be seen that

C
0 D

˛
x A D 0; (3.76)

where A is a constant, and whereas the Riemann–Liouville derivative

0D
˛
xA D At�˛

�.1 � ˛/
; ˛ ¤ 1; 2; : : : ; (3.77)

which is a surprising result.

Remark 3.5. In a recent paper, Freed and Diethelm (2007) have extended the Fung’s
elastic law to one that is appropriate for the viscoelastic representation of soft bio-
logical tissues, and whose kinetics are of fractional order.

3.7 Mellin Transforms

Notation 3.17. Mp.0;1/; : a subspace of Lp.0;1/:

Definition of the subspace Mp.0;1/ W Mp.0;1/ denotes the class of all func-
tions f .x/ of Lp.0;1/; with p > 2, which are inverse Mellin transforms of
functions of Lq.�1;1/I q D p

p�1 .

Theorem 3.3. The following result holds true.

M


0I
˛
x f

�
.s/ D �.1 � ˛ � s/

�.1 � s/ f �.s C ˛/; (3.78)

where s; ˛ 2 C;<.˛/ > 0 and <.˛ C s/ < 1.

Proof 3.4. We have

M


0I
˛
x f

�
.s/ D

Z 1

0

zs�1
1

�.˛/

Z z

0

.z � t/˛�1f .t/dtdz (3.79)

D 1

�.˛/

Z 1

0

f .t/dt
Z 1

t

zs�1.z � t/˛�1dz:
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Setting z D t=u, the z-integral becomes

t˛Cs�1
Z 1

0

u�˛�s.1 � u/˛�1du D t˛Cs�1B.˛; 1 � ˛ � s/; (3.80)

where <.˛/ > 0;<.˛ C s/ < 1. The result (3.78) now follows from (3.80). �

Similarly, we can establish the following result:

Theorem 3.4. The following result holds true:

M


xI

˛1f
�
.s/ D �.s/

�.s C ˛/
M .t˛f .t/I s/ (3.81)

D �.s/

�.s C ˛/
f �.s C ˛/; (3.82)

where s; ˛ 2 C;<.˛/ > 0;<.s/ > 0.

3.7.1 Mellin Transform of the nth Derivative

Theorem 3.5. If n 2 N; then

M
n
f .n/.t/I s

o
D .�1/n �.s/

�.s � n/
M ff .t/I s � ng ; (3.83)

where s 2 C;<.s � n/ > 0

Equation (3.83) can be proved by integrating by parts and using the definition of
the Mellin transform.

3.7.2 Illustrative Examples

Example 3.9. Find the Mellin transform of the Riemann–Liouville fractional deriva-
tive 0D˛

t .

Solution 3.7. We have

0D
˛
t f D .0D

n
t 0D

˛�n
t /f D .0D

n
t 0I

n�˛
t /f: (3.84)
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Therefore,

M


0D

˛
t f
�
.s/ D .�1/n�.s/

�.s � n/ M


0I
n�˛
t f

�
.s � n/; n � 1 � <.˛/ < n (3.85)

D .�1/n�.s/�.1� .s � ˛//

�.s � n/�.1 � s C n/
M ff .t/I s � ˛g ; (3.86)

where ˛; s 2 C;<.s/ > 0; <.s/ < 1C <.˛/:
Example 3.10. In a similar manner, we can prove

M


0D

˛
t f
�
.s/ D .�1/n�.s/ sinŒ�.s � n/�

�.s � ˛/ sinŒ�.s � ˛/� M ff .t/I s � ˛g ; (3.87)

where ˛; s 2 C;<.s/ > 0;<.˛ � s/ > �1:

Exercises 3.6

3.6.1. Find the Mellin transform of the Caputo derivative.

3.8 Kober Operators

Kober operators are the generalization of Riemann-Liouville and Weyl opera-
tors. These operators have been used by many authors in deriving the solution of
single, dual, and triple integral equations possessing special functions of math-
ematical physics, as their kernels. These operators .I.˛;�/f /.x/, are also called
Erdélyi–Kober operators.

3.8.1 Erdélyi–Kober Operators

These operators are applicable in deriving the solution of certain integral equations
involving special functions of mathematical physics which possess a Mellin–Barnes
type integral representation. In this connection, refer to the works of Fox (1961,
1963, 1965, 1971), Saxena (1966, 1967, 1967a), Narain (1965, 1967), Nasim
(1983), Habibullah (1977), and others. For further details see the survey paper en-
titled “Operators of fractional integration and their applications” by Srivastva and
Saxena (2001).

Notation 3.18. I Œf .x/�; I Œ˛; �I f .x/�; E˛;�0;x f; I �;˛x f; .IC
�;˛f /.x/ W Erdélyi–Kober

fractional integral of the first kind.
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Notation 3.19. RŒf.x/�; RŒ˛; �If .x/�;K˛;�
x;1f;K�;˛

x f; .K�
�;˛
f /.x/; .K.˛; �f //.x/:

Erdélyi–Kober fractional integral of the second kind.

Definition 3.12.

I Œf .x/� D I Œ˛; �If .x/� D E
˛;�
0;x f D I �;˛x f D .IC

�;˛f /.x/ D .I.˛; �/f /.x/

D x�˛��

�.˛/

Z x

0

t�.x � t/˛�1f .t/dt; ˛; � 2 C I <.˛/ > 0; (3.88)

Definition 3.13.

RŒf .x/� D RŒ˛; �If .x/� D K˛:�
x;1f D K�;˛

x f D .K�
�;˛f /.x/ D .K.˛; �/f /.x/

D x�

�.˛/

Z 1

x

t���˛.t � x/˛�1f .t/dt; ˛; � 2 C I <.˛/ > 0: (3.89)

Equations (3.88) and (3.89) exist under the following set of conditions :

f 2 Lp.0;1/;<.˛/ > 0;<.�/ > �1
q
;<.�/ > � 1

p
;
1

p
C 1

q
D 1; p � 1:

When � D 0; (3.88) reduces to Riemann-Liouville operator. That is

I 0;˛x f D x�˛
0I
˛
x f: (3.90)

For � D 0; (3.89) yields the Weyl operator of the function t�˛f .t/. That is

K0;˛
x f D xW

˛1t�˛f .t/: (3.91)

Theorem 3.6. (Kober 1940) If ˛; �; s 2 C;<.˛/ > 0;<.� � s/ > �1; f 2
Lp.0;1/; 1 � p � 2 (or f 2 Mp.0;1/; a subspace of Lp.0;1/ and p > 2),
<.�/ > � 1

q
I 1
p

C 1
q

D 1; then there holds the formula

M fI.˛; �/f g .s/ D �.1C � � s/

�.˛ C �C 1 � s/M ff .x/I sg : (3.92)

The proof of (3.92) can be developed on similar lines to that of Theorem 3.3. In
a similar manner, we can establish

Theorem 3.7. (Kober 1940) If ˛; s; � 2 C;<.˛/ > 0;<.� C s/ > 0; f 2
Lp.0;1/; 1 � p � 2 (or f 2 Mp.0;1/; a subspace of Lp.0;1/ and p > 2),
<.�/ > � 1

p
I 1
p

C 1
q

D 1; then there holds the formula

M fR.˛; �/f g .s/ D �.� C s/

�.˛ C � C s/
M ff .x/I sg : (3.93)
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Semigroup property of the Erdélyi–Kober operators has been given in the form
of the following theorem, which can be proved in the same way:

Theorem 3.8. If ˛; � 2 C;<.˛/ > 0;<.�/ > maxf� 1
p
;� 1

q
gIf 2 Lp.0;1/; g 2

Lq.0;1/; 1 � p � 2 (or f 2 Mp.0;1/; a subspace of Lp.0;1/ and p > 2),
1
p

C 1
q

D 1; then there holds the formula

Z 1

0

g.x/ .I.˛; �If // .x/dx D
Z 1

0

f .x/ .R.˛; �Ig// .x/dx: (3.94)

Remark 3.6. Operators more general than the operators defined by (3.88) and (3.89)
are defined by Galué et al. (2000) in the form

.I
˛;0;�
0C

f /.x/ D x�˛��

�.˛/

Z x

a

t�.x � t/˛�1f .t/dt; ˛; � 2 C I <.˛/ > 0: (3.95)

Exercises 3.7

3.7.1. For the Erdélyi–Kober operators defined by

IC
�;˛f .x/ D 2x�2˛�2�

�.˛/

Z x

0

.x2 � t2/˛�1t2�C1f .t/dt;

where <.˛/ > 0; establish the following results (Sneddon 1975):

(i) IC
�;˛x

2ˇf .x/ D x2ˇ IC
�Cˇ;˛f .x/:

(ii) IC
�;˛I

C
�C˛;ˇ D IC

�;˛Cˇ D IC
�C˛:ˇI

C
�;˛:

(iii) .IC
�;˛/

�1 D IC
�C˛;�˛

Remark 3.7. The results of Exercise 3.7.1 also hold for the operator, defined by

K�
�;˛f .x/ D 2x2�

�.˛/

Z 1

x

.t2 � x2/˛�1t�2˛�2�C1f .t/dt;

where <.˛/ > 0:
3.7.2. Prove that the Erdélyi–Kober fractional integral IC

�;˛ of theH -function exists
and the following result holds:

�
IC
�;˛t

	�1Hm;n
p;q

�
t�
ˇ̌
ˇ̌ .ap ; Ap/
.bq; Bq/

��
.x/

D x	�1Hm;nC1
pC1;qC1

�
x�
ˇ̌
ˇ̌ .1 � 
 � �; 
/; .ap ; Ap/
.bq; Bq/; .1 � 
 � ˛ � �; 
/

�
;
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provided ˛; � 2 C;<.˛/ > 0; and further the constants ai ; bj 2 C;Ai ; Bj > 0;

i D 1; : : : ; pI j D 1; : : : ; q; 
 2 C; 
 > 0 satisfy


min
1�j�m

�<.bj /
Bj

�
C <.
/C minŒ0;<.�/� > 0:

and �
 < �<.
/ � minŒ0;<.�/�. (Here the contour of integration is L D Li�1.

3.7.3. Prove that the Erdélyi–Kober fractional integral K�
�;˛ of the H -function ex-

ists and the following relation holds:

�
K�
�;˛t

	�1Hm;n
p;q

�
t�
ˇ̌
ˇ̌ .ap ; Ap/
.bq ; Bq/

��
.x/

D x	�1HmC1;n
pC1;qC1

�
x�
ˇ̌
ˇ̌ .ap ; Ap/; .1 � 
C ˛ C �; 
/

.1 � 
 C �; 
/; .bq ; Bq/

�
;

provided ˛; � 2 C;<.˛/ > 0; and further the constants ai ; bj 2 C;Ai ; Bj > 0;

i D 1; : : : ; pI j D 1; : : : ; q; 
 2 C; 
 > 0 satisfy


max
1�j�n

�<.aj /� 1

Aj

�
C <.
/ < 1C <.�/

and 1 � �
 > <.
/� <.�/:

3.9 Generalized Kober Operators

Notation 3.20. I Œ˛; ˇ; � W m; k; �; a W f .x/�; I Œf .x/�
Notation 3.21. J Œ˛; ˇ; � W m; k; ı; a W f .x/�;KŒf .x/�

Notation 3.22. RŒf .x/�; R

�
˛; ˇ; � W

; 
; a W f .x/

�

Notation 3.23. KŒf .x/�;K

�
˛; ˇ; � W
�; 
; a W f .x/

�

Let ˛; ˇ; �; k; �; �; 
; 
 2 C; x 2 RC.

Definition 3.14.

I Œf .x/� D I Œ˛; ˇ; � W m; k; �; a W f .x/�I

D kx���1

�.1 � ˛/
Z x

0
2F1

 
˛; ˇ CmI � I at

k

xk

!
t�f .t/dt; (3.96)

where 2F1.�/ is the Gauss hypergeometric function.
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Definition 3.15.

KŒf .x/� D KŒ˛; ˇ; � W m; k; �; a W f .x/�

D kx�

�.1 � ˛/

Z 1

x
2F1

 
˛; ˇ CmI � I ax

k

tk

!
t���1f .t/dt: (3.97)

Operators defined by (3.96) and (3.97) exist under the following conditions:

(i) p � 1; q < 1; 1
p

C 1
q

D 1; j arg.1 � a/j < �; k > 0.
(ii) <.1� ˛/ > �m;<.�/ > �1=q;<.�/ > �1=p;<.� � ˛�ˇ�m/ > �1;m 2

N0I � ¤ 0;�1;�2; : : :
(iii) f 2 Lp.0;1/:

The equations (3.96) and (3.97) are introduced by Kalla and Saxena (1969).

Remark 3.8. It is interesting to note that for � D ˇ; a D k D 1, the equations
(3.96) and (3.97) reduce to the generalized Kober operators introduced and studied
by Saxena (1967b).

Definition 3.16.

RŒf .x/� D R

�
˛; ˇ; � W

; 
; a W f .x/

�

D x���	

�.
/

Z x

0

t� .x � t/	�1
2F1

�
˛; ˇI � I a

�
1 � t

x

��
f .t/dt: (3.98)

Definition 3.17.

KŒf .x/� D K

�
˛; ˇ; � W
�; 
; a W f .x/

�

D x�

�.
/

Z 1

x

t���	.t � x/	�1
2F1

h
˛; ˇI � I a

�
1 � x

t

�i
f .t/dt: (3.99)

The conditions of the validity of the operators (3.98) and (3.99) are given below:

(i) p � 1; q < 1; 1
p

C 1
q

D 1; j arg.1 � a/j < �
(ii) <.
/ > �1=q;<.�/ > �1=p;<.��˛�ˇ/ > 0;<.
/ > 0I � ¤ 0;�1;�2; : : :

(iii) f 2 Lp.0;1/:

Remark 3.9. The operators defined by (3.98) and (3.99) are given by Saxena and
Kumbhat (1973). For multidimensional generalized Kober operators associated with
Gauss hypergeometric function, which provides an elegant multivariate analogue of
the operators (3.98) and (3.99), see Saxena et al. (1990).

When a is replaced by a=̨ and ˛ ! 1; the operators defined by (3.98) and
(3.99) reduce to the following operators associated with confluent hypergeometric
functions:
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Definition 3.18.

RŒf .x/� D R

�
ˇ; � W

; 
; a Wf .x/

�
D lim

˛!1R

�
˛; ˇ; � W

; 
; a=˛ Wf .x/

�

D x���	

�.
/

Z x

0

t� .x � t/	�1ˆ
�
ˇI � I a

�
1 � t

x

��
f .t/dt: (3.100)

Definition 3.19.

KŒf .x/� D K

�
ˇ; � W
�; 
; a Wf .x/

�
D lim

˛!1K

�
˛; ˇ; � W
�; 
; a=˛ Wf .x/

�

D x�

�.
/

Z 1

x

t���	.t � x/	�1ˆ
h
ˇI � I a

�
1 � x

t

�i
f .t/dt; (3.101)

where <.
/ > 0;<.�/ > 0I andˆ.ˇ; � I z/ is the confluent hypergeometric function
(Erdélyi et al. 1953, p. 248).

Many interesting and useful properties of the operators defined by (3.98) and
(3.99) are investigated by Saxena and Kumbhat (1975), which deal with relations of
these operators with well-known integral transforms, such as Laplace, Mellin, and
Hankel transforms. Equation (3.98) was first considered by Love (1967).

Remark 3.10. In the special case, 
 D 0, when ˛ is replaced by ˛ C ˇ; � by ˛ and
ˇ by ��, then (3.98) reduces to the operator (3.102) considered by Saigo (1978).
Similarly, (3.99) reduces to another operator (3.104) introduced by Saigo (1978).

3.10 Saigo Operators

An interesting extension of both the Riemann–Liouville and Erdélyi–Kober frac-
tional integration operators was introduced by Saigo (1978) in terms of Gauss’s
hypergeometric function. In a series of papers, Saigo (1978, 1979, 1980,1981),
Saigo et al. (1992, 1992a), Saigo and Raina (1991), Srivastava and Saigo (1987),
Saigo and Saxena (1998), and others obtained several interesting properties of these
operators and then applied in many problems. In this section, we present definitions
and certain important properties of Saigo operators. Following Saigo (1978), we de-
fine the following generalized fractional calculus operators associated with Gauss
hypergeometric function in the kernel.

Notation 3.24. I ˛;ˇ;�0C

: Left-sided generalized fractional integral operator.

Notation 3.25. I ˛;ˇ;�� : Right-sided generalized fractional integral operator.
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Notation 3.26. D˛;ˇ;�
0C

: Left-sided generalized fractional derivative operator.

Notation 3.27. D˛;ˇ;�� : Right-sided generalized fractional derivative operator.

Let ˛; ˇ; � 2 C , and let x 2 <C the generalized fractional integral and gener-
alized fractional derivative of a function f .x/ on <C are defined in the following
forms:

Definition 3.20.

.I
˛;ˇ;�
0C

f /.x/ D x�˛�ˇ

�.˛/

Z x

0

.x � t/˛�1
2F1

�
˛Cˇ;��I˛I 1� t

x

�
f .t/dt;<.˛/> 0

(3.102)

D dn

dxn
.I
˛Cn;ˇ�n;��n
0C

f /.x/;<.˛/ � 0In D Œ<.�˛/� C 1:

(3.103)

Definition 3.21.

.I˛;ˇ;�� f /.x/ D 1

�.˛/

Z 1

x
.t�x/˛�1t�˛�ˇ

2F1

�
˛ C ˇ;��I ˛I 1 � x

t

�
f .t/dt;<.˛/> 0

(3.104)

D .�1/n dn

dxn
.I˛Cn;ˇ�n;�� f /.x/;<.˛/ � 0In D Œ<.�˛/�C 1: (3.105)

Definition 3.22.

.D
˛;ˇ;�
0C

f /.x/ D .I
�˛;�ˇ;˛C�
0C

f /.x/

D
�

d

dx

�n
.I

�˛Cn;�ˇ�n;˛C��n
0C

f /.x/;<.˛/ > 0In D Œ<.˛/�C 1:

(3.106)

Definition 3.23.

.D˛;ˇ;�� f /.x/ D .I�˛;�ˇ;˛C�� f /.x/

D
�

� d

dx

�n
.I�˛Cn;�ˇ�n;˛C�� f /.x/;<.˛/ > 0In D Œ<.˛/�C 1:

(3.107)

For ˇ D �˛, the operators defined by (3.102), (3.104), (3.106) and (3.107) re-
duce to the classical Riemann–Liouville fractional calculus operators for <.˛/ > 0,
namely the Riemann–Liouville operator I˛0C

, defined in Sect. 3.2 by the equation
(3.15), the Weyl operator I ˛� , defined in Sect. 3.4 by the equation (3.58) and the
fractional derivative operatorsD˛

0C

and D˛�, defined below by the Eqs. (3.109) and
(3.111) respectively.
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Notation 3.28. D˛
0C

W Riemann–Liouville left-sided fractional derivative of order ˛.

Notation 3.29. D˛� W Riemann–Liouville right-sided fractional derivative of order ˛.

Definition 3.24.

.D
˛;�˛;�
0C

f /.x/ D
�
D˛
0C

f
�
.x/ D

�
d

dx

�Œ<.˛/�C1 �
I
1�˛CŒ<.˛/�
0C

f
�
.x/; x > 0

(3.108)

D
�

d

dx

�Œ<.˛/�C1
1

�.1� ˛ C Œ<.˛/�/
Z x

0

f .t/

.x � t/˛�Œ<.˛/� dt; x >0:

(3.109)

Definition 3.25.

.D˛;�˛;�� f /.x/ D 

D˛�f

�
.x/ D

�
� d

dx

�Œ<.˛/�C1 �
I 1�˛CŒ<.˛/�� f

�
.x/; x > 0

(3.110)

D
�
� d

dx

�Œ<.˛/�C1
1

�.1�˛ C Œ<.˛/�/
Z 1

x

f .t/

.t � x/˛�Œ<.˛/� dt; x>0;

(3.111)

where the symbol [&] means the integral part of a real positive number & that is the
largest integer not exceeding & . In particular for real ˛ > 0;D˛

0C and D˛� take the
interesting forms

.D
˛;�˛;�
0C

f /.x/ D
�
D˛
0C

f
�
.x/ D

�
d

dx

�Œ˛�C1 �
I
1�f˛g
0C

f
�
.x/;

D
�

d

dx

�Œ˛�C1
1

�.1 � f˛g/
Z x

0

f .t/

.x � t/f˛g dt; x > 0; (3.112)

and

.D˛;�˛;�� f /.x/ D .D˛�f /.x/ D
�

� d

dx

�Œ˛�C1 �
I 1�f˛g� f

�
.x/

D
�

� d

dx

�Œ˛�C1
1

�.1 � f˛g/
Z 1

x

f .t/

.t � x/f˛g dt; x > 0; (3.113)

where f&g denotes the fractional part of & , that is f&g D & � Œ&�:

If we set ˇ D 0; then the operators defined by (3.102) and (3.104) yield the
Erdélyi–Kober operators, defined by (3.88) and (3.89) respectively.
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3.10.1 Relations Among the Operators

We note that the relation connecting the operators (3.102) and (3.104) is given by

�
I ˛;ˇ;�� f

�
1

t

��
.x/ D x�ˇ�1 �I ˛;ˇ;�0C

h
tˇ�1f .t/

i�� 1
x

�
: (3.114)

To prove the result (3.114), we observe that if we start from its left hand side then
by a simple change of variable, we obtain the desired result.

When ˇ D �˛; in (3.114), it gives the relation between the operators (3.111) and
(3.58) given by Kilbas (2005):

�
I ˛;�˛;�� f

�
1

t

��
.x/ D

�
I ˛�f

�
1

t

��
.x/ D

�
W ˛
x;1f

�
1

t

��
.x/

D x˛�1
�
I
˛;�˛;�
0C

�
t�˛�1f .t/


�� 1
x

�
D x˛�1 
I ˛0C

�
t�˛�1f .t/


� � 1
x

�
:

(3.115)

On the other hand, for ˇ D 0, we obtain the relation between the operators (3.88)
and (3.89) as

�
I ˛;0;�� f

�
1

t

��
.x/ D

�
K�
�;˛f

�
1

t

��
.x/ D x�1 �I ˛;0;�0C

�
t�1f .t/


�� 1
x

�

D x�1 
IC
�;˛

�
t�1f .t/


� � 1
x

�
: (3.116)

Note 3.6. We observe that the operators (3.106) and (3.107) are inverse to the oper-
ators (3.102) and (3.104):

D
˛;ˇ;�
0C

D .I
˛;ˇ;�
0C

/�1 and D˛;ˇ;�� D .I ˛;ˇ;�� /�1: (3.117)

3.10.2 Power Function Formulae

By making use of the following integral

Z t

0

x	�1.t�x/c�1
2F1

�
a; bI cI 1 � x

t

�
dx D �.c/�.
/�.
C c � a � b/

�.
 C c � a/�.
C c � b/
t	Cc�1;
(3.118)
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where 
; a; b; c 2 C;<.
/ > 0;<.c/ > 0;<.
C c � a � b/ > 0 and
Z

1

t

x
�1.x � t /c�1
2F1.a; bI cI 1� t

x
/dx D �.c/�.1� 
 � c/�.1� 
 � a � b/

�.1� 
 � a/�.1� 
 � b/
t
Cc�1;

(3.119)

where 
; a; b; c 2 C I <.c/ > 0;<.
 C c/ < 1;<.
 C a C b/ < 1, we obtain the

following power function formulae for the operators
�
I
˛;ˇ;�
0C

�
and



I ˛;ˇ;��

�
:

�
I
˛;ˇ;�
0C

t�
�
.x/ D �.1C �/�.1C �C � � ˇ/

�.1C � � ˇ/�.1C �C ˛ C �/
x��ˇ ; (3.120)

where ˛; ˇ; � and � 2 C;<.˛/ > 0 and <.�/ > maxf0;<.ˇ � �/g � 1I
�
I ˛;ˇ;�� t�

�
.x/ D �.ˇ � �/�.�� �/

�.��/�.˛ C ˇ C �� �/
x��ˇ ; (3.121)

where ˛; ˇ; �; and � 2 C , <.˛/ > 0, <.�/ < minf<.ˇ/;<.�/g; or if <.˛/ � 0;
0 < <.˛/Cn � 1 and <.�/ < minf<.ˇ/�n;<.�/g; where n is a positive integer.

For ˇ D �˛, (3.120) and (3.121) give rise to the formulae

�
I ˛0C

t�
�
.x/ D �.1C �/

�.1C �C ˛/
x�C˛; (3.122)

where ˛; � 2 C;<.˛/ > 0;<.�/ > �1; and

�
I ˛� t��

�
.x/ D �.� � ˛/

�.�/
x˛��; (3.123)

where ˛; � 2 C;<.�/ > <.˛/ > 0:
Similarly, for ˇ D 0; we obtain

�
IC
�;˛t

�
�
.x/ D �.1C �C �/

�.1C ˛ C �C �/
x�; (3.124)

where ˛; �; � 2 C;<.�C �/ > �1 and

�
K�
�;˛t

�
�
.x/ D �.� � �/

�.˛ C � � �/
x�; (3.125)

where ˛; �; � 2 C;<.˛/ > 0;<.�/ > <.�/:
The discussion in the next two sections is based on the work of Saigo et al.

(1992).
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3.10.3 Mellin Transform of Saigo Operators

Theorem 3.9. If ˛; ˇ; � 2 C;<.˛/ > 0, and <.s/ < 1 C minŒ0;<.� � ˇ/�; then
the following formula holds for f .x/ 2 Lp.0;1/ with 1 � p � 2 or f .x/ 2
Mp.0;1/ with p > 2:

M
n
xˇI

˛;ˇ;�
0C

f I s
o

D �.1 � s/�.� � ˇ C 1 � s/

� .1 � s � ˇ/ �.˛ C �C 1 � s/M ff .x/I sg ; (3.126)

where Mp.0;1/is defined in Sect. 3.6.

Theorem 3.10. If ˛; ˇ; � 2 C;<.˛/ > 0, and <.s/ > � minŒ<.ˇ/;<.�/�, then
the following formula holds for f .x/ 2 Lp.0;1/ with 1 � p � 2 or f .x/ 2
Mp.0;1/ with p > 2:

M
n
xˇI ˛;ˇ;�� f I s

o
D �.ˇ C s/�.�C s/

� .s/ �.˛ C ˇ C �C s/
M ff .x/I sg : (3.127)

3.10.4 Representation of Saigo Operators

A representation of Erdélyi–Kober operators (3.88) and (3.89) in terms of the
Laplace transform operator L and its inverse L�1 was given by Fox (1971, 1972).
Certain relations connecting L and L�1 operators, and fractional integration oper-
ators of Saxena (1967) were derived by Kumbhat and Saxena (1975) generalizing
the results of Fox (1971, 1972). In this section we present certain representations of
the Saigo operators by L and L�1.

Theorem 3.11. Let ˛; ˇ; � 2 C;<.˛/ > 0;<.� � ˇ/ > 0 and <.�/ < 0: If a
function f .x/ satisfies the following conditions:

(i) f .x/ 2 L.0;1/

(ii) y� 1
2 f .y/ 2 L.0;1/;wheref .y/ is of bounded variation near the pointy D x

(iii) M ff .x/I sg D F.s/ 2 L 
1
2

� i1; 1
2

C i1�

(iv) yˇ� 1
2 I

˛;ˇ;�
0C f 2 L.0;1/ and yˇI ˛;ˇ;�0C

f is of bounded variation near the
point y D x, then there holds the relation

I
˛;ˇ;�
0C

f D x�˛�ˇ��L�1
h
t�˛��L

n
xˇL�1

h
t�L

n
x��ˇf .x/

oioi
: (3.128)

Remark 3.11. For ˇ D 0, (3.128) reduces to a result given by Fox (1972, p. 198).

Theorem 3.12. Let ˛; ˇ; � 2 C;<.˛/ > 0;<.ˇ/ > 0 and <.�/ > 0. If a function
f .x/ satisfies the following conditions:



3.10 Saigo Operators 109

(i) f .x/ 2 L.0;1/

(ii) y� 1
2 f .y/ 2 L.0;1/, where f .y/ is of bounded variation near the point y D x

(iii) M ff .x/I g D F.s/ 2 L 
1
2

� i1; 1
2

C i1�

(iv) yˇ� 1
2 I ˛;ˇ;�� f 2 L.0;1/ and yˇI ˛;ˇ;�� f is of bounded variation near the

point y D x, then there holds the relation

I˛;ˇ;�� fDx�˛�2ˇ��C1L�1
�
t�˛��L

�
xˇL�1

�
t�L

�
x��1f

�
1

x

�	�	�

xD 1
X

:

(3.129)

Remark 3.12. For ˇ D 0, (3.129) reduces to a result given by Fox (1972, p. 199).

Exercises 3.9

3.9.1. Let ˛� > 0 or ˛� D 0 and �� C <.ı/ < �1. Further, let ˛; ˇ; � 2 C;

<.˛/ > 0, <.ˇ/ ¤ <.�/I 
 2 C and � > 0 satisfy the conditions

<.
/C � min
1�j�m

�<.bj /
Bj

�
C minŒ0;<.� � ˇ/� > 0:

for ˛� > 0 or ˛� D 0; � � 0, and

<.
/C � min
1�j�m

"
<.bj /
Bj

;
<.ı/C 1

2

�

#
C minŒ0;<.� � ˇ/� > 0;

for ˛� D 0 and � < 0. Then show that the generalized fractional integration I ˛;ˇ;�0C

of the H -function exists and there holds the formula

�
I
˛;ˇ;�
0C

t	�1Hm;n
p;q

�
t�
ˇ̌
ˇ̌ .ap ; Ap/
.bq; Bq/

��
.x/

D x	�ˇ�1Hm;nC2
pC2;qC2

�
x�
ˇ̌
ˇ̌ .1 � 
; �/; .1C ˇ � � � 
; �/; .ap ; Ap/
.bq; Bq/; .1C ˇ � 
; �/; .1� 
 � ˛ � �; �/

�
;

(3.130)

where �; ı; ˛� and � are defined by (1.17), (1.18), (3.26), and (3.28) respectively.

3.9.2. Let either ˛� > 0 or ˛� D 0 and �� C <.ı/ < �1. Further let ˛; ˇ; � 2
C;<.˛/ > 0;<.ˇ/ ¤ <.�/I 
 2 C and � > 0 satisfy the conditions

<.
/C � max
1�i�n

�<.ai / � 1
Ai

�
< 1C minŒ<.ˇ/;<.�/�;
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for ˛� > 0 or ˛� D 0; � � 0; and

<.
/C � max
1�i�n

"
<.ai /� 1

Ai
;

<.ı/C 1
2

�

#
< 1C minŒ<.ˇ/;<.�/�;

for ˛� D 0 and � > 0. Then show that the generalized fractional integration I ˛;ˇ;��
of the H -function exists and there holds the formula

�
I˛;ˇ;�� t	�1Hm;n

p;q

�
t�
ˇ̌
ˇ̌ .ap ; Ap/
.bq; Bq/

��
.x/

D x	�ˇ�1HmC2;n
pC2;qC2

�
x�
ˇ̌
ˇ̌ .ap; Ap/; .1 � 
; �/; .1C ˛ C ˇ C �� 
; �/

.1 � 
 C ˇ; �/; .1 � 
C �; �/; .bq ; Bq/

�
;

(3.131)

where ˛� is defined in (3.26).

Note 3.7. In Exercise 3.9.1, left-sided generalized fractional integral I ˛;ˇ;�0C

of the
H -function is considered, whereas Exercise 3.9.2 gives the right-sided generalized
fractional integral I˛;ˇ;�� of the H -function.

3.9.3. Let ˛; ˇ; � 2 C;<.˛/ > 0;<.˛ C ˇ C �/ ¤ 0; 
 2 C; � > 0. Let ˛� > 0 or
˛� D 0, and ��C <.ı/ < �1 satisfy the conditions

<.
/C � min
1�j�m

�<.bj /
Bj

�
C minŒ0;<.˛ C ˇ C �/� > 0:

for ˛� > 0; or ˛� D 0; � � 0, and

<.
/C � min
1�j�m

"
<.bj /
Bj

;
<.ı/C 1

2

�

#
C minŒ0;<.˛ C ˇ C �/� > 0;

for ˛� > 0 and � < 0. Then show that the generalized fractional differentiation
D
˛;ˇ;�
0C

of the H -function exists and there holds the formula

�
D
˛;ˇ;�
0C

t	�1Hm;n
p;q

�
t�
ˇ̌
ˇ̌ .ap ; Ap/
.bq; Bq/

��
.x/

D x	Cˇ�1Hm;nC2
pC2;qC2

�
x�
ˇ̌
ˇ̌ .1 � 
; �/; .1 � 
 � � � ˛ � ˇ; �/; .ap ; Ap/

.bq ; Bq/; .1 � 
 � ˇ; �/; .1 � 
 � �; �/
�
;

(3.132)

where ˛� is defined in (3.26). Hence or otherwise show that the Riemann-Liouville
fractional derivativeD˛

0C

of the H -function exists and the following result holds:
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�
D˛
0C

t	�1Hm;n
p;q

�
t�
ˇ̌
ˇ̌ .ap ; Ap/
.bq ; Bq/

��
.x/

D x	�˛�1Hm;nC1
pC1;qC1

�
x�
ˇ̌
ˇ̌ .1 � 
; 
/; .ap ; Ap/
.bq; Bq/; .1 � 
 C ˛; 
/

�
; (3.133)

provided ˛ 2 C;<.˛/ > 0; and further ˛:ˇ; � 2 C;<.˛/ > 0;<.˛ C ˇ C �/ ¤ 0,

 2 C; 
 > 0 ; either ˛� > 0 or ˛� D 0, and ��C<.ı/ < �1 satisfy the conditions

<.
/C 
 min
1�j�m

�<.bj /
Bj

�
> 0

for ˛� > 0 and ˛� D 0; � � 0, and

<.
/C 
 min
1�j�m

"
<.bj /
Bj

;
<.ı/C 1

2

�

#
> 0:

for ˛� D 0; � < 0; ˛� is defined in (3.26). (Kilbas and Saigo 1998)

3.9.4. Let either ˛� > 0 or ˛� D 0 and ��C <.ı/ < �1. Further let ˛; ˇ; � 2 C ,
<.˛/ > 0; 
 2 C I <.˛CˇC�/C Œ<.˛/�C1 ¤ 0; and � > 0 satisfy the conditions

<.
/C maxŒ<.ˇ/; Œ<.˛/� C 1;�<.˛ C �/�C � max
1�i�n

�<.ai /� 1

Ai

�
< 1;

for ˛� > 0 or ˛� D 0; � � 0; and

<.
/CmaxŒ<.ˇ/; Œ<.˛/�C1;�<.˛C�/�C� max
1�i�n

"
<.ai /� 1

Ai
;

<.ı/C 1
2

�

#
< 1;

for ˛� D 0 and � > 0: Then show that the generalized fractional differentiation
D˛;ˇ;�� of the H -function exists and there holds the formula

�
D˛;ˇ;�� t	�1Hm;n

p;q

�
t�
ˇ̌
ˇ̌ .ap; Ap/
.bq; Bq/

��
.x/ D .�1/ŒR.˛/�C1x	Cˇ�1HmC2;n

pC2;qC2

�
�
x�
ˇ̌
ˇ̌ .ap ; Ap/; .1 � 
; �/; .1 � 
 � ˇ C �; �/

.1 � 
 � ˇ; �/; .1 � 
C ˛ C �; �/; .bq; Bq/

�
: (3.134)

Hence or otherwise show that the Riemann–Liouville fractional derivative D˛� of
the H -function exists and the following relation holds:
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�
D˛�t	�1Hm;n

p;q

�
t�
ˇ̌
ˇ̌ .ap ; Ap/
.bq; Bq/

��
.x/

D .�1/ŒR.˛/�C1x	�˛�1HmC1;n
pC1;qC1

�
x�
ˇ̌
ˇ̌ .ap ; Ap/; .1 � 
; 
/

.1 � 
 C ˛; 
/; .bq ; Bq/

�
; (3.135)

provided ˛; ˇ; � 2 C;<.˛/ > 0;<.˛ C ˇ C �/ ¤ 0; 
 2 C; 
 > 0; further ˛� > 0
or ˛� D 0, and ��C <.ı/ < �1 satisfy the conditions

<.
/C 
 max
1�j�n

�<.aj /� 1

Aj

�
� f<.˛/g > 0;

for ˛� > 0 or ˛� D 0; � � 0I while

<.
/C 
 max
1�j�n

"
<.aj / � 1

Aj
;

<.ı/C 1
2

�

#
� f<.˛/g > 0:

for ˛� D 0 and � > 0 where fR.˛/g is the fractional part of R.˛/.
(Kilbas and Saigo 1999)

Note 3.8. In Exercise 3.9.3, we consider the left-sided generalized fractional deriva-
tive D˛;ˇ;�

0C

of the H -function, whereas Exercise 3.9.4 provides the right-sided

generalized fractional derivativeD˛;ˇ;�� of the H -function.

Note 3.9. It is observed that the result of Exercise 3.9.1 also holds for the general-
ized fractional integro–differentiation I˛;ˇ;�0C

of the H -function defined by (3.103).
Similarly the result of Exercise 3.9.2 also gives the generalized fractional integro–
differentiation I˛;ˇ;�� of the H -function defined by (3.105).

Remark 3.13. Certain properties of the Riemann–Liouville fractional calculus op-
erators associated with generalized Mittag-Leffler function are obtained by Saxena
and Saigo (2005). Saigo-Maeda operators of fractional calculus associated with
Appell function F3 (Saigo-Maeda 1998), which are the generalizations of Saigo
fractional Calculus operators, are studied by Saxena and Saigo (2001), which pro-
vide the extensions of the theorems given in this section (Exercises 3.9.1–3.9.4). For
further results on Saigo-Maeda fractional calculus operators, refer to the papers by
Saxena et al. (2002) and Kiryakova (2006).

3.9.5. With the help of the following chain rules for the Saigo operators

.I
˛;ˇ;�
0C

I
�;ı;˛C�
0C

f /.x/ D .I
˛C�;ˇCı;�
0C

f /.x/;

and
.I˛;ˇ;�� I �;ı;˛C�� f /.x/ D .I˛C�;ˇCı;�� f /.x/;
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derive the inverses �
I
˛;ˇ�
0C

��1 D I
�˛;�ˇ;˛C�
0C

; (3.136)

and �
I ˛;ˇ��

��1 D I�˛;�ˇ;˛C�� : (3.137)

3.9.6. Establish the following property of Saigo operators called “integration by
parts”

Z 1

0

f .x/
�
I
˛;ˇ;�
0C

g/
�
.x/dx D

Z 1

0

g.x/
�
I ˛;ˇ;�� f

�
.x/dx: (3.138)

3.9.7. Show that

�
I
˛;ˇ;�
0C

x��1.aC bx/c
�
.x/ D ac

�.
/�.
 C �� ˇ/

�.
 � ˇ/�.
 C ˛ C �/

� 3F2

�
1; ��ˇC 1;�cI 1 � ˇ; ˛C �C 1I �bx

a

�
:

Also give the conditions of validity of this result.

3.11 Multiple Erdélyi–Kober Operators

Fractional integration operators associated with the H -functions are studied by
Saxena et al. (1974), Kalla (1969), Kalla and Kiryakova (1990), Srivastava and
Buschman (1973). A detailed and comprehensive account of fractional integra-
tion operators and their applications studied by various authors during the last four
decades can be found in the paper of Srivastava and Saxena (2001). The discussion
in this section is based on the work of Galué et al. (1993).

Notation 3.30. I .�k/;.ık /

.ˇk/;.�k/;m
: Multiple Erdélyi–Kober operator of Riemann–Liouville

type.

Notation 3.31. C˛: Space of continuous functions.

Notation 3.32. K.�k/;.˛k/

."k/;.�k/;n
f .x/: Multiple Erdélyi–Kober operator of Weyl type.

Notation 3.33. C �̨
� W Space of continuous functions.

Definition 3.26. Space of functions C˛ is defined as

C˛ D ff .x/ D xpf �.x/ W p > ˛; f �.x/ 2 C Œ0;1/g
with ˛ Dmax

1�k�m Œ�ˇ.�k C 1/� (3.139)
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Definition 3.27. Space of functions C �
˛� is defined as

C �
˛� D ˚

f .x/ D xqg.x/I q < ˛�; g 2 C.0;1/I jgj�Ag
�

with ˛�D min
1�k�m

.ˇ	k/

(3.140)

Definition 3.28. A multiple Erdélyi–Kober operator of Riemann–Liouville type is
defined in the form

I Œf .x/� D I
.�k/; .ık/

.ˇk/; .�k/;m
f .x/

D

8
ˆ̂̂
<
ˆ̂̂
:

R 1
0 H

m;0
m;m

�
u

ˇ̌
ˇ̌.�kCıkC1� 1

ˇk
; 1

ˇk
/m
1

.�kC1� 1
�k
; 1

�k
/m
1

�
f .xu/du

if
Pm
1 ık > 0:

f .x/; if ık D 0 and �k D ˇk; k D 1; : : : ; m;

(3.141)

where m 2 ZC; ˇk > 0; ık � 0; and �k; k D 1; : : : ; m are real numbers.
Furthermore

mX
kD1

1

�k
�

mX
kD1

1

ˇk
;

and f .x/ 2 C˛, where C˛ is defined by (3.139), and

˛ � max
1�k�m

Œ��k.�k C 1/�:

The definition (3.141) can be rewritten in the familiar form :

I
.�k/;.ık /

.ˇk /;.�k/;m
f .x/ D 1

x

Z x

0

Hm;0
m;m

2
4 t
x

ˇ̌
ˇ̌
ˇ̌

�
�k C ık C 1 � 1

ˇk
; 1
ˇk

�m
1�

�k C 1 � 1
�k
; 1
�k

�m
1

3
5f .t/dt:

(3.142)

Remark 3.14. It is interesting to note that for �k D ˇk ; k D 1; 2; : : : ; m, we obtain
the operator defined by Kalla and Kiryakova (1990). If, however, we set m D 1 and
ˇk D �k; k D 1; : : : ; m, we obtain a slight variant form of Erdélyi–Kober operator
defined in (3.88). The following properties of this operator holds.

3.11.1 A Mellin Transform

M
n
I
.�k/;.ık /

.ˇk /;.�k/;m
f .x/I s

o
D

mY
kD1

�.�k C 1 � s
�k
/

�.�k C ık C 1 � s
�k
/
M ff .x/I sg; (3.143)
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where
mX
kD1

1

�k
�

mX
kD1

1

ˇk
> 0 and <.s/ < min

1�k�m
Œ�k.1C �k/�:

3.11.2 Properties of the Operators

Some basic properties of the operator defined by (3.141) are given below:

I
.�k/;.ık/

.ˇk/;.�k/;m
x	 D

mY
kD1

�.�k C 1C 	
�k
/

�.�k C ık C 1C 	
�k
/
x	; (3.144)

where <.
/C max1�k�mŒ�k.1C �k/� > 0:

I
.�k /;.ık/

.ˇk /;.�k/;m
I
.�k/;.˛k/

."k/;.�k/;n
f .x/ D I

..�k /
m
1
;.�k/

n
1
/;..ık/

m
1
;.˛k/

n
1
/

..ˇk /
m
1
;."k/

n
1
/;..�k/

m
1
;.�k/

n
1
/;mCnf .x/; (3.145)

where
nX
kD1

1

�k
�

nX
kD1

1

"k
> 0; A D

mX
kD1

1

�k
�

mX
kD1

1

ˇk
> 0;

max1�k�mŒ1 � �k.�k C 1/� < 0 < max1�k�nŒ�k.	k C 1/� 1�; and

ˇ̌
ˇ̌arg

�
1

x

�ˇ̌
ˇ̌ < .�A=2/:

The inverse of the operator I .�k/;.ık /

.ˇk/;.�k/;m
is given by

�
I
.�k/;.ık /

.ˇk/;.�k/;m

��1
f .x/ D I

.�kCık/;.�ık /

.�k/;.ˇk/;m
f .x/: (3.146)

The results (3.143) and (3.146) are useful in deriving the solutions of a certain
class of integral equations.

Definition 3.29. Another multiple Erdélyi–Kober fractional integral operator of
Weyl type is defined by

KŒf .x/� D K
.�k/;.˛k/

."k/;.�k/n
f .x/ D

Z 1

x

Hn;0
n;n

"
1

u

ˇ̌
ˇ̌
ˇ
.	k C ˛k C 1

"k
; 1
"k
/n1

.	k C 1
�k
; 1
�k
/
n

1

#
f .xu/du;

(3.147)
if
Pn
1 ˛k > 0, and f .x/; if ˛k D 0 and "k D �k ; k D 1; : : : ; n; where

nX
kD1

1

�k
�

nX
kD1

1

"k
> 0;
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n 2 N; "k > 0; �k > 0; ˛k � 0 and 	k ; k D 1; : : : ; n are real numbers, f .x/ 2 C �
˛� ;

where C �̨
� is defined by (3.140) and

˛� � min
1�k�n

.�k	k/:

The definition (3.147) can easily be put in the familiar form :

K
.�k/;.˛k/

."k/;.�k/;n
f .x/ D 1

x

Z 1

x

Hn;0
n;n

"
x

t

ˇ̌
ˇ̌
ˇ
.	k C ˛k C 1

"k
; 1
"k
/n1

.	k C 1
�k
; 1
�k
/n1

#
f .t/dt; (3.148)

provided that
nX
kD1

˛k > 0:

Remark 3.15. It is interesting to note that for "k D �k ; k D 1; 2; : : : ; n, we obtain
the operator defined by Kalla and Kiryakova (1990). If, however, we set n D 1 and
"k D �k; k D 1; : : : ; n, we obtain a slight variation of the Erdélyi–Kober operator
of Weyl type defined in (3.89). The following properties of this operator holds.

3.11.3 Mellin Transform of a Generalized Operator

It can be easily seen with the help of the Mellin transform of the H -function given
by the equation (2.8) that

M
n
K
.�k/;.˛k/

."k/;.�k/;n
f .x/I s

o
D

nY
kD1

�.	k C s
�k
/

�.	k C ˛k C s
"k
/
M ff .x/I sg; (3.149)

where

nX
kD1

1

�k
�

nX
kD1

1

"k
> 0 and max

1�k�n
.��k	k/ < <.s/:

The power function formula for the operatorK.�k/;.˛k/

."k/;.�k/;n
is given by

K
.�k/;.˛k/

."k/;.�k/;n
x	 D

mY
kD1

�.	k � 	
�k
/

�.	k C ˛k � 	
"k
/
x	; (3.150)

where <.
/ < min1�k�mŒ	k�k �: Further

K
.�k/;.˛k/

."k/;.�k/;n
K
.�k/;.ık /

.ˇk/;.�k/;m
f .x/ D K

..�k/
n
1
;.�k/

m
1
/;..˛k/

n
1
;.ık/

m
1
/

.."k/
n
1
;.ˇk/

m
1
/;..�k/

n
1
;.�k/

m
1
/;mCnf .x/; (3.151)
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where

B D
nX
kD1

1

�k
�

nX
kD1

1

"k
> 0;

mX
kD1

1

�k
�

mX
kD1

1

ˇk
> 0;

max
1�k�m

.��k�k � 1/ < 0 < min
1�k�n

.�k	k C 1/;

and

j argxj < 1

2
�B:

Finally, the inverse of the operatorK.�k/;.˛k/

."k/;.�k/;n
is given by

�
K
.�k/;.˛k/

."k/;.�k/;n

��1
f .x/ D K

.�kC˛k/;.�˛k/

.�k/;."k/;n
f .x/: (3.152)

Remark 3.16. Solutions of certain dual integral equations involving general H -
functions have been developed by Galué et al. (1993) by the application of the
operators (3.141) and (3.147). It is interesting to observe that the results given earlier
by Kalla and Kiryakova (1990) for the multiple Erdélyi–Kober and Weyl operators
follow easily from the results of this section.

Remark 3.17. Representations of fractional integration operators of multiple
Riemann–Liouville and Weyl type defined by (3.141) and (3.147), in terms of the
Laplace and inverse Laplace transforms, are recently obtained by Saxena et al.
(2006). Integral formulae for the H -function generalized fractional integration op-
erators discussed in this section are derived by Saxena et al. (2004a, 2007). Integral
formulas for the generalized Erdélyi–Kober operator of Weyl type, defined by the
equation (3.147), are recently evaluated by Saxena et al. (2005).



Chapter 4
Applications in Statistics

4.1 Introduction

Special functions are used in almost all areas of statistics. Statistical densities are
basically elementary special functions or product of such functions. Hence, the the-
ory of special functions is directly applicable to statistical distribution theory. While
studying generalized densities, structural properties of densities, Bayesian infer-
ence, distributions of test statistics, characterization of densities and related studies
of probability theory, stochastic processes and time series problems, and special
functions and generalized special functions in the categories of Meijer’sG-functions
and H -functions come in naturally.

When looking at multivariate and matrix-variate distributions, the theory of
special functions of matrix argument is directly applicable. Functions of matrix ar-
gument in the categories of matrix variable gamma, type-1 beta and type-2 beta, are
the most commonly used special functions in current statistical literature.

In this chapter, a brief introduction to the applications of H -functions in statisti-
cal distribution theory will be given. Problems which fit directly into the definition
of anH -function are dealt with in this chapter. With the knowledge of the basic ma-
terials discussed in this chapter, the reader will be able to tackle more complicated
situations of applications of special functions in statistics. Only the real variable
case is discussed in this chapter.

4.2 General Structures

General structures in statistical literature where H -function will be applicable are
many. The simplest of the structures are products and ratios of statistically indepen-
dently distributed positive real scalar random variables. A real scalar random vari-
able x is said to have a generalized gamma density when the density is of the form

f .x/ D

8
<̂
:̂

ˇa
˛
ˇ



�

˛
ˇ

�x˛�1e�axˇ
; x > 0; a > 0; ˛ > 0; ˇ > 0

0; elsewhere:
(4.1)

A.M. Mathai et al., The H-Function: Theory and Applications,
DOI 10.1007/978-1-4419-0916-9 4, c� Springer Science+Business Media, LLC 2010
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Note 4.1. Usually, in statistical problems, the parameters are real; hence, we will
assume that the parameters a; ˛; and ˇ are real.

Let
u D x1x2 � � �xk; (4.2)

where xj has the density in (4.1) with the parameters aj > 0; ˛j > 0; ˇj > 0; j D
1; 2; � � � ; k and let x1; � � � ; xk be statistically independently distributed. Note that
for ˇj D 1 in (4.1), one has the standard gamma density. Hence, if y1 has the
density in (4.1) with ˇj D 1, then a density of the structure in (4.1) can be created

by considering xj D y
ˇj

j ; j D 1; � � � ; k. Hence,

u� D y
ˇ1

1 � � �yˇk

k
; (4.3)

and u in (4.2) can be studied by using the same procedures. If one is interested
in deriving the exact density of (4.2), then one of the methods, and possibly the
easiest way, is to compute the Mellin transform of the density of u. If the unknown
density of u is denoted by g.u/, one can evaluate the Mellin transform of g.u/,
without knowing g.u/, by making use of the independence properties of x1; � � � ; xk .
In the standard terminology in statistical literature, let E denote the mathematical
expectation, then E.xh/, when x has the density in (4.1), is given by

E.xh/ D
�
�
˛Ch
ˇ

�

�
�
˛
ˇ

�
a

h
ˇ

; for <.˛ C h/ > 0; (4.4)

where <.�/ denotes the real part of .�/: Thus, when ˛ and h are real, this expected
value or the hth moment of x can exist for some negative value of h also such that
˛ C h > 0. Due to statistical independence,

E.uh/ D ŒE.xh1 /�ŒE.x
h
2 /� � � � ŒE.xhk /�

D
kY
jD1

�
�
˛j Ch
ˇj

�

�
�
˛j

ˇj

�
a

h
ˇj

j

; <.˛j C h/ > 0; j D 1; : : : ; k: (4.5)

But, with h replaced by s � 1, one has the Mellin transform of g.u/. That is,

E.us�1/ D
Z 1

0

us�1g.u/du

D
kY
jD1

�
�
˛j �1

ˇj
C s

ˇj

�

�
�
˛j

ˇj

� a

1
ˇj

j

a

s
ˇj

j

; <.˛j C s � 1/ > 0; j D 1; : : : ; k: (4.6)
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Then, the unknown density g.u/ of u is available from the inverse Mellin transform.
That is,

g.u/ D 1

2�i

Z cCi1

c�i1

�
E.us�1/



u�sds; i D p�1; c > �˛j C 1; j D 1; � � � ; k

D
8
<̂
:̂

kY
jD1

a

1
ˇj

j

�
�
˛j

ˇj

�

9
>=
>;

1

2�i

Z cCi1

c�i1

8
<
:

kY
jD1

�

�
˛j � 1

ˇj
C s

ˇj

�9=
;

2
4
0
@

kY
jD1

a

1
ˇj

j

1
A u

3
5

�s

ds

D
8̂
<
:̂

kY
jD1

a

1
ˇj

j

�
�
˛j

ˇj

�

9>=
>;
H
k;0
0;k

"
a

1
ˇ1

1 � � � a
1
ˇk

k u
ˇ̌�

˛j �1

ˇj
; 1ˇj

�
;jD1;:::;k

#
; 0 < u < 1; (4.7)

and 0 elsewhere, is the density of u.
Note that for ˇj D 1; j D 1; � � � ; k, the H -function in (4.7) reduces to a

Meijer’s G-functionGk;0
0;k
.�/. Further, for special values of k, one can evaluate (4.7)

in terms of elementary special functions.

Note 4.2. Since statistical densities, in general, can be written in terms of elemen-
tary special functions and theH -function is a very generalized special function, one
can represent almost all densities, in current use, in terms of H -functions.

Note 4.3. Special cases of the gamma density in (4.1) include the following:

(a) Weibull density .ˇ D ˛/;
(b) chisquare density .ˇ D 1; a D 1

2
; ˛ D m

2
; m D 1; 2; � � � /;

(c) standard gamma density .ˇ D 1/;
(d) exponential density .ˇ D 1; ˛ D 1/;
(e) folded Gaussian .ˇ D 2; ˛ D 1/;
(f) chi density .ˇ D 2; ˛ D 1; n D 1; 2; � � � /;
(g) Helley’s density .ˇ D 1; ˛ D 1; a D mg

KT
/;

(h) Helmert’s density .ˇ D 2; a D n
2�2 ; ˛ D n � 1 > 0/;

(i) Maxwell–Boltzmann density .ˇ D 2; ˛ D 3/;
(j) Rayleigh density .ˇ D 2; ˛ D 2/.

Note 4.4. When x in (4.1) is replaced by jxj;�1 < x < 1, we obtain more
generalized densities. The most important special cases will then be the Gaussian
.ˇ D 2; ˛ D 1/ and the Laplace density .ˇ D 1; ˛ D 1/.

4.2.1 Product of Type-1 Beta Random Variables

A real scalar random variable is said to have a real type-1 beta distribution, if the
density is of the following form:

f1.x/ D
(

.˛Cˇ/

.˛/
.ˇ/

x˛�1.1� x/ˇ�1; 0 < x < 1; ˛ > 0; ˇ > 0
0; elsewhere;

(4.8)
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where the parameters ˛ and ˇ are assumed to be real. The following discussion
holds even when ˛ and ˇ are complex quantities. In that case, the condition becomes
<.˛/ > 0 and <.ˇ/ > 0 where <.�/ means the real part of .�/. The hth moment of
x, when x has the density in (4.8), is given by

E.xh/ D �.˛ C h/

�.˛/

�.˛ C ˇ/

�.˛ C ˇ C h/
;<.˛ C h/ > 0: (4.9)

When ˛ and h are real, the moments can exist for some negative values of h also
such that ˛ C h > 0. The Mellin transform of f1.x/ is obtained from (4.9), by
replacing h by s � 1 for some complex s.

Consider a set of real scalar random variables x1; � � � ; xk , mutually indepen-
dently distributed, where xj has the density in (4.8) with the parameters .˛j ; ˇj /;
j D 1; � � � ; k and consider the product

u1 D x1x2 � � �xk : (4.10)

Then, the Mellin transform of the density g1.u/ of u1 is obtained from the property
of statistical independence and is given by,
Z 1

0

us�1g1.u/du D E.us�11 / D ŒE.xs�11 /� � � � ŒE.xs�1k /�

D
kY
jD1

�.˛j C s � 1/
�.˛j /

�.˛j C ˇj /

�.˛j C ˇj C s � 1/

D
2
4

kY
jD1

�.˛j C ˇj /

�.˛j /

3
5
2
4

kY
jD1

�.˛j C s � 1/
�.˛j C ˇj C s � 1/

3
5 : (4.11)

Then, the unknown density g1.u/ is available by taking the inverse Mellin trans-
form of (4.11). This can be written in terms of a Meijer’s G-function of the type
G
k;0
k;k
.�/. We can consider more general structures in the same category. For exam-

ple, consider the structure

u2 D x
�1

1 x
�2

2 � � �x�k

k
; �j > 0; j D 1; : : : ; k (4.12)

where x1; : : : ; xk are mutually independently distributed as in (4.10). Then, observ-
ing that

E.us�12 / D E.x
�1.s�1/
1 /E.x

�2.s�1/
2 /E.x

�k .s�1/
k

/ (4.13)

D
8
<
:

kY
jD1

�.˛j C ˇj /

�.˛j /

9
=
;

8
<
:

kY
jD1

�.˛j � �j C �j s/

�.˛j C ˇj � �j C �j s/

9
=
; ; (4.14)

<.˛j � �j C �j s/ > 0; j D 1; � � � ; k;
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the density g2.u2/ of u2 is available by taking the inverse Mellin transform, that is,

g2.u2/ D
8
<
:

kY
jD1

�.˛j C ˇj /

�.˛j /

9
=
;

1

2�i

Z cCi1

c�i1

kY
jD1

�.˛j � �j C �j s/

�.˛j C ˇj � �j C �j s/
u�s
2 ds

D
8
<
:

kY
jD1

�.˛j C ˇj /

�.˛j /

9
=
;H

k;0
k;k

h
u2
ˇ̌.˛j Cˇj ��j ;�j /;jD1;��� ;k
.˛j ��j ;�j /;jD1;��� ;k

i
; 0 < u2 < 1:

(4.15)

Observe that when �j D 1; j D 1; � � � ; k, theH -function reduces to theG-function.
The case in (4.15) is slightly different from xj having a generalized type-1 beta den-
sity and then considering the product x1 � � �xk . Suppose xj has a generalized type-1
beta density given by

f2.x/ D

8
ˆ̂̂
<
ˆ̂̂
:

�a
˛
�

B
�

˛
�
;ˇ
�x˛�1.1 � ax� /ˇ�1; 0 < x < a� 1

� ; ˛ > 0; ˇ > 0; � > 0; a > 0;

1 � ax� > 0;
0; elsewhere;

(4.16)
where B.�; �/ is a beta function

B

�
˛

�
; ˇ

�
D
�
�
˛
�

�
�.ˇ/

�
�
˛
�

C ˇ
� ; ˛ > 0; ˇ > 0; � > 0:

If x follows the density in (4.16), then the .s � 1/th moment of x is given by,

E.xs�1/ D
Z a

�
1
�

0

xs�1f2.x/dx D
�
�
˛Cs�1
�

�

a
s�1

� �
�
˛
�

�
�
�
˛
�

C ˇ
�

�
�
˛Cs�1
�

C ˇ
� : (4.17)

Let, xj have the density in (4.16) with parameters .aj ; ˛j ; ˇj ; �j /; j D 1; � � � ; k
and let x1; � � � ; xk be independently distributed. Then, if

u3 D x1 � � �xk ; (4.18)

then

E.us�13 / D
kY
jD1

8
<̂
:̂

1

a

s�1
�j

j

�
�
˛j Cs�1
�j

�

�
�
˛j

�j

�
�
�
˛j

�j
C ˇj

�

�
�
˛j Cs�1
�j

C ˇj

�

9
>=
>;
: (4.19)
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The density of u3, denoted by g3.u3/, is available from the inverse Mellin transform
in (4.19). That is,

g3.u3/D

8̂
<̂
ˆ̂:

kY
jD1

a

1
�j

j �
�
˛j

�j
C ˇj

�

�
�
˛j

�j

�

9>>=
>>;
H
k;0
k;k

2
4a

1
�1

1 � � �a
1

�k

k
u3
ˇ̌
�

˛j �1

�j
Cˇj ;

1
�j

�
;jD1;��� ;k

�
˛j �1

�j
; 1

�j

�
;jD1;:::;k

3
5

0 < a
1

�1

1 � � �a
1

�k

k
u3 < 1: (4.20)

Note that (4.20) is different from (4.15).

4.2.2 Real Scalar Type-2 Beta Structure

A real scalar random variable x is said to have a type-2 beta density, if x has the
density

f3.x/ D
(

.˛Cˇ/

.˛/
.ˇ/

x˛�1.1C x/�.˛Cˇ/; 0 < x < 1; ˛ > 0; ˇ > 0

0; elsewhere:
(4.21)

Then, the Mellin transform of f3.x/ is given by,

Z 1

0

xs�1f3.x/dx D E.xs�1/ D �.˛ C s � 1/
�.˛/

�.ˇ � s C 1/

�.ˇ/

for <.˛ C s � 1/ > 0;<.ˇ � s C 1/ > 0: (4.22)

This is obtained from the normalizing constant in (4.21) by observing that ˛C ˇ D
.˛ C s � 1/C .ˇ � s C 1/. As in the previous cases, consider

u4 D x
�1

1 � � �x�k

k
; (4.23)

where �1 > 0; � � � ; �k > 0; with xj having the density in (4.21) with the parameters
.˛j ; ˇj /; j D 1; � � � ; k and x1; � � � ; xk are independently distributed. Then, as in
the previous situations, the Mellin transform of the density g4.u4/ of u4 is given by

Z 1

0

us�14 g4.u4/du4 D E.us�14 / D
kY
jD1

�.˛j C �j s � �j /
�.˛j /

�.ˇj � �j s C �j /

�.ˇj /
;

(4.24)

for <.˛j � �j C �j s/ > 0; <.ˇj C �j � �j s/ > 0; j D 1; � � � ; k:
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Then, by taking the inverse Mellin transform in (4.24), one has the density,

g4.u4/ D
8
<
:

kY
jD1

1

�.˛j /�.ˇj /

9
=
; H

k;k
k;k

h
u4
ˇ̌.1�ˇj ��j ;�j /; jD1;��� ;k
.˛j ��j ;�j /; jD1;��� ;k

i
; 0 < u4 < 1:

(4.25)
As illustrated before, the density of a product of generalized type-2 beta random
variables will be different from (4.25). A generalized type-2 beta density has the
form

f4.x/ D

8̂
ˆ̂<
ˆ̂̂
:

� a
˛
� 


�
˛
� Cˇ

�


.˛
�
/
.ˇ/

x˛�1.1C ax� /�.˛Cˇ/; 0 < x < 1; ˛ > 0;

ˇ > 0; a > 0; � > 0;

0; elsewhere:

(4.26)

Thus, for all such special cases mentioned in Notes 4.2 and 4.3, the procedure
discussed in this section is applicable. Observing that negative moments of the form
E.x�h/; h > 0 are available from E.xh/ with h replaced by �h if E.x�h/ exists.

4.2.3 A More General Structure

We can consider more general structures. Let,

w D x1x2 � � �xr
xrC1 � � �xk ; (4.27)

where x1; � � � ; xk are mutually independently distributed real random variables hav-
ing the density in (4.1) with xj having parameters aj ; ˛j ; ˇj ; j D 1; � � � ; k. Then,

E.wh/ D E.xh1 /E.x
h
2 / � � �E.xhr /E.x�h

rC1/ � � �E.x�h
k /; (4.28)

provided the right side in (4.28) exists. Then, from (4.4) we have,

E.ws�1/ D

8
ˆ̂<
ˆ̂:

rY
jD1

�
�
˛jCh

ˇj

�

�
�
˛j
ˇj

�
a

h
ˇj

j

9
>>=
>>;

8
ˆ̂<
ˆ̂:

kY
jDrC1

�
�
˛j�h

ˇj

�

�
�
˛j
ˇj

�
a

�
h
ˇj

j

9
>>=
>>;
; h D s � 1 (4.29)

D
8̂
<
:̂

rY
jD1

a

1
ˇj

j

�
�
˛j
ˇj

�

9>=
>;

8̂
<̂
ˆ̂:

kY
jDrC1

1

�
�
˛j
ˇj

�
a

1
ˇj

j

9>>=
>>;

�
8
<̂
:̂

rY
jD1

�

�
˛j � 1

ˇj
C s

ˇj

�
1

a

s
ˇj

j

9
>=
>;

8<
:

kY
jDrC1

�

�
˛j C 1

ˇj
� s

ˇj

�
a

s
ˇj

j

9=
; ; (4.30)
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for ˛j C s � 1 > 0; j D 1; � � � ; r; ˛j � s C 1 > 0; j D r C 1; � � � ; k. Hence,
the density of w, denoted by g�.w/, is available from the inverse Mellin transform.
That is,

g�.w/ D c�
1

2�i

Z cCi1

c�i1

8<
:

rY
jD1

�

�
˛j � 1

ˇj
C s

ˇj

�9=
;

8<
:

kY
jDrC1

�

�
˛j C 1

ˇj
� s

ˇj

�9=
;

�
2
64

Qr
jD1 a

1
ˇj

j

Qk
jDrC1 a

1
ˇj

j

w

3
75

�s

ds; i D p�1; max
jD1;��� ;r

.1� ˛j / < c < min
jDrC1;��� ;k

.˛jC1/

D H
r;k�r
k�r;r

2
4ıuˇ̌.1�

˛j C1

ˇj
; 1ˇj

/; jDrC1;��� ;k
�
˛j�1

ˇj
; 1ˇj

�
; jD1;��� ;r

3
5 ; 0 < u < 1 (4.31)

where ı D
Qr
jD1 a

1
ˇj

j

Qk
jDrC1 a

1
ˇj

j

; c� D ı

Œ
Qk
jD1 �

�
˛j

ˇj

�
�
: (4.32)

Remark 4.1. In statistical applications, sometimes, the variables x1; � � � ; xk are
independently and identically distributed. In this case, the parameters in (4.28)–
(4.32) will be such that aj D a; ˇj D ˇ; ˛j D ˛ for some a; ˇ; ˛ and for
j D 1; � � � ; k.

Remark 4.2. In (4.27), we took xj ’s belonging to the generalized gamma density in
(4.1). But, we could have considered w consisting of xj ’s belonging to (4.1), (4.8),
(4.12), (4.21), (4.23), and (4.26) or mixed cases providedE.ws�1/ exists. Then, the
density of such a general structure will be available by taking the inverse Mellin
transform of E.ws�1/. The density of w can be written in terms of an H -function.
More of such cases are contained in the pathway model to be discussed in the next
section.

Exercises 4.1

4.1.1. If x is a real scalar variable having a generalized gamma density then evaluate
the Laplace transform of the density of 1

x
and show that this Laplace transform can

be written as a H -function. [Hint: Evaluate the integral

c

Z 1

0

e� p
x x��1e�bx�

dx;

where c is the normalizing constant and p is the Laplace parameter.]

4.1.2. Show that

c

Z 1

0

x���1e�px�bx��

dx;

also leads to the same result as in Exercise 4.1.1.
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4.1.3. Show that the Laplace transform of 1
x

in a generalized type-2 beta density,
that is

c

Z 1

0

e� p
x x��1Œ1C a.˛ � 1/xı �� 1

˛�1 dx;

for a > 0; ı > 0; ˛ > 1; � > �1; 1
˛�1 � �C1

ı
> 0; is an H -function, where c is a

normalizing constant in the density.

4.1.4. Evaluate the integral

c

Z 1

0

e�pxx���1Œ1C a.˛ � 1/x�ı ��
1

˛�1 dx;

for ˛ > 1; a > 0; ı > 0 and write down the conditions for the existence of the
integral. Interpret it as a Laplace transform.

4.1.5. Let x1 and x2 be independently distributed type-1 beta random variables with
the parameters .˛1; ˇ1/; and .˛2; ˇ2/, respectively. Let u D x

�1

1 x
�2

2 . Give the con-
ditions under which u is distributed as a power of a type-1 beta random variable.

4.3 A Pathway Model

A general density that was introduced by Mathai (2005) is a matrix-variate pathway
density. The scalar version of the pathway density in the real case is the following:

fx.x/ D c jxj� Œ1 � a.1 � ˛/jxjı �
	

1�˛ ; ı > 0; � > 0; a > 0; 1�a.1�˛/jxjı > 0;
(4.33)

and fx.x/ D 0 elsewhere, where c is the normalizing constant. When ˛ < 1 the
range of x is

� 1

Œa.1 � ˛/� 1
ı

< x <
1

Œa.1 � ˛/�
1
ı

: (4.34)

As ˛ moves toward 1, the range becomes larger and larger, and eventually �1 <

x < 1 when ˛ ! 1. Thus, for ˛ < 1, (4.33) remains as a generalized type-1 beta
family of densities. When ˛ > 1, we can write 1 � ˛ D �.˛ � 1/; ˛ > 1, and then
1 � a.1 � ˛/jxjı D 1C a.˛ � 1/jxjı , �1 < x < 1; then, the density in (4.33)
becomes a generalized type-2 beta family of densities. When ˛ ! 1, either from
the left or from the right,

lim
˛!1

Œ1 � a.1 � ˛/jxjı � 	
1�˛ D e�a�jxjı : (4.35)

In this case, (4.33) becomes a generalized version of the density in (4.1). Thus, the
model in (4.33) switches into three different families of densities, represented by
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three different functional forms, namely the generalized type-1 beta, type-2 beta,
and gamma families. Then, ˛ becomes a pathway parameter. As can be expected,
c in (4.33) will be different for the three cases ˛ < 1, ˛ > 1, and ˛ ! 1, and the
respective densities are the following:

f1.x/ D c1 jxj� Œ1 � a.1 � ˛/jxjı � 	
1�˛ ; ˛ < 1; a > 0; ı > 0; � > 0; (4.36)

� 1

Œa.1 � ˛/�
1
ı

< x <
1

Œa.1 � ˛/� 1
ı

; and f1.x/ D 0; elsewhere;

f2.x/ D c2 jxj� Œ1C a.˛ � 1/jxjı �� 	
˛�1 ; a > 0; ı > 0; � > 0; ˛ > 1;

� 1 < x < 1; (4.37)

f3.x/ D c3 jxj�e�a�jxjı ; a > 0; � > 0; ı > 0; � 1 < x < 1; (4.38)

where the conditions on � will be available from the normalizing constants c1; c2;
and c3, and these constants are evaluated with the help of type-1 beta integral, type-2
beta integral, and gamma integral, respectively, and they are the following:

c1 D
ı Œa.1 � ˛/� �C1

ı �
�
�C1
ı

C �
1�˛ C 1

�

2�
�
�C1
ı

�
�


�
1�˛ C 1

� ; ˛ < 1; � > �1; a > 0; � > 0; ı > 0;

(4.39)

c2 D ı Œa.˛ � 1/� �C1
ı �



�
˛�1

�

2 �
�
�C1
ı

�
�
�

�
˛�1 � �C1

ı

� ; ˛ > 1; � > �1; �

˛ � 1
� � C 1

ı
> 0;

ı > 0; � > 0; a > 0; (4.40)

c3 D ı .a�/
�C1

ı

2 �
�
�C1
ı

� ; ı > 0; a > 0; � > �1; � > 0: (4.41)

4.3.1 Independent Variables Obeying a Pathway Model

Consider k-independent real scalar variables, distributed according to the pathway
density in (4.33) with different parameters. Let, u D x1x2 � � �xk . We can compute
the density of u by following the procedure in Sect. 4.1. To this end, let us look at
the .s � 1/th moment of x in (4.33). This will have three different forms depending
upon the cases ˛ < 1; ˛ > 1; and ˛ ! 1, and these are available from (4.39),
(4.40), and (4.41), respectively. That is,
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E.jxjs�1/ D 1

Œa.1 � ˛/�
s�1

ı

�
�
�Cs
ı

�

�
�
�C1
ı

�
�
�
�C1
ı

C �
1�˛ C 1

�

�
�

�
1�˛ C 1C �Cs

ı

� ;

for ˛ < 1; a > 0; � > 0; � C s > 0; ı > 0; � C 1 > 0; (4.42)

D 1

Œa.˛ � 1/�
s�1

ı

�
�
�Cs
ı

�

�
�
�C1
ı

�
�
�

�
˛�1 � �C1

ı

�

�
�

�
˛�1 � �Cs

ı

�

for ˛ > 1; a > 0; � > 0; � C s > 0;

�

˛ � 1 � � C s

ı
> 0;

�

˛ � 1
� � C 1

ı
> 0; � C 1 > 0; (4.43)

D 1

.a�/
s�1

ı

�
�
�Cs
ı

�

�
�
�C1
ı

� for a>0; �>0;�Cs>0; �C1 > 0: (4.44)

The density of juj D jx1 � � �xk j D jx1j � � � jxkj is available by inverting

Ejujs�1 D Ejx1js�1Ejx2js�1 � � �Ejxkjs�1:

Let the densities of juj for ˛ < 1; ˛ > 1 and ˛ ! 1 be denoted by g1.juj/; g2.juj/,
and g3.juj/, respectively. Then,

g1.juj/ D
8
<
:

kY
jD1

Œaj .1� ˛/�
1

ıj

�
�
�j C1
ıj

� �

�
�j C 1

ıj
C �j

1� ˛
C 1

�9=
;

� 1

2�i

Z cCi1

c�i1

8
<
:

kY
jD1

�

�
�j C s

ıj

�
1

�
�
�j Cs
ıj

C �j

1�˛ C 1
�
9
=
;

� juj�s
Œ
Qk
jD1 aj .1� ˛/�

s
ıj

ds

D
8
<
:

kY
jD1

Œaj .1� ˛/�
1

ıj

�
�
�j C1
ıj

� �

�
�j C 1

ıj
C �j

1� ˛
C 1

�9=
;

�H k;0
k;k

2
4
2
4

kY
jD1

a

1
ıj

j .1 � ˛/
1

ıj

3
5 jujˇ̌

�
�j
ıj

C 	j
1�˛

C1; 1
ıj

�
;jD1;��� ;k

�
�j
ıj
; 1

ıj

�
;jD1;��� ;k

3
5 (4.45)

for � 1

.
Qk
jD1 a

1
ıj

j .1 � ˛/
1

ıj /

< u <
1

.
Qk
jD1 a

1
ıj

j .1 � ˛/
1

ıj /

;

˛ < 1; aj > 0; ıj > 0; �j C 1 > 0; �j > 0; j D 1; � � � ; k;

and 0 elsewhere.
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g2.juj/ D
8
<
:

kY
jD1

Œaj .˛ � 1/�
1

ıj

�
�
�j C1
ıj

� 1

�
�
�j

˛�1 � �j C1
ıj

�
9
=
;

�H k;k

k;k

2
4
0
@

kY
jD1

a

1
ıj

j .˛ � 1/
1

ıj

1
A jujˇ̌.1� 	j

˛�1 C �j
ıj
; 1

ıj
/;jD1;��� ;k

�
�j
ıj
; 1

ıj

�
;jD1;��� ;k

3
5 ; (4.46)

� 1< u<1; ˛ > 1; aj >0; ıj >0; �j C 1>0; �j >0; j D 1; � � � ; k:

g3.juj/ D
8
<
:

kY
jD1

.aj �j /
1

ıj

�
�
�j C1
ıj

�
9
=
;H

k;0
0;k

2
4.

kY
jD1

.aj �j /
1

ıj /jujˇ̌� �j
ıj
; 1

ıj

�
;jD1;:::;k

3
5 ;

� 1 < u < 1; aj > 0; �j > 0; �j C 1 > 0; ıj > 0; j D 1; � � � ; k:
(4.47)

Remark 4.3. When ıj D 1; j D 1; � � � ; k or when 1
ıj

D mj ; mj D 1; 2; � � � , the

H -functions in (4.45)–(4.47) become Meijer’sG-functions. When 1
ıj

D mj ; mj D
1; 2; � � � , one can expand �.mj s/ and �.mj �j C �j

1�˛ C1Cmj s/ in (4.45),�.mj s/
and �


 �j

˛�1 �mj .� C s/
�

in (4.46), and �.mj s/ in (4.47) by using the multiplica-
tion formula for gamma functions. Then, the coefficients of s in all gammas become
˙1, thereby the H -functions reduce to G-functions.

Exercises 4.2

4.2.1. Let ˛ be the pathway parameter in a real scalar version of the pathway model.
By using Maple/Mathematica, draw the graphs of the model for varying values of ˛
and for fixed values of the other parameters.

4.2.2. Show that

f .x/ D cx��1Œ1C a1.˛1 � 1/xı1 �
� 1

˛1�1 Œ1C a2.˛2 � 1/x�ı2 �
� 1

˛2�1 ;

where x > 0; ˛1 > 1; ˛2 > 1; a1 > 0; a2 > 0; ı1 > 0; ı2 > 0 and f .x/ D 0 for
x � 0 can create a statistical density. Then, evaluate the normalizing constant c.

4.2.3. In Exercise 4.2.2, let ˛1 < 1 and ˛2 > 1. Then, can f .x/ still form a density?
If so, evaluate the normalizing constant c.

4.2.4. In Exercise 4.2.2, show that

lim
˛1!1

f .x/; lim
˛2!1

f .x/; lim
˛1!1;˛2!1

f .x/;

can create statistical densities. Evaluate the normalizing constants in each case.
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4.2.5. Consider the normalizing constant c in Exercise 4.2.2. Show that c goes to the
normalizing constants in each case in Exercise 4.2.4 under the respective conditions.

4.4 A Versatile Integral

This section deals with a general class of integrals, the particular cases of which
are connected to a large number of problems in different disciplines. Reaction rate
probability integrals in the theory of nuclear reaction rates, Krätzel integrals in ap-
plied analysis, inverse Gaussian distribution, generalized type-1, type-2, and gamma
families of distributions in statistical distribution theory, Tsallis statistics and super-
statistics in statistical mechanics, and the general pathway model are all shown to
be connected to the integral under consideration. Representations of the integral
in terms of generalized special functions such as Meijer’s G-function and Fox’s
H -function are also given.

Consider the following integral:

f .z2jz1/ D
Z 1

0

x��1Œ1C zı1.˛ � 1/xı �� 1
˛�1 Œ1C z	2.ˇ � 1/x�	��

1
ˇ�1 (4.48)

for ˛ > 1; ˇ > 1; z1 � 0; z2 � 0; ı > 0; 
 > 0;<.� C 1/ > 0;

<
�

1

˛ � 1
� � C 1

ı

�
> 0;<

�
1

ˇ � 1
� 1




�
> 0

D
Z 1

0

1

x
f1.x/f2

� z2
x

�
dx; (4.49)

where <.�/ denotes the real part of .�/.

f1.x/ D x� Œ1C zı1.˛ � 1/xı �� 1
˛�1 ; f2.x/ D Œ1C .ˇ � 1/x	�� 1

ˇ�1 ; (4.50)

with Mellin transforms

Mf1
.s/ D Œız�Cs

1 .˛ � 1/ �Cs
ı ��1

�
�
�Cs
ı

�
�
�

1
˛�1 � �Cs

ı

�

�


1
˛�1

� ; (4.51)

<.� C s/ > 0;<
�

1

˛ � 1 � � C s

ı

�
> 0;

and

Mf2
.s/ D Œ
.ˇ � 1/

s
� ��1

�
�
s
	

�
�
�

1
ˇ�1 � s

	

�

�
�

1
ˇ�1

� (4.52)

<.s/ > 0;<
�

1

˛ � 1 � s




�
> 0:
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Hence, the Mellin transform of f .z2jz1/, as a function of z2, with parameter s is the
following:

Mf.z2jz1/.s/ D Mf1
.s/Mf2

.s/

D 1

ı z�Cs
1 .˛ � 1/ �Cs

ı

�
�
�Cs
ı

�
�
�

1
˛�1 � �Cs

ı

�

�


1
˛�1

�

� 1


.ˇ � 1/ s
�

�
�
s
	

�
�
�

1
ˇ�1 � s

	

�

�
�

1
ˇ�1

� (4.53)

for <.� C s/ > 0;<
�

1

˛ � 1
� � C s

ı

�
> 0;<.s/ > 0;

<
�

1

ˇ � 1
� s




�
> 0; z1 > 0; z2 > 0:

Putting y D 1
x

in (4.48), we have

f .z1jz2/ D
Z 1

0

y��

y
Œ1C zı1.˛ � 1/y�ı �� 1

˛�1 Œ1C z	2.ˇ � 1/y	��
1

ˇ�1 dy: (4.54)

Evaluating the Mellin transform of (4.54) with parameter s and treating it as a func-
tion of z1, we have exactly the same expression in (4.53). Hence,

Mf.z2jz1/.s/ D Mf.z1jz2/.s/ D right side in (4.53): (4.55)

By taking the inverse Mellin transform of Mf.z2jz1/.s/, one can get the integral
f .z2jz1/ as an H -function as follows:

Theorem 4.1.

f .z2jz1/ D c�1H 2;2
2;2

�
z1z2.˛ � 1/

1
ı .ˇ � 1/

1
�

ˇ̌.1� 1
˛�1

C �
ı
; 1

ı
/;.1� 1

ˇ�1
; 1

�
/

. �
ı
; 1

ı /;.0;
1
�
/

�
(4.56)

where
c D ı
z�1 .˛ � 1/ �

ı ;

andHm;n
p;q .�/ is a H -function.

The integral in (4.48) is connected to reaction rate probability integral in nuclear
reaction rate theory in the nonresonant case, Tsallis statistics in nonextensive statis-
tical mechanics, superstatistics in astrophysics, generalized type-2, type-1 beta, and
gamma families of densities and the density of a product of two real positive ran-
dom variables in statistical literature, Krätzel integrals in applied analysis, inverse
Gaussian distribution in stochastic processes, and the like. Special cases include a
wide range of functions appearing in different disciplines.



4.4 A Versatile Integral 133

Observe that f1.x/ and f2.x/ in (4.50), multiplied by the appropriate normalizing
constants, can produce statistical densities. Further, f1.x/ and f2.x/ are defined for
�1 < ˛ < 1;�1 < ˇ < 1. When ˛ > 1 and z1 > 0; ı > 0; f1.x/ multi-
plied by the normalizing constant stays in the generalized type-2 beta family. When
˛ < 1, writing ˛ � 1 D �.1 � ˛/; ˛ < 1, the function f1.x/ switches into a
generalized type-1 beta family and when ˛ ! 1,

lim
˛!1

f1.x/ D e�zı
1
xı

; (4.57)

and hence f1.x/ goes into a generalized gamma family. Similar is the behavior of
f2.x/ when ˇ ranges from �1 to 1. Thus, the parameters ˛ and ˇ create pathways
to switch into different functional forms or different families of functions. Hence, we
will call ˛ and ˇ pathway parameters in this case. Let us look into some interesting
special cases. Take the special case ˇ ! 1,

f1.z2jz1/ D
Z 1

0

x��1Œ1C zı1.˛ � 1/xı �� 1
˛�1 e�z�

2
x��

dx (4.58)

˛ > 1; z1 > 0; z2 > 0; ı > 0; 
 > 0: Put y D 1
x

f1.z1jz2/ D
Z 1

0

y���1Œ1C zı1.˛ � 1/y�ı ��
1

˛�1 e�z�
2
y�

dy (4.59)

˛ > 1; z1 > 0; z2 > 0; ı > 0; 
 > 0: Let ˛ ! 1 in (1)

f2.z2jz1/ D
Z 1

0

x��1e�zı
1
xı

Œ1C z	2.ˇ � 1/x�	��
1

ˇ�1 dx (4.60)

ˇ > 1; z1 > 0; z2 > 0; ı > 0; 
 > 0:

f2.z1jz2/ D
Z 1

0

x���1e�zı
1
x�ı

Œ1C z	2.ˇ � 1/x	�� 1
ˇ�1 dx (4.61)

ˇ > 1; z1 > 0; z2 > 0; ı > 0; 
 > 0: Take ˛ ! 1; ˇ ! 1 in (1)

f3.z2jz1/ D
Z 1

0

x��1e�zı
1
xı�z�

2
x��

dx (4.62)

z1 > 0; z2 > 0; ı > 0; 
 > 0:

f3.z1jz2/ D
Z 1

0

x���1e�zı
1
x�ı�z�

2
x�

dx (4.63)

z1 > 0; z2 > 0; ı > 0; 
 > 0:

4.4.1 Case of ˛ < 1 or ˇ < 1

When ˛ < 1, writing ˛ � 1 D �.1 � ˛/, we can define the function

g1.x/ D x� Œ1C zı1.˛ � 1/xı ��
1

˛�1 D x� Œ1 � zı1.1� ˛/xı �
1

1�˛ ; ˛ < 1; (4.64)
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for Œ1 � zı1.1 � ˛/xı � > 0; ˛ < 1 ) x < 1

z1.1�˛/ 1
ı

and g1.x/ D 0 elsewhere. In

this case, the Mellin transform of g1.x/ is the following:

h1.s/ D
Z 1

0

xs�1g1.x/dx D
Z 1

z1.1�˛/
1
ı

0

x�Cs�1Œ1 � zı1.1 � ˛/xı �
1

1�˛ dx

(4.65)

D 1

ıŒz1.1 � ˛/ 1
ı ��Cs

�
�
�Cs
ı

�
�


1
1�˛ C 1

�

�
�

1
1�˛ C 1C �Cs

ı

� ;<.� C s/ > 0; ˛ < 1; ı > 0:

(4.66)

Then, the Mellin transform of f .z2jz1/ for ˛ < 1; ˇ > 1 is given by

Mz2jz1 .s/ D �



1
1�˛

C 1
�

ı
zs2z
�Cs
1 .ˇ � 1/

s

 .1� ˛/

�Cs
ı

�
�
�Cs

ı

�

�
�
�Cs

ı
C 1

1�˛
C 1

�
�
�
s



�
�
�

1
ˇ�1

� s



�

�
�

1
ˇ�1

� ; (4.67)

<.� C s/ > 0;<.s/ > 0;<
�

1

ˇ � 1
� s




�
> 0:

Hence, the inverse Mellin transform for ˛ < 1; ˇ > 1 is given in

Theorem 4.2. For ˛ < 1; ˇ > 1

f .z2jz1/ D �


1
1�˛ C 1

�

ı
z�1.1 � ˛/
�
ı �

�
1
ˇ�1

�

�H 2;1
2;2

2
4z1z2.1 � ˛/ 1

ı .ˇ � 1/ 1
�

ˇ̌
ˇ̌
�
1� 1

ˇ�1
; 1

�

�
;.1C 1

1�˛
C �

ı
; 1

ı /

�
0; 1

�

�
;.�

ı
; 1

ı /

3
5;

(4.68)

lim
ˇ!1

f .z2jz1/ D �


1
1�˛ C 1

�


ız�1 .1 � ˛/
�
ı

H
2;0
1;2

"
z1z2.1� ˛/

1
ı

ˇ̌
ˇ̌.
1C 1

1�˛
C �

ı
; 1

ı /

.0; 1
ı /;.

�
ı
; 1

ı /

#
; (4.69)

lim
˛!1

f .z2jz1/ D 1


ı�
�

1
ˇ�1

�
z�1
H
2;1
1;2

"
z1z2.ˇ � 1/

1
�

ˇ̌�1� 1
ˇ�1

; 1
�

�
�
0; 1

�

�
;. �

ı
; 1

ı /

#
; (4.70)

lim
˛!1;ˇ!1

f .z2jz1/ D 1


ız�1
H
2;0
0;2

"
z1z2

ˇ̌
ˇ̌
.0; 1

� /;.
�
ı
; 1

ı /

#
: (4.71)

In f .z2jz1/, if ˇ < 1, we may write ˇ�1 D �.1�ˇ/, and if we assume Œ1�z	2.1�ˇ/
x�	�

1
1�ˇ > 0 ) x > z2.1 � ˇ/

1
� , then the corresponding integrals can also be

evaluated as H -functions. But, if ˛ < 1 and ˇ < 1, then from the conditions
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1�zı1.1�˛/xı > 0 ) x <
1

z1.1 � ˛/
1
ı

and 1�z	2.1�ˇ/x�	 > 0 ) x > z2.1�ˇ/ 1
�

the resulting integral may be zero. Hence, except this case of ˛ < 1 and ˇ < 1, all
other cases of ˛ > 1; ˇ > 1I˛ < 1; ˇ > 1I˛ > 1; ˇ < 1 can be given meaning-
ful interpretations as H -functions. Further, all these situations can be connected to
practical problems. A few such practical situations will be considered next.

Remark 4.4. In the integrals in (4.48), (4.58)–(4.63), the exponents of x are taken
as .ı;�
/ or .�ı; 
/ with ı > 0; 
 > 0. The cases where the exponents of x are
.ı; 
/, .�ı;�
/ with ı > 0; 
 > 0 are not considered so far. But, these cases can be
done by using the convolution property

g.z1/ D
Z 1

0

xf1.z1x/f2.x/dx: (4.72)

Remark 4.5. The convolution integrals in (4.49) and (4.72) can be interpreted easily
in terms of independently distributed real scalar positive random variables when f1
and f2 are densities. Let x1 and x2 be statistically independently distributed real
scalar positive random variables with densities f1.x1/ and f2.x2/ respectively. Let
u D x1x2 and v D x1

x2
. Then, the densities of u and v are respectively given by

gu.u/ D
Z

x

1

x
f1.x/f2

� u

x

�
dx (4.73)

and

gv.v/ D
Z

x

xf1.vx/f2.x/dx: (4.74)

These are the two convolution formulae in (4.49) and (4.72), respectively. The den-
sities gu.u/ and gv.v/ are available from the inverse Mellin transforms also. That is,
whenever the Mellin transforms exist and invertible,

E.us�1/ D E.xs�11 /E.xs�12 / D h1.s/; say (4.75)

E.vs�1/ D E.xs�11 /E.x1�s
2 / D h2.s/; say. (4.76)

Then

gu.u/ D 1

2�i

Z cCi1

c�i1
h1.s/u

�sds; (4.77)

and

gv.v/ D 1

2�i

Z c0Ci1

c0�i1
h2.s/v

�sds: (4.78)
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4.4.2 Some Practical Situations

(a). Krätzel Integral

For ı D 1; z	2 D z; z1 D 1 in f3.z2jz1/ gives the Krätzel integral

f3.z2jz1/ D
Z 1

0

x��1e�x�zx��

dx; (4.79)

which was studied in detail by Krätzel (1979). Hence, f3 can be considered as gen-
eralization of Krätzel integral. An additional property that can be seen from Krätzel
integral as f3 is that it can be written as aH -function of the typeH 2;0

0;2 .�/. Hence all
the properties of H -function can now be made use of to study this integral further.

(b). Inverse Gaussian Density in Statistics

Inverse Gaussian density is a popular density, which is used in many disciplines
including stochastic processes. One form of the density is the following (Mathai
1993c, page 33):

f .x/ D c x� 3
2 e

� �
2

�
x

�2
C 1

x

�
; � ¤ 0; x > 0; � > 0; (4.80)

where c D �� 1
2 e

�
j�j . Comparing this with our case f3.z1jz2/, we see that the inverse

Gaussiandensityistheintegrandinf3.z1jz2/for� D 1
2
; 
 D 1; z2 D �

2

�
1
�2

�
; ı D 1,

z1 D �
2

. Hence, f3 can be used directly to evaluate the moments or Mellin transform
in inverse Gaussian density.

(c). Reaction Rate Probability Integral in Astrophysics

In a series of papers Haubold and Mathai studied modifications of Maxwell–
Boltzmann theory of reaction rates, a summary is given in Mathai and Haubold
(1988). The basic reaction rate probability integral that appears there is the follow-
ing:

I1 D
Z 1

0

x��1e�ax�zx�
1
2 dx: (4.81)

This is the case in the nonresonant case of nuclear reactions. Compare integral I1
with f3.z2jz1/. The reaction rate probability integral I1 is f3.z2jz1/ for ı D 1; 
 D
1
2
; z

1
2

2 D z. The basic integral I1 is generalized in many different forms for various
situations of resonant and nonresonant cases of reactions, depletion of high energy
tail, cut off of the high energy tail, and so on. Dozens of published papers are there
in this area.
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(d). Tsallis Statistics and Superstatistics

It is estimated that on Tsallis statistics in nonextensive statistical mechanics, over
1200 papers were published during the period 1990 to 2007. Tsallis statistics is of
the following form:

fx.x/ D c1Œ1C .˛ � 1/x��
1

˛�1 : (4.82)

Compare fx.x/ with the integrand in (1). For z2 D 0; ı D 1; and � D 1, the inte-
grand in (4.48) agrees with Tsallis statistics fx.x/ given above. The three different
forms of Tsallis statistics are available from fx.x/ for ˛ > 1; ˛ < 1; and ˛ ! 1.
The starting paper in nonextensive statistical mechanics may be seen from Tsallis
(1988). But, the integrand in (4.48) with z2 D 0; z1 D 1; ˛ > 1 is the superstatis-
tics of Beck and Cohen, see for example Beck and Cohen (2003), Beck (2006). In
statistical language, this superstatistics is the unconditional density in a generalized
gamma case when the scale parameter has a prior density belonging to the same
class of generalized gamma density.

(e). Pathway Model

Mathai (2005) considered a rectangular matrix-variate function in the real case from
where one can obtain almost all matrix-variate densities in current use in statisti-
cal and other disciplines. The corresponding version, when the elements are in the
complex domain, is given in Mathai and Provost (2006). For the real scalar case, the
function is of the following form:

f .x/ D c�jxj� Œ1 � a.1 � ˛/jxjı � 	
1�˛ ; (4.83)

for �1 < x < 1; a > 0; � > 0; ı > 0, and c� is the normalizing constant. Here,
f .x/ for ˛ < 1 stays in the generalized type-1 beta family when Œ1 � a.1 � ˛/

jxjı � 	
1�˛ > 0. When ˛ > 1, the function switches into a generalized type-2 beta

family and when ˛ ! 1, it goes into a generalized gamma family of functions. Here
˛ behaves as a pathway parameter, and hence the model is called a pathway model.
Observe that the integrand in (4.48) is a product of two such pathway functions so
that the corresponding integral is more versatile than a pathway model. Thus, for
z2 D 0 in (4.48), the integrand produces the pathway model of Mathai (2005).

Exercises 4.3

4.3.1. By normalizing the integrals in (4.58) to (4.63), create statistical densities
corresponding to the integrands in the six equations.

4.3.2. Evaluate the hth moments for the six densities in Exercise 4.3.1.
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4.3.3. Write down the hth moments in Exercise 4.3.2 for h D 1; 2 and compute the
variances of the corresponding random variables.

4.3.4. Using Stirling’s approximation on the gammas in (4.67), derive the corre-
sponding Mellin–Barnes representations in (4.69)–(4.71).

4.3.5. Evaluate the series form in (4.71) for 1
	

D 2; 1
ı

D 3.



Chapter 5
Functions of Matrix Argument

5.1 Introduction

Particular cases of a H -function with matrix argument are available for real as well
as for complex matrices. For the general H -function only a class of functions is
available analogous to the scalar variable H -function. Real-valued scalar functions
of matrix argument is developed when the argument matrix is a real symmetric
positive definite matrix or for hermitian positive definite matrices. We consider only
real matrices here.

We will use the standard notations to denote matrices. The transpose of a ma-
trix X D .xij / will be denoted by X 0 and trace of X by tr.X/ D sum of the
eigenvalues D sum of the leading diagonal elements. Determinant of X will be
denoted by jX j, a null matrix by a big O and an identity matrix by I D In. A
diagonal matrix will be written as diag.�1; : : : ; �p/ where �1; : : : ; �p are the di-
agonal elements. X > 0 will mean the real symmetric matrix X D X 0 is positive
definite. Definiteness is defined only for symmetric matrices when real and her-
mitian matrices when complex, X � 0 (positive semidefinite), X < 0 (negative
definite), X � 0 (negative semidefinite). A matrix which does not fall in the cate-
gories X > 0;X � 0;X < 0;X � 0 is called indefinite.

R
X
f .X/dX means the

integral over X .
R B
A f .X/dX means the integral over 0 < A < X < B , that is,

X D X 0 > 0;A D A0 > 0;B D B 0 > 0;X �A > 0;B �X > 0 and the integral is
taken over all such X .

It is difficult to develop the theory of a real-valued scalar function of a general
matrix X . Even for a square matrix A rational powers will create problems. For
example even for an identity matrix, even a simple item such as a square root will
create difficulties. If the existence of a matrix B such that B2 D A is taken as the
square root of A then consider

A1 D
�
1 0

0 1

�
; A2 D

��1 0
0 1

�
; A3 D

�
1 0

0 �1
�
; A4 D

��1 0

0 �1
�
:

We have then
A21 D I2; A

2
2 D I2; A

2
3 D I2; A

2
4 D I2:

A.M. Mathai et al., The H-Function: Theory and Applications,
DOI 10.1007/978-1-4419-0916-9 5, c� Springer Science+Business Media, LLC 2010
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Thus A1; A2; A3; A4 are all candidates for the square root of a nice matrix like an
identity matrix. But if we confine our discussion to the class of positive definite
matrices, when real, and hermitian positive definite matrices, when complex, then
A1 is the only candidate for the square root of I2. In this class of positive definite-
ness, several items can be defined uniquely. Hence the theory is developed when the
matrices are positive definite when real.

5.2 Exponential Function of Matrix Argument

Hypergeometric functions, in the scalar case, are special cases of a H -function. For
example

0F0. I I ˙x/ D e˙x; (5.1)

when x is scalar. The corresponding function of matrix argument is

0F0. I I ˙X/ D e˙tr.X/; (5.2)

where X is a p � p positive definite matrix. For any type of integral operations on
(5.2) we need to define differential elements and wedge product of differentials.

Definition 5.1. Wedge product of differentials. Wedge product or skew symmet-
ric product of differential elements dx and dy will be denoted by dx ^ dy, where
^ D wedge, and will be defined by the relation

dx ^ dy D �dy ^ dx: (5.3)

That is, if the order is changed then it is to be multiplied by .�1/. This will then
imply that

dx ^ dx D 0; dx ^ dx ^ dx D 0; dy ^ dy D 0;

and so on. An interesting consequence is there when products of differentials are
taken. If X is a p � q matrix, X D .xij / then the wedge product of differentials is
the following:

Notation 5.1.

dX D dx11 ^ dx12 ^ � � � ^ dx1q ^ dx21 ^ � � � ^ dxpq : (5.4)

If X D X 0 and p � p then there are only p.pC1/
2

free elements in X because
xij D xj i for all i and j , and then

dX D dx11 ^ � � � ^ dx1p ^ dx22 ^ � � � ^ dx2p ^ � � � ^ dxpp: (5.5)

Thus Z

X

f .X/dX D
Z

XDX 0>0

f .X/dX D
Z

X>0

f .X/dX
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will mean that the integral is taken over all X > 0.

Z

O<X<I

f .X/dX D
Z I

0

f .X/dX

will mean the integral over all X D X 0 > 0 such that I � X > 0. Now we are
in a position to define an integral analogous to a gamma integral in the scalar case.
Consider

�p.˛/ D
Z

XDX 0>0

jX j˛� pC1
2 e�tr.X/dX; (5.6)

whereX is p�p real symmetric and positive definite. For p D 1, (5.6) corresponds
to the gamma integral. How can we evaluate (5.6)? This requires some matrix trans-
formations and the associated Jacobians. For simplicity let us look at functions of
two scalar variables x1 and x2. Let

y1 D f1.x1; x2/ and y2 D f2.x1; x2/:

Then from basic calculus

dy1 D @f1

@x1
dx1 C @f1

@x2
dx2 and dy2 D @f2

@x1
dx1 C @f2

@x2
dx2:

Now if we take the wedge product of the differentials we have

dy1 ^ dy2 D
�
@f1

@x1
dx1 C @f1

@x2
dx2

�
^
�
@f2

@x1
dx1 C @f2

@x2
dx2

�

D
�
@f1

@x1

@f2

@x2
� @f1

@x2

@f2

@x1

�
dx1 ^ dx2 C 0C 0;

by using the results dx1 ^ dx1 D 0 and dx2 ^ dx1 D �dx1 ^ dx2. Then

dy1 ^ dy2 D
ˇ̌
ˇ̌
ˇ
@f1

@x1

@f1

@x2
@f2

@x1

@f2

@x2

ˇ̌
ˇ̌
ˇ dx1 ^ dx2

) dY D J dX; (5.7)

where dY D dy1 ^ dy2; dX D dx1 ^ dx2 and J is the Jacobian or the determi-
nant of the matrix of partial derivatives. In general, if we have a transformation of
x1; : : : ; xp going to y1; : : : ; yp then

dY D dy1 ^ dy2 ^ � � � ^ dyp D J dX; dX D dx1 ^ � � � ^ dxp;
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and

J D
ˇ̌
ˇ̌
�
@yi

@xj

�ˇ̌
ˇ̌ ; (5.8)

where the .i; j /th element in the matrix is the partial derivative of yi with respect
to xj .

Example 5.1. Evaluate the Jacobian in the linear transformation Y D AX where X
is p� 1, Y is p� 1, A is p�p nonsingular constant matrix andX is of distinct real
scalar variables. Verify the result for

A D
2
4
1 0 1

1 1 1

1 �1 2

3
5 :

Solution 5.1. When jAj ¤ 0 the transformation is unique or one-to-one. Y D
AX ) X D A�1Y where A�1 is the unique inverse of A. The transformation
is of the form

y1 D a11x1 C � � � C a1pxp
:::

:::

yp D ap1x1 C � � � C appxp

) @yi

@xj
D aij

) @Y

@X
D A ) J D jAj:

That is,
dY D jAjdX or dy1 ^ � � � ^ dyp D jAjdx1 ^ � � � ^ dxp :

When

A D
2
4
1 0 1

1 1 1

1 �1 2

3
5 ; jAj D

ˇ̌
ˇ̌
ˇ̌
1 0 1

1 1 1

1 �1 2

ˇ̌
ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
1 0 1

0 1 0

0 �1 1

ˇ̌
ˇ̌
ˇ̌ D 1:

Hence, in this case,

dy1 ^ � � � ^ dyp D dx1 ^ � � � ^ dxp:

This may be stated as a theorem.

Theorem 5.1.
Y D AX ) dY D jAjdX; (5.9)

where X and Y are p � 1; jAj ¤ 0;X is of distinct real scalar variables.

If X is a p � q matrix of distinct real scalar variables then the wedge product of
the differentials in X , denoted by dX , is given by

dX D dx11 ^ dx12 ^ � � � ^ dxpq : (5.10)
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5.3 Jacobians of Matrix Transformations

We considered one linear transformation involving a vector of variablesX going to a
vector of variables Y through a nonsingular linear transformation Y D AX; jAj ¤ 0

and we found the Jacobian to be jAj. Now we consider a few more elaborate linear
transformations and some nonlinear transformations.

Let X be a m � n matrix of distinct real scalar variables and let A be a m �
m nonsingular matrix of constants. Consider the transformation Y D AX . Let
X .1/; : : : ; X .n/ be the columns of X . Then

Y D AX D A.X .1/; : : : ; X .n// D .AX .1/; : : : ; AX .n//

D .Y .1/; : : : ; Y .n//;

where Y .1/; : : : ; Y .n/ are the columns of Y . Then we can look at the transforma-
tion as 2

64
Y .1/

:::

Y .n/

3
75 D

2
64
AX .1/

:::

AX .n/

3
75 :

Then from Theorem 5.1,

@Y .i/

@X .i/
D A; i D 1; : : : ; n;

@Y .i/

@X .j /
D O; i ¤ j:

The matrix of partial derivatives is of the following form:

2
6664

A O � � � O
O A � � � O
:::
::: � � � :::

O O � � � A

3
7775 )

ˇ̌
ˇ̌
ˇ̌
ˇ

A O � � � O
:::
::: � � � :::

O O � � � A

ˇ̌
ˇ̌
ˇ̌
ˇ

D jAjn:

Hence we have the following theorem:

Theorem 5.2. Let X be a m � n matrix of distinct real scalar variables or func-
tionally independent real variables. Let A be am�m nonsingular constant matrix.
Then

Y D AX ) dY D jAjndX: (5.11)

In Theorem 5.2 we had a premultiplication ofX by a constant nonsingular matrix
A. Now let us consider a postmultiplication. Let B be a n � n nonsingular constant
matrix. Then what will be the Jacobian in the transformation Y D XB? This can be
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computed exactly the same way by considering the rows of X . Let X.1/; : : : ; X.m/
be the m rows of X . Then

Y D XB D

2
64
X.1/
:::

X.m/

3
75B D

2
64
X.1/B
:::

X.m/B

3
75 D

2
64
Y.1/
:::

Y.m/

3
75 ;

where Y.1/; : : : ; Y.m/ are the m rows of Y . Now we can look at the long string

2
664
Y 0
.1/
:::

Y 0
.m/

3
775 D

2
664
B 0X 0

.1/
:::

B 0X 0
.m/

3
775 ;

and apply Theorem 5.1. The matrix of partial derivatives will be

2
64
B 0 O � � � O
:::
::: � � � :::

O O � � � B 0

3
75 )

ˇ̌
ˇ̌
ˇ̌
ˇ

B 0 O � � � O
:::
::: � � � :::

O O � � � B 0

ˇ̌
ˇ̌
ˇ̌
ˇ

D jB 0jm D jBjm:

Hence we have the following result:

Theorem 5.3. LetX be as in Theorem 5.2 and letB be a nonsingularn�n constant
matrix. Then

Y D XB ) dY D jBjmdX: (5.12)

Combining Theorems 5.2 and 5.3 we have the following result:

Theorem 5.4. Let X;A;B be as in Theorems 5.2 and 5.3. Then

Y D AXB ) dY D jAjnjBjmdX: (5.13)

Example 5.2. Let X be a m � n matrix of functionally independent real variables.
Let M;A;B be constant matrices where M is m � n, A is m �m, B is n � n with
jAj ¤ 0; jBj ¤ 0 and further, let A D A0 > 0;B D B 0 > 0 (positive definite
matrices). Consider the function

f .X/ D c e�trŒA.X�M/B.X�M/0�; (5.14)

where f is a real-valued scalar function ofX , c is a scalar constant and tr.�/ denotes
the trace of .�/. Evaluate

R
X
f .X/dX .

Solution 5.2. We wish to evaluate the total integral of f .X/ over all such m � n

matrices X . From the theory of matrices we know that a positive definite ma-
trix A (definiteness is defined only for symmetric matrices when real and hermitian



5.3 Jacobians of Matrix Transformations 145

matrices when complex) can be written as A D A1A
0
1 with jA1j ¤ 0 where A0

1 D
transpose of A1. We also know that for any two matrices P and Q,

tr.PQ/ D tr.QP/;

whenever PQ and QP are defined, where PQ need not be equal to QP . By using
these two results we can write

trŒA.X �M/B.X �M/0� D trŒA1A0
1.X �M/B1B

0
1.X �M/0�

D trŒA0
1.X �M/B1B

0
1.X �M/0A1�

D tr.Y Y 0/ D
mX
iD1

nX
jD1

y2ij ;

where

Y D A0
1.X �M/B1 ) dY D jA1jnjB1jmd.X �M/ D jAj n

2 jBj m
2 dX

by using Theorem 5.4. Note that

jAj D jA1A0
1j D jA1jjA0

1j D jA1j2 D jA0
1j2; d.X �M/ D dX;

sinceM is a constant matrix. Also from the theory of matrices we know that for any
matrix G, tr.GG0/ D sum of squares of all elements in G. Hence

Z

X

f .X/dX D c

Z

X

e�trŒA.X�M/B.X�M/0�

D cjAj� n
2 jBj� m

2

Z

Y

e�tr.Y Y 0/dY

D cjAj� n
2 jBj� m

2

mY
iD1

nY
jD1

Z 1

�1
e�y2

ij dyij

D cjAj� n
2 jBj� m

2 �
mn

2 ;

since Z 1

�1
e�t2dt D p

�:

Hence if f .X/ is a density function then

c D jAj n
2 jBj m

2

�
mn

2

; (5.15)
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then the total integral is 1 and c in that case is called a normalizing constant and with
this c, f .X/ becomes a density because by definition f .X/ > 0 for all X , when
c > 0 since it is an exponential function. The density in (5.14) with c in (5.15) is
called a real matrix-variate Gaussian density.

In Theorem 5.4 our matrixX was rectangular. Ifm D n thenX is a square matrix
with m2 real scalar variables. If X is symmetric then there are only m.mC1/

2
distinct

elements in X because xij D xj i for all i and j . What will happen to the Jacobian
if we have a transformation of the type Y D AXA0; jAj ¤ 0;X D X 0? This result
will be stated here without proof.

Theorem 5.5. Let X D X 0 be p�p and of functionally independent real variables
except for the condition X D X 0. Let A be a p � p nonsingular constant matrix.
Then

Y D AXA0 ) dY D jAjpC1dX: (5.16)

One way of proving this result is to represent the nonsingular matrix A as a prod-
uct of basic elementary matrices and then look at the transformations successively.
For example, let A D E1E2 � � �Ek where E1; : : : ; Ek are some basic elementary
matrices. Then

Y D AXA0 D E1 � � �EkXE 0
k � � �E 0

1:

Now look at the transformations

Y1 D EkXE
0
k; Y2 D Ek�1Y1E 0

k�1; : : : ; Yk D E1Yk�1E 0
1;

and evaluate the Jacobians successively.

dY1 D J1dX; dY2 D J2dY1 D J2J1dX;

and so on. For more details on this and for other Jacobians see Mathai (1997).

5.4 Jacobians in Nonlinear Transformations

For a p � p positive definite matrix X of functionally independent real scalar vari-
ables consider the integral

�p.˛/ D
Z

XDX 0>0

jX j˛� pC1
2 e�tr.X/dX: (5.17)

For p D 1, obviously (5.17) is the integral representation for the gamma func-
tion �.˛/. Hence �p.˛/ in (5.17) is a matrix-variate version of �.˛/. The integral
in (5.17) can be evaluated by using a triangular decomposition of X as X D
T T 0 where T is a lower triangular matrix. This transformation X D T T 0 is
not one-to-one. There can be many values for tij ’s for given xij ’s. But if we
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assume that the diagonal elements in T are positive, that is, tjj > 0; j D
1; : : : ; p then the transformation can be shown to be one-to-one. Take a case of
p D 3, write X; T; T T 0 explicitly and verify this fact. Taking the x-variables in
the order x11; x12; : : : ; x1p , x22; : : : ; x2p,� � � ; xpp and the t-variables in the order
t11; t21; : : : ; tp1, t22; t32; : : : ; tpp we can easily see that the matrix of partial deriva-
tives is of a triangular format with the diagonal elements t11 appearing p times, t22
appearing p � 1 times and so on and tpp appearing only once and a 2 appearing a
total of p times in the diagonal. Hence we have the following result:

Theorem 5.6. Let X D X 0 be a positive definite matrix of functionally independent
real scalar variables except for the symmetry condition. Let T be a lower triangular
matrix with distinct real elements with the diagonal elements tjj > 0; j D 1; : : : ; p.
Then

X D T T 0 ) dX D 2p

8<
:

pY
jD1

t
pC1�j
jj

9=
; dT:

Then by applying this triangular decomposition of X into tij ’s, observing that

jX j D jT T 0j D
0
@

pY
jD1

t2jj

1
A ;

tr.X/ D tr.T T 0/ D t211 C 

t221 C t222

�C � � � C 

t2p1 C � � � C t2pp

�
;

and integrating out one has the following result:

�p.˛/ D �
p.p�1/

4 �.˛/�

�
˛ � 1

2

�
� � ��

�
˛ � p � 1

2

�
;<.˛/ > p � 1

2
: (5.18)

Notation 5.2. �p.˛/: Real matrix-variate gamma function.

Definition 5.2. Real matrix-variate gamma function is defined by (5.18).

The equation in (5.17) gives the integral representation for the real matrix-variate
gamma function, where <.�/ means the real part of .�/.

In a similar fashion one can define a real matrix-variate beta function. To this end
we can start with

�p.˛/�p.ˇ/ D Œ

Z

X>0

jX j˛� pC1
2 e�tr.X/dX�Œ

Z

Y>0

jY jˇ� pC1
2 e�tr.Y /dY �;

where X and Y are p � p positive definite matrices. Then

�p.˛/�p.ˇ/ D
Z

X>0

Z

Y>0

jX j˛� pC1
2 jY jˇ� pC1

2 e�tr.XCY /dX ^ dY:
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Make the transformation U D X C Y . Then

Y D U � X ) jY j D jU � X j D jU jjI � U� 1
2XU� 1

2 j:

Then put Z D U� 1
2XU� 1

2 for fixed U and integrate out X to obtain

�p.˛/�p.ˇ/ D �p.˛ C ˇ/

Z

Z

jZj˛� pC1
2 jI �Zjˇ� pC1

2 dZ: (5.19)

Notation 5.3. Bp.˛; ˇ/: Real matrix-variate beta function.

Definition 5.3. Bp.˛; ˇ/ is defined as

Bp.˛; ˇ/ D �p.˛/�p.ˇ/

�p.˛ C ˇ/
D Bp.ˇ; ˛/;<.˛/ > p � 1

2
;<.ˇ/ > p � 1

2
: (5.20)

One integral representation is given in (5.19). By changing Z D I �W we can
have one more representation. That is,

Bp.˛; ˇ/ D
Z

O<W<I

jW jˇ� pC1
2 jI �W j˛� pC1

2 (5.21)

D
Z

O<Z<I

jZj˛� pC1
2 jI �Zjˇ� pC1

2 : (5.22)

These two representations are known as type-1 integral representations for a real
matrix-variate beta.

Another nonlinear transformation that we need is about a nonsingular matrix
going to its unique inverse. The result will be given here without proof.

Theorem 5.7. Let X be a p � p nonsingular matrix of functionally independent
real variables. Let Y D X�1, the regular inverse of X . Then, ignoring the sign,

Y D X�1 ) dY D jX j�2pdX for a general X

D jX j�.pC1/dX for X D X 0

D jX j�.p�1/dX for X D �X 0: (5.23)

This can be proved by making the following observations: For any � ,

XX�1 D I ) @

@�
.XX�1/ D @

@�
.I / D O:

But
@

@�
.XX�1/ D XŒ

@

@�
X�1�C Œ

@

@�
X�X�1 D O:
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Hence by taking differentials on both sides the matrices of differentials, denoted by
.dX/ and .dX�1/ are connected by the relation

.dX/X�1 CX.dX�1/ D O ) .dX�1/ D �X�1.dX/X�1: (5.24)

Then by taking the wedge product of the differentials on both sides, keeping in mind
that X�1 does not contain differentials and hence behaves like a constant when
taking wedge product of differentials on both sides, we have the result in (5.23).

With the help of Theorem 5.7 one can have other representations for real matrix-
variate beta function from the type-1 integral representations in (5.21) and (5.22).
For the W or call it X in (5.21) consider the transformations

U D .I �X/� 1
2X.I � X/� 1

2 and V D U�1:

Then the integral representations for Bp.˛; ˇ/ reduce to the following:

Bp.˛; ˇ/ D
Z

UDU 0>0

jU j˛� pC1
2 jI C U j�.˛Cˇ/dU

D
Z

VDV 0>0

jV jˇ� pC1
2 jI C V j�.˛Cˇ/dV: (5.25)

The representations in (5.25) are called type-2 integral representations for a real
matrix-variate beta function.

5.5 The Binomial Function

In the real scalar case, when we take the Laplace transform of a negative exponential
function or a gamma function we obtain the binomial function. For example, for the
scalar variable x > 0 and for the scalar parameter t

Lf1
.t/ D

Z 1

0

e�txf1.x/dx; (5.26)

is the Laplace transform of f1.x/ defined for x > 0. If we take the Laplace trans-
form of the gamma type function

f2.x/ D x˛�1e�x

�.˛/
; x > 0;

we have

Lf2
.t/ D 1

�.˛/

Z 1

0

e�txx˛�1e�xdx

D .1C t/�˛ for 1C t > 0:
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This is the binomial function or 1F0 hypergeometric function. The Laplace transform
in the matrix-variate case, analogous to the multivariate Laplace transform, is de-
fined as

Lf .T
�/ D

Z

XDX 0>0

jX j˛� pC1
2 e�tr.X/

�p.˛/
e�tr.T �X/dX; (5.27)

where

T � D .t�ij /; t�ij D 1

2
tij ; i ¤ j; t�jj D tjj ; tij D tj i ;

for all i; j D 1; : : : ; p. Then

Lf .T
�/ D jI C T �j�˛ D jT �j�˛jI C T ��1j�˛ ; (5.28)

for T � D T �0 > 0 and I C T � > 0. Then the hypergeometric function 1F0 with
matrix argumentU will be defined as

1F0.˛I IU / D jI � U j�˛ for O < U < I: (5.29)

Observe that O < U < I implies that U D U 0 > 0; I � U > 0 which means
that the eigenvalues of U are in the open interval .0; 1/. We can make one more
observation on

0F0. I I �X/ D e�tr.X/;

and
1F0.˛I I �X/ D jI CX j�˛;

that we obtained so far. Consider the integral of the following type:

Z

XDX 0>0

jX j	� pC1
2 f .X/dX D

Z

X>0

jX j	� pC1
2 e�tr.X/dX D �p.
/; (5.30)

and Z

X>0

jX j	� pC1
2 jI CX j�˛dX D �p.
/�p.˛ � 
/

�p.˛/
; (5.31)

for <.
/ > p�1
2
; <.˛ � 
/ > p�1

2
: The integral in (5.31) is evaluated by using the

type-2 integral representation for a beta function in (5.25).

Notation 5.4. Mf .
/: M-transform of f .

Definition 5.4. The generalized matrix transform or M-transform of a real-valued
scalar function of the real p � p matrix X D X > 0 is defined as

Mf .
/ D
Z

XDX 0>0

jX j	� pC1
2 f .X/dX; (5.32)

whenever Mf .
/ exists, where f is a symmetric function in the sense f .AB/ D
f .BA/ for all matrices A and B where AB and BA are defined.
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Thus a class of functions f will have the M-transform Mf .
/ for the arbitrary
parameter 
. For example, when f is the 0F0 or 1F0 we have the M-transforms
given in (5.30) and (5.31).

5.6 Hypergeometric Function and M-transforms

Notation 5.5. rFs.a1; : : : ; ar I b1; : : : bsI �X/: Hypergeometric function of
matrix argument �X .

Definition 5.5. A hypergeometric function of matrix argument �X with r upper
and s lower parameters is defined as the class of symmetric functions f having the
following M-transform:

Mf .
/ D
nQs

jD1 �p.bj /
o

nQr
jD1 �p.aj /

o�p.
/
nQr

jD1 �p.aj � 
/
o

nQs
jD1 �p.bj � 
/

o (5.33)

whenever the gammas on the right exist, where 
 is a parameter, and a1; : : : ; ar
and b1; : : : ; bs are the upper and lower parameters of the hypergeometric function,
which will be written as

f D rFs.a1; : : : ; ar I b1; : : : ; bs I �X/:

In (5.33) it is assumed that f is a symmetric function in the sense f .AB/ D
f .BA/ for all A and B whenever AB and BA are defined. An implication of this
condition is the following: Let Q be an orthonormal matrix such that QQ0 D I D
Q0Q and Q0XQ D diag.�1; : : : ; �p/ where �1; : : : ; �p are the eigenvalues of X ,
where it is assumed that the eigenvalues are distinct, then

f .X/ D f .XI/ D f .XQQ0/ D f .Q0XQ/

D f .D/; D D diag.�1; : : : ; �p/; (5.34)

or f .X/ becomes a function of the p eigenvalues only. Thus, under the condition of
symmetry on f .X/, this function of the p.pC1/

2
real scalar variables in X becomes

a function of p variables, namely the p eigenvalues of X , which by assumption are
real, distinct and positive.

There are other definitions for a hypergeometric function of matrix argument.
All definitions have the basic assumption that the function is symmetric in the
above sense. One definition based on the Laplace and inverse Laplace pair gives
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rFs.a1; : : : ; ar I b1; : : : ; bs W X/ as that function satisfying the following pair of
integral equations:

rC1Fs.a1; : : : ; ar ; cI b1; : : : ; bs I �ƒ�1/jƒj�c

D 1

�p.c/

Z

UDU 0>0

e�tr.ƒU/
rFs.a1; : : : ; ar I b1; : : : ; bs I �U /jU jc� pC1

2 dU

(5.35)

rFsC1.a1; : : : ; ar I b1; : : : ; bs ; cI �ƒ/jƒjc� pC1
2

D �p.c/

.2�i/
p.pC1/

2

Z

<.Z/DZ0>0

etr.ƒZ/
rFs.a1; : : : ; ar I b1; : : : ; bsI �Z�1/jZj�cdZ:

(5.36)

Under certain conditions the function rFs defined through (5.35) and (5.36) can be
shown to be unique. From this definition also the explicit forms are available only
for 0F0 and 1F0. Others will remain as the solutions of a pair of integral equations.

The third definition available is in terms of zonal polynomials, which are certain
symmetric functions in the eigenvalues of X D X 0 > 0. For zonal polynomials and
their properties see Mathai, Provost and Hayakawa (1995). Here rFs will be defined
as the following series:

rFs.a1; : : : ; ar I b1; : : : ; bsIX/

D
1X
kD0

X
K

.a1/K � � � .ar /K

.b1/K � � � .bs/K
CK.X/

kŠ
; (5.37)

where K D .k1; : : : ; kp/; k D k1 C � � � C kp

.a/K D
pY
jD1

�
a � j � 1

2

�

kj

;

and CK.X/ is the zonal polynomial of order k. In this definition, rFs is available
explicitly for all r and s but zonal polynomials of higher orders are extremely dif-
ficult to evaluate and hence the practical utility of (5.37) is limited. The uniqueness
of rFs , defined through (5.37), can be established by showing that (5.37) satisfies
the pair of integral equations (5.35) and (5.36). For more details on (5.35), (5.36)
and (5.37) and some applications see Mathai (1997).

Observe that H -functions and Meijer’s G-functions, in the scalar cases, are
defined in terms of their Mellin–Barnes representations. If we want a series rep-
resentation then we have to take into account all the poles of the integrands in the
Mellin–Barnes representations. Obviously the poles can be of all sorts of higher or-
ders and then the series representations will be quite complicated involving, gamma,
psi and generalized zeta functions as well as logarithmic terms. For a general expan-
sion for the G-function see Mathai (1993c). The same procedure can be followed to
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obtain a series expansion for a H -function. This will be more complicated. Hence
if we wish to extend the definition in (5.37) to a H -function of matrix argument it
is extremely difficult because the series form need not correspond to the same in
the scalar variable case. For the very special case of simple poles for the integrand
in a Meijer’s G-function one can obtain a series form in terms of hypergeometric
series in the scalar case. If the series form is replaced by (5.37), the series form
in zonal polynomials, still the procedure will not be correct because in �p.˛ C s/

itself the alternate gammas produce poles of higher orders, namely the poles of
�.˛Cs/, �.˛Cs�1/; : : : are of higher orders and similar is the case for the poles of
�.˛C s� 1

2
/; �.˛C s� 3

2
/; : : : Hence the procedure of making use of (5.37) is also

not suitable for extending the definition to matrix variable case for a H -function.
Therefore looking for a class of functions by using M-transforms may be the most
convenient way of extending the definition to a matrix-variateH -function.

The above considerations lead to one important question. Is there a unique func-
tion which can be called the multivariate version of a given univariate function? The
answer is obviously a big “no”. There can be infinitely many multivariate functions,
where the marginal functions yield your specified univariate functions. We can con-
struct many examples.

Example 5.3. Nonuniqueness of multivariate analogues. Show that the following
two bivariate functions

.i/ f1.x; y; 
/ D 1

�
p
1 � 
2

e
� .x2

�2�xyCy2/

1��2 ;

for 1 � 
2 > 0;�1 < x < 1;�1 < y < 1 where 
 is a constant and

.ii/ f2.x; y/ D ˛1f1.x; y; 
1/C � � � C ˛kfk.x; y; 
k/;

for 0 < ˛i < 1; 1�
2i > 0; i D 1; : : : ; k; ˛1C� � �C˛k D 1 yield the same marginal
functions

f .x/ D e�x2

p
�
; and g.y/ D e�y2

p
�
;

for �1 < x < 1;�1 < y < 1:

Solution 5.3. Let us consider the marginal function of x from f1.x; y; 
/ by inte-
grating out y. Consider the exponent, excluding �1.

1

1 � 
2
Œx2 � 2
xy C y2� D x2 C

 
y � 
xp
1 � 
2

!2

D x2 C u2; u D y � 
xp
1 � 
2

dy D
p
1� 
2du for fixed x:
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Hence
Z 1

�1
1

�
p
1 � 
2

e
� 1

1��2
.x2�2	xyCy2/

dy

D
Z 1

�1
1

�
p
1 � 
2

e
�Œx2C

�
y��xp

1��2

�2

�
dy

D e�x2

�

Z 1

�1
e�u2

du D e�x2

p
�
:

Similarly Z 1

�1
f1.x; y; 
/dx D e�y2

p
�
:

Thus for the given function

f .x/ D e�x2

p
�
; � 1 < x < 1;

one can take f1.x; y; 
/ for all 
 such that 1 � 
2 > 0 as a bivariate analogue.

Now, look at the process above. When we integrate out y from f2.x; y; 
/ we
obtain

˛1
e�x2

p
�

C � � � C ˛k
e�x2

p
�

D e�x2

p
�
;

since ˛1 C � � � C ˛k D 1. Thus all the classes of functions defined by f2 can also be
considered as bivariate extensions of the univariate function f .x/.

This example shows that for a given univariate function there is nothing called a
unique bivariate or multivariate analogue. There will be several classes of functions
which can all be legitimately called the multivariate analogues. Hence looking for
a unique multivariate analogue for a given univariate H -function is a meaningless
attempt. Looking for a nonempty class of matrix variable functions, where when
the matrix is 1 � 1 or a scalar quantity the functions reduce to the one variable
H -function, is the proper procedure. Keeping this in mind, the following classes of
functions are defined as G and H -functions of matrix argument.

5.7 Meijer’s G -Function of Matrix Argument

Let f1.X/ be a symmetric function in the sense f .AB/ D f .BA/ for all matrices
A and B whenever AB and BA are defined. Let X be a p � p real positive defi-
nite matrix with distinct eigenvalues �1 > � � � > �p > 0. Consider the following
M-transform with the arbitrary parameter 
.
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Definition 5.6. Meijer’s G-function of matrix argument in the real case. Let
f1.X/ be such that Z

X>0

jX j	� pC1
2 f1.X/dX D �.
/ (5.38)

where

�.
/ D
nQm

jD1 �p.bj C 
/
o nQn

jD1 �p
�
pC1
2

� aj � 

�o

nQs
jDmC1 �p

�
pC1
2

� bj � 

�o nQr

jDnC1 �p.aj C 
/
o : (5.39)

Whenever the right side exists the class of functions defined by (5.38) and (5.39)
will be called Meijer’s G-function of matrix argument in the real case where �p.�/
is the real matrix-variate gamma function.

Note that when p D 1, f1.X/ reduces to Meijer’s G-function in the real scalar
variable case. One can extend the same idea and define a H -function of matrix
argument as follows:

Definition 5.7. H-function of matrix argument in the real case. Let f2.X/ be
a symmetric function in the sense f2.AB/ D f2.BA/ for all matrices A and B
wheneverAB andBA are defined. LetX be a p�p real symmetric positive definite
matrix with distinct eigenvalues�1 > � � � > �p > 0. Let 
 be an arbitrary parameter.
Consider the following integral equation:

Z

X>0

jX j	� pC1
2 f2.X/dX D  .
/; (5.40)

 .
/ D
nQm

jD1 �p.bj C ˇj 
/
o nQn

jD1 �p
�
pC1
2

� aj � ˛j 

�o

nQs
jDmC1 �p

�
pC1
2

� bj � ˇj

�o nQr

jDnC1 �p.aj C ˛j
/
o ; (5.41)

with ˛j ; j D 1; : : : ; r and ˇj ; j D 1; : : : ; s real and positive. Whenever the right
side in (5.41) exists the class of functions f2.X/ determined by (5.40) and (5.41)
will be called the H -function of matrix argument in the real case.

For p D 1, (5.40) reduces toH -function in the real scalar case. For ˛j D 1; j D
1; : : : ; r and ˇj D 1; j D 1; : : : ; s the class of functions f2.X/ reduces to the class
of functions f1.X/ defined through (5.38) and (5.39) and the H -function reduces
to a G-function.

5.7.1 Some Special Cases

When m D 1; n D 0; r D 0; s D 1; b1 D 0; ˇ1 D 1, (5.40) reduces to the equation

Z

X>0

jX j	� pC1
2 f2.X/dX D �p.
/: (5.42)
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One solution for (5.42) is obvious, namely,

f2.X/ D e�tr.X/

because for <.
/ > p�1
2

Z

X>0

jX j	� pC1
2 e�tr.X/dX D �p.
/:

Hence we may define 0F0. I I �X/ by the integral equation in (5.42). On the other
hand if m D 1; n D 0; r D 0; s D 1; b1 D ˛; ˇ1 D 1, then (5.41) reduces to
�p.˛ C 
/. Then the equation

Z

X>0

jX j	� pC1
2 f2.X/dX D �p.˛ C 
/; for <.˛ C 
/ >

p � 1
2

gives one solution as
f2.X/ D jX j˛0F0. I I �X/:

Let m D 1; b1 D 0; ˇ1 D 1; n D r; s is replaced by s C 1 then (5.40) becomes

Z

X>0

jX j	� pC1
2 f2.X/dX D �p.
/

nQr
jD1 �p

�
pC1
2

� aj � ˛j 

�o

nQs
jD1 �p

�
pC1
2

� bj � ˇj 

�o : (5.43)

For p D 1, (5.43) corresponds to Wright’s function and hence we will call the
class of functions f2.X/ determined by (5.43) as the Wright’s function of matrix
argument in the real case.

When ˛j D 1; j D 1; : : : ; r and ˇj D 1; j D 1; : : : ; s then comparing (5.43)
with (5.33) we have

f2.X/ D
nQr

jD1 �p
�
pC1
2

� aj

�o
nQs

jD1 �p
�
pC1
2

� bj

�o

� rFs

�
p C 1

2
�a1; : : : ; p C 1

2
�apI p C 1

2
� b1; : : : ; p C 1

2
� bsI �X

�

(5.44)

or the hypergeometric function of matrix argument in the real case. When r D
1, s D 1 in (5.43) we may call the corresponding f2.X/ as the generalized
Mittag-Leffler function in the real matrix-variate case. Classes of other elementary
functions can be defined by taking special cases in (5.39)–(5.44). The theory of
H -functions of matrix argument can be extended to complex cases also, that is,
when the matrices are hermitian positive definite. Some preliminaries in this direc-
tion may be seen from Mathai (1997).
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Exercises

5.1. Let x1; : : : ; xp be real scalar variables. Let y1 D x1 C � � � C xp ; y2 D x1x2 C
x1x3 C � � � C xp�1xp (sum of products taken two at a time), � � � ; yp D x1x2 � � �xp .
For xj > 0; j D 1; : : : ; p show that

dy1 ^ � � � ^ dyp D
8
<
:
p�1Y
iD1

pY
jDiC1

jxi � xj j
9
=
; dx1 ^ � � � ^ dxp:

5.2. Consider the general polar coordinate transformation

x1 D r sin �1;

xj D r cos �1 cos �2 � � � cos �j�1 sin �j ; j D 2; : : : ; p � 1;

xp D r cos �1 cos �2 � � � cos �p�1;

for r > 0;��
2
< �j � �

2
; j D 1; : : : ; p � 2;�� < �p�1 � � . Compute dx1 ^

� � � ^ dxp in terms of dr ^ d�1 ^ � � � ^ d�p�1.

5.3. For X D X 0 > 0; Y D Y 0 > 0 and p � p show that

lim
a!1 jI C XY

a
j�a D e�tr.XY / D lim

a!1 jI � XY

a
ja:

5.4. Let X and A be p � p lower triangular matrices of distinct elements. Let A D
.aij / be a constant matrix such that ajj > 0; j D 1; : : : ; p. Then show that

Y D XA ) dY D
8
<
:

pY
jD1

a
pC1�j
jj

9
=
; dX:

5.5. For the same X and A in Exercise 5.4 evaluate the Jacobians in the transfor-
mations .i/ Y D AX; .i i/ Y D aX where a is a scalar quantity.

5.6. Redo Exercises 5.4 and 5.5 if the matrices X and A are upper triangular.

5.7. For real X D X 0 > 0 and p � p evaluate the following integrals:

.i/ f1 D
Z

X

dX I .ii/ f2 D
Z

X

jX jdX I .iii/ f3 D
Z

X

jI �X jdX

.iv/ f4 D
Z

X

jX j˛dX I .v/
Z

X

jI � X j˛dX

and evaluate these explicitly for .vi/ p D 2I .vii/ p D 3.
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5.8. By showing that both sides have the same M-transforms establish the following
results for the class of functions defined through (5.44) where all are p � p real
symmetric positive definite matrices.

.i/ 1F1.aI cI �X/ D �p.c/

�p.a/�p.c � a/ jX j�.c� pC1
2
/

�
Z

O<Y<X

e�tr.Y /jY ja� pC1
2 jX � Y jc�a� pC1

2 dY

.ii/ 2F1.a; bI cI �X/ D �p.c/

�p.a/�p.c � a/

Z

O<X<I

jY ja� pC1
2 jI � Y jc�a� pC1

2

� jI C YX j�bdY

.iii/ 2F1.a; bI cI �X/ D jI � X j�b2F1.c � a; bI cI �X.I � X/�1/:

5.9. It is seen that for real X D X 0 > 0 and p � p
Z

X>0

jX j	� pC1
2 e�tr.X/dX D �p.
/;

for arbitrary 
 such that <.
/ > p�1
2

. Suppose that

Z

X>0

jX j	� pC1
2 f .X/dX D �p.
/ for <.
/ > p � 1

2
;

establish a set of sufficient conditions so that f .X/ is uniquely determined as
f .X/ D e�tr.X/.

5.10. For real X D X 0 > 0 and p � p consider the equation

Z

X>0

jX j	� pC1
2 f .X/dX D �p.
/�p.˛ � 
/

�p.˛/
;

for <.
/ > p�1
2
;<.˛ � 
/ > p�1

2
. One solution for f .X/ is seen to be

f .X/ D jI CX j�˛:

What are the sufficient conditions on f such that this is the only solution?



Chapter 6
Applications in Astrophysics Problems

6.1 Introduction

There are many areas in astrophysics where Meijer’s G-function and H -function
appear naturally. Some of these areas are analytic solar and stellar models, nuclear
reaction rate theory and energy generation in stars, gravitational instability prob-
lems, nonextensive statistical mechanics, pathway analysis, input-output models and
reaction-diffusion problems. Brief introductions to these areas will be given here so
that the readers can develop the areas further and tackle more general and more
complex situations.

6.2 Analytic Solar Model

The numerical approach to the study of solar structure is to go for the numerical
solutions of the underlying system of differential equations. Even for a simple main
sequence star in hydrostatic equilibrium at least four nonlinear differential equations
are to be dealt with to obtain a good picture of the internal structure of the star. Our
Sun is such a main-sequence star.

The simplest analytical procedure is to start with a simple mathematical model
for the matter density distribution in the core of the Sun. Then, from there develop
formulae for the mass, pressure, temperature, luminosity and other such critical pa-
rameters. Several such models were considered in a series of papers by Haubold
and Mathai, some details may be seen from Mathai and Haubold (1988). A two-
parameter model considered by them for the density 
.r/, at an arbitrary distance of
r from the center of the Sun is the following:


.r/ D 
c

"
1 �

�
r

Rˇ

�ı#�
; ı > 0; (6.1)

� is a positive integer, where 
c is the central density, Rˇ is the radius of the Sun.
Let y D r

Rˇ

. Then for the solar core, that is, 0 � y � 0:3, it is seen that the

A.M. Mathai et al., The H-Function: Theory and Applications,
DOI 10.1007/978-1-4419-0916-9 6, c� Springer Science+Business Media, LLC 2010
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ı D 1:28 and � D 10 give a good fit to the observational data. Then the model for
u D 	.r/

	c
is given by

u D .1 � yı /� ; with ı D 1:28; and � D 10: (6.2)

This is shown to give good estimates for the solar mass M.r/, pressure P.r/, tem-
perature T .r/, and luminosity �.r/. From standard formula we have

d

dr
M.r/ D 4�r2
.r/ (6.3)

where M.r/ is the mass at the distance r from the center.

M.r/ D 4�

Z r

0

t2
.t/dt

D 4�
c

Z r

0

t2

"
1 �

�
t

Rˇ

�ı#�
dt (6.4)

D 4�
c

3
R3ˇ

�
r

Rˇ

�3
2F1

"
��; 3

ı
I 3
ı

C 1I
�
r

Rˇ

�ı#
; (6.5)

where 2F1 is a Gauss’ hypergeometric function, which is a special case of a
H -function. For r D Rˇ in (6.4) we have the total mass of the Sun, which works
out to be the following:

M.Rˇ/ D 4�
cR
3ˇ

3
2F1

�
��; 3

ı
I 3
ı

C 1I 1
�

(6.6)

D 4�
c

3

�Š

3
ı

C 1
� 

3
ı

C 2
� � � � 
3

ı
C �

� ; (6.7)

by using he expansion formula

2F1.a; bI cI 1/ D �.c/�.c � a � b/
�.c � a/�.c � b/ : (6.8)

where a > 0; c � a � b > 0. Then

M.r/

M.Rˇ/
D


3
ı

C 1
� � � � 
3

ı
C �

�

�Š

�
r

Rˇ

�3
2F1

 
��; 3

ı
I 3
ı

C 1I
�
r

Rˇ

�ı!
: (6.9)

This is seen to be in good agreement with observational data for ı D 1:28 and
� D 10. The internal pressure at arbitrary distance r from the center is available
from standard formula
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P.r/ D Pc �G

Z r

0

M.t/
.t/

t2
dt

D Pc � 4�G

ı2

2cR

2ˇ
�X

mD0

.��/m
�
r
Rˇ

�mıC2



3
ı

Cm
� 

2
ı

Cm
�

� 2F1

 
��; 2

ı
CmI 2

ı
CmC 1I

�
r

Rˇ

�ı!
; (6.10)

where Pc is the pressure at the center and G is the gravitational constant. By using
the fact that P.Rˇ/ D 0 we can compute the pressure at the center Pc . Opening up
the hypergeometric function we can write P.r/ in a closed form:

P.r/ D Pc � 2

3
�G
2c r

2

� F 1W3W1
1W2W0

2
64

0
B@
�
r
Rˇ

�ı
�
r
Rˇ

�ı

1
CA
ˇ̌
ˇ̌ 2

3
I��; 3

ı
; 2

ı
I��

2
ı

C1I 3
ı

C1; 2
ı

C1I

3
75 ; (6.11)

whereF 1W3W1
1W2W0 .�/ is a Kampé de Fériet’s function, see Srivastava and Karlsson (1985).

The standard equation for temperature is the following:

T .r/ D �

kNA
P.r/
.r/; (6.12)

where � is the mean molecular weight, k is Boltzmann’s constant and NA is Avo-
gadro’s number. For the model in (6.1) it can be seen that

T .r/ D �

kNA
4�G
cR

2ˇ
g.r/

Œ1 � . r
Rˇ

/ı ��
; (6.13)

where

g.r/ D 1

ı2

�X
mD0

.��/m
mŠ

1

3
ı

Cm
� 

2
ı

Cm
�

�
�

�Š

2
ı

CmC 1
� � � � 
2

ı
CmC �

�

�
�
r

Rˇ

�mıC2
2F1

 
��; 2

ı
CmI 2

ı
CmC 1I

�
r

Rˇ

�ı!�
: (6.14)

From the computations in Haubold and Mathai (1994) it is seen that M.r/; P.r/,
T .r/ and luminosity L.r/ are in good agreement with observational data for the
model in (6.1) with ı D 1:28 and � D 10. Further details may be seen from Haubold
and Mathai (1994).
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Exercises 6.1

6.1.1. From the model in (6.1) derive expressions for solar mass M.r/, pressure
P.r/, temperature T .r/ and luminosity L.r/ at an arbitrary distance r from the
center.

6.1.2. Let u D 	.r/
	c

where 
.r/ is the matter density at a distance r from the center
of the Sun and 
c is the density at the center. Let y D r

Rˇ

for 0 � y � 0:3, where
Rˇ is the solar radius. The following is the data from Sear (1964)

y W 0:0864; 0:1153; 0:1441; 0:1873; 0:2161; 0:2450; 0:2882
u W 0:6519; 0:5253; 0:3856; 0:2810; 0:1994; 0:1424; 0:0962

By using the method of least squares fit a polynomial of degree 3 to this data and
show that the polynomial model is

y D 1 � 0:940y C 6:67y2 � 2:73y3:

Compute u by using this model and compare with Sear’s data.

6.1.3. Consider the following three models for u of Exercise 6.1.2

u D 1 � 4y C 2y2 C 2y3 � y4;

u D .1 � p
y/.1 � y3/64;

u D .1 � y
3
2 /16:

Compute u under these models and compare with Sear’s data.

6.1.4. Consider the following four models for u in Exercise 6.1.2.

u D .1 � p
y/.1 � y3/64.1 � y/;

u D .1 � y1:48/14;
u D .1 � y1:48/13;
u D .1 � y1:28/10:

Compute u under these models and compare with Sear’s data.

6.1.5. Show that the last model in Exercise 6.1.4 is the best among all the eight
models in Exercises 6.1.2, 6.1.3 and 6.1.4.
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6.3 Thermonuclear Reaction Rates

In nuclear reaction rate theory one comes across the following four reaction prob-
ability integrals in nonresonant reactions, reactions with high energy tail cut off, in
screened case and in the depleted case:

I1 D
Z 1

0

y
e
�
�
yCzy�

1
2

�

dy (6.15)

I2 D
Z d

0

y
e
�
�
yCzy�

1
2

�

dy (6.16)

I3 D
Z 1

0

y
e
�
�
yC z

p

yCt

�
dy (6.17)

I4 D
Z 1

0

y
e
�
�
yCbyı Czy�

1
2

�

dy: (6.18)

These are the reaction rate probability integrals dealt with in Anderson et al. (1994).
A more general case of I1 is the following:

I5 D
Z 1

0

y
e�.ayı Cby��/dy (6.19)

for a > 0; b > 0; ı > 0; 
 > 0, where for a D 1; b D z; ı D 1; 
 D 1
2

we
have the integral I1. Observe that (6.19) is the limiting form of the versatile integral
discussed in Chap. 4. Writing

f1.x/ D x
C1e�axı

and f2.x/ D e�x�

;

the integral in (6.19) can be written as

I5 D
Z 1

vD0
1

v
f1.v/f2

�u

v

�
dv; u D b

1
� : (6.20)

Hence from Mellin convolution property, the Mellin transform of I5 is the prod-
uct of the Mellin transforms of f1.x/ and f2.x/ respectively. Denoting the Mellin
transforms by g1.s/ and g2.s/, with s being the Mellin parameter, one has,

g1.s/ D
Z 1

0

xs�1x
C1e�axı

dx D 1

ı

�



C1Cs
ı

�

a
�C1Cs

ı

; (6.21)

where <.� C 1C s/ > 0 and

g2.s/ D
Z 1

0

xs�1e�x�

dx D 1



�

�
s




�
;<.s/ > 0: (6.22)
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Then I5 is available from the inverse Mellin transform of g1.s/g2.s/. That is,

I5 D 1

2�i

Z

L

1

ı


�



C1Cs
ı

�

a
�C1Cs

ı

�

�
s




�
u�sds (6.23)

D 1

ı
a
�C1

ı

Z cCi1

c�i1
�

�
s




�
�

�
� C 1

ı
C s

ı

��
a

1
ı u
��s

ds

D 1

ı
a
�C1

ı

H
2;0
0;2

"
a

1
ı b

1
�

ˇ̌
ˇ̌
.0; 1

� /;
�

�C1
ı
; 1

ı

�

#
: (6.24)

Thus the special cases of the integral in (6.20) are the special cases of theH -function
in (6.24).

Some interesting special cases are the situations where (i): 1
ı

Dm; 1
	

D n;m; n D
1; 2; : : :; (ii): 	

ı
D �; � D 1; 2; : : :; (iii) ı

	
D �;� D 1; 2; : : :. In all these cases

one can reduce the H -function in (6.24) to Meijer’s G-function with the help of the
multiplication formula for gamma functions, some details and computable represen-
tations are available from Mathai and Haubold (1988).

Exercises 6.2

6.2.1. Show that the reaction rate probability integral

Z 1

0

x
�1e�ax�zx��

dx D a�




H
2;0
0;2

h
az

1
�

ˇ̌
.0; 1

�
/;.
;1/

i
;

for a > 0; z > 0; 
 > 0.

6.2.2. For 
 D 1
2
; a D 1 in Exercise 6.2.1 show that

Z 1

0

x
�1e�x�zx�
1
2 dx D �� 1

2G
3;0
0;3

�
z2

4

ˇ̌
0; 1

2 ;


�

D �� 1
2
1

2�i

Z cCi1

c�i1
�.s/�

�
1

2
C s

�
�.� C s/

�
z2

4

��s
ds:

6.2.3. Write down the conditions for the poles of the integrand in the Mellin–Barnes
integral in Exercise 6.2.2 to be simple. Evaluate the Mellin–Barnes integral in Ex-
ercise 6.2.2 in the case of simple poles.

6.2.4. Write down the integral in Exercise 6.2.2 in series form when � is an integer
thereby the poles of the integrand can be up to order 2.

6.2.5. Write down the integral in Exercise 6.2.2 in series form when � is a half-
integer thereby the poles of the integrand can be up to order 2.
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6.4 Gravitational Instability Problem

Gravitational condensation is believed to be the reason for the formation of the basic
building blocks of the universe, that is, the stars and galaxies and systems of them
at various scales. The universe is a multi-component medium. The influence of the
components’ relative motions upon the gravitational instability was investigated by
many authors. Gravitational instability in a multi-component medium in an expand-
ing universe under Newtonian approximation was studied by Mathai et al. (1988).
Exact solutions of the differential equations connected with the gravitational insta-
bility problems in a two-component, and then in a multi-component medium, were
considered by Mathai et al. (1988) by converting the basic equations to the equa-
tions satisfied by a Meijer’s G-function. After a few substitutions, see Mathai et al.
(1988), the basic equations for a two-component medium can be written as follows:

�2ı1 C .2�� 1/�ı1 C k21 t
˛1ı1 D 2

3
.�1ı1 C�2ı2/; (6.25)

�2ı2 C .2�� 1/�ı2 C k22 t
˛2ı2 D 2

3
.�1ı1 C�2ı2/; (6.26)

where � is the operator � D t d
dt , � D �1 C�2 D 1;�i ; i D 1; 2 are constants,

and other parameters have physical interpretations. Solving for ı2 from (6.25) and
then substituting for ı2; �ı2; �2ı2 in (6.26) one has the following fourth degree
equation:

�4ı1 C 2.2�� 1/�3ı1 C
�
k21 t

˛1 C k22 t
˛2 � 2

3
C .2�� 1/2

�
�2ı1

C
�
.2� � 1/k21 t˛1 C .2�� 1/k22 t

˛2 C 2k21˛1t
˛1 � .2�� 1/2

3

�
�ı1

C
�
k21˛

2
1 t
˛1 C .2�� 1/k21˛1t˛1 � 2

3
�2k

2
1 t
˛1

�2
3
�1k

2
2 t
˛2 C k21k

2
2 t
˛1C˛2

�
ı1 D 0: (6.27)

Here (6.27) is the equation governing the growth and decay of gravitational con-
densation in the expanding two-fluid universe. An equation for ı2, corresponding to
(6.27) is available from symmetry. The following special cases of (6.27) have inter-
esting solutions. We consider the following cases: (i) k1 D k2 D 0; (ii) ˛1 D ˛2 D
0, k1; k2 arbitrary; (iii) ˛2 ¤ 0, k1 D 0; (iv) ˛1 ¤ 0; k2 D 0; (v) ˛1 D 0; ˛2 ¤ 0;
(vi) ˛1 ¤ 0; ˛2 D 0; (vii) ˛2 D ˛1 D ˛ ¤ 0, k1 D k2 D k ¤ 0.

In case (iii) by changing t to x D k2t
˛2

˛2
2

and Q� D x d
dx , Eq. (6.27) reduces to

˚
. Q� � b1/. Q� � b2/. Q� � b3/. Q� � b4/

�
ı1

C x
˚
. Q� � a1/. Q� � a2/

�
ı1 D 0; (6.28)
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where

b1 D 0; b2 D � .2�� 1/

˛2
; b3 D



1
2

� �
�

˛2
�
"
.�� 1

2
/2

˛22
C 2

3˛22

# 1
2

b4 D


1
2

� ��

˛2
C
"
.�� 1

2
/2

˛22
C 2

3˛22

# 1
2

; a1 D


1
2

� �
�

˛2
�
"


1
2

� ��2
˛22

C 1�1

3˛22

# 1
2

a2 D


1
2

� ��

˛2
C
"


1
2

� �
�2

˛22
C 2�1

3˛22

# 1
2

:

Observe that (6.28) is a special case of the differential equation satisfied by a
Meijer’s G-function, see for example Mathai (1993c), so that the theory of
G-function can be applied to (6.28). In all the particular cases it is seen that equation
(6.27) reduces to the form

f.� � b1/.� � b2/.� � b3/.� � b4/gı1 C xf.� � a1/.� � a2/gı1 D 0 (6.29)

where a1; a2; b1; : : : ; b4 and x change from case to case. Comparing (6.29) with

a G-function differential equation for Gm;np;q

�
x
ˇ̌a1;:::;ap

b1;:::;bq

�
we have q D 4; p D 2,

.�1/p�m�n D �1, a1; a2; b1; : : : ; b4. From the standard solutions of theG-function
equation, the solution near x D 0 is given by

ı1 D c1G1 C c2G2 C c3G3 C c4G4;

where c1; c2; c3; c4 are arbitrary constants and

Gj D
hQ2

kD1 �.�ak C bj /
i

hQ4
kD1 �.1 � bk C bj /

ixbj

� 2F3.�a1 C bj ;�a2 C bj I 1 � b1 C bj ; : : : ;	; : : : ; 1 � b4 C bj I �x/;
(6.30)

where the 	 indicates that parameter of the type 1� bj C bj and the corresponding
gamma are absent, and it is assumed that bi � bj ¤ 0;˙1;˙2; : : : for all i ¤ j D
1; : : : ; 4 and 2F3 is a hypergeometric function.

Here in (6.29) the G-function parameters are q D 4; p D 2 or q > p. Hence the
4 fundamental solutions and the general solution for x ! 1 are the following:

ı1 D c1G1 C c2G2 C c3G3 C c4G4; (6.31)
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where c1; c2; c3; c4 are arbitrary constants and

G1 D G
4;1
2;4

"
x

ˇ̌
ˇ̌
1Ca1;1Ca2

b1;:::;b4

#
;

G2 D G
4;1
2;4

"
x

ˇ̌
ˇ̌
1Ca2;1Ca1

b1;:::;b4

#
;

G3 D G
4;0
2;4

"
xei�

ˇ̌
ˇ̌
1Ca1;1Ca2

b1;:::;b4

#
;

G4 D G
4;0
2;4

"
xe�i�

ˇ̌
ˇ̌
1Ca1;1Ca2

b1;:::;b4

#
; i D p�1:

Computable series forms as well as explicit solutions for various cases of
3-component medium are available from Mathai et al. (1988).

Exercises 6.3

6.3.1. Derive Eq. (6.27) from Eqs. (6.25) and (6.26).

6.3.2. Derive an equation for ı2 from Eq. (6.27).

6.3.3. Under the special case k1 D 0; k2 D 0 show that (6.27) reduces to the
form f.� � a1/.� � a2/.� � a3/.�4 � a4/gı1 D 0 so that the general solution is
ı1 D c1 C c2t

a2 C c3t
a3 C c4t

a4 where

a1 D 0; a2 D �.2�� 1/; a3 D
�
1

2
� �

�
�
"�

1

2
� �

�2
C 2

3

# 1
2

;

a4 D
�
1

2
� �

�
C
"�

1

2
� �

�2
C 2

3

# 1
2

:

6.3.4. Show that under case (iv): ˛1 ¤ 0; k2 D 0 Eq. (6.27) reduces to

f. Q� � b0
1/.

Q� � b0
2/.

Q� � b0
3/.

Q� � b0
4/gı1 C xf. Q� � a0

1/.
Q� � a0

2/gı1 D 0;
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where Q� D x d
dx ; Qx D k2

1
t˛1

˛2
1

. Show that

a0
1 D

"
�1C



1
2

� �
�

˛1

#
�
"

� � 1

2

�2
˛21

C 2�2

3˛21

# 1
2

;

a0
2 D

"
�1C



1
2

� �
�

˛1

#
C
"

� � 1

2

�

˛21
C 2�2

3˛21

# 1
2

;

and b0
i D bi of case (iii).

6.3.5. Show that under Case (v): ˛1 D 0; ˛2 ¤ 0 Eq. (6.27) reduces to the same
form as in Exercise 6.3.4 with

a1 D


1
2

� ��

˛22
�
"


1
2

� �
�2

˛22
C 2�1

3˛22
� k21

˛22

# 1
2

;

a2 D


1
2

� ��

˛22
C
"


1
2

� ��2
˛22

C 2�1

3˛22
� k21
˛22

# 1
2

;

and the bi ’s are the solutions of the equation

˛42b
4 C 2.2�� 1/˛32b

3 C
�
.2�� 1/2 � 2

3
C k21

�
˛22b

2

C
�
�2
3
.2�� 1/C .2� � 1/k21

�
˛2b � 2

3
�2k

2
1 D 0:

6.5 Generalized Entropies in Astrophysics Problems

Entropy is a measure of uncertainty in a probability scheme or in a probability
density. If P D .p1; : : : ; pk/; pi � 0; i D 1; : : : ; k; p1 C � � � C pk D 1 be the
probabilities in a setA D fA1; : : : ; Akg of mutually exclusive and totally exhaustive
events then a measure of uncertainty in this scheme .A; P /, proposed by Shannon
in 1948, was

S D �G
kX
iD1

pi lnpi ; (6.32)

where G is a constant and ln is logarithm to the base e.
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6.5.1 Generalizations of Shannon Entropy

Generalizations to Shannon’s entropy were considered by many authors. A few of
these are the following:

H � C D
Pk
iD1 p˛i � 1

21�˛ � 1
; ˛ � 0; ˛ ¤ 1 (Havrda-Chárvat); (6.33)

R D
ln
�Pk

iD1 p˛i
�

1 � ˛ ; ˛ � 0; ˛ ¤ 1 (Rényi); (6.34)

T D
Pk
iD1 p

q
i � 1

1� q
; q � 0; q ¤ 1; (Tsallis); (6.35)

M D
Pk
iD1 p2�˛

i � 1
˛ � 1

; ˛ � 2; ˛ ¤ 1 (Mathai). (6.36)

All the ˛-generalized analogues,H �C;R; T;M go to Shannon’s entropy S when
˛ ! 1 and in this sense they are generalizations. Tsallis’ entropy T is the ba-
sis for the current hot topic of nonextensive statistical mechanics and q-calculus.
The corresponding measures in a probability density f .x/, [f .x/ � 0 for all x,R
x
f .x/dx D 1] are the following:

S D �G
Z

x

f .x/ ln f .x/dx; (6.37)

H � C D
R
x
Œf .x/�˛dx � 1

21�˛ � 1
; ˛ � 0; ˛ ¤ 1; (6.38)

R D ln
R
x
Œf .x/�˛dx

1 � ˛ ; ˛ � 0; ˛ ¤ 1; (6.39)

T D
R
x
Œf .x/�qdx � 1
1 � q ; q � 0; q ¤ 1; (6.40)

M D
R
x
Œf .x/�2�˛dx � 1

˛ � 1
; 0 � ˛ � 2; ˛ ¤ 1: (6.41)

Tsallis’ q-exponential function is derived from T of (6.40) by optimizing T sub-
ject to the conditions

R
x f .x/dx D 1 and that the first moment is pre-assigned, that

is,
R
x
xf .x/dx D given. If the optimization of T is done in the escort density

g.x/ D Œf .x/�qR
x
Œf .x/�qdx

; (6.42)

then one obtains Tsallis density or known as Tsallis’ statistics

f1.x/ D c1Œ1 � .1 � q/x� 1
1�q ; (6.43)
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where c1 is the normalizing constant such that
R
x
f .x/dx D 1. If Mathai’s entropy

(6.41) is optimized under the conditions of preassigning the ı-th moment and .� C
ı/-th moment for some ı and � , by using calculus of variation techniques, then one
obtains a particular case of Mathai’s pathway model in the scalar case

f2.x/ D c2x
� Œ1 � a.1 � ˛/xı � 1

1�˛ ; ı > 0; a > 0 (6.44)

where c2 is the normalizing constant. Observe that c2 will be different for the three
cases ˛ < 1; ˛ > 1; ˛ ! 1. When ˛ < 1 then f2.x/ for 1 � a.1 � ˛/xı > 0

remains in the generalized type-1 beta family of densities and when ˛ > 1, writing
1 � ˛ D �.˛ � 1/, f2.x/ goes into the generalized type-2 beta family of densities.
When ˛ ! 1, then f2.x/ goes to f3.x/ where

f3.x/ D c3x
�e�axı

(6.45)

where c3 is the normalizing constant. It may be mentioned here that M in (6.36)
is also connected to the measure of directed divergence in discrete distributions.
Observe that for g1.x/ D f1.x/=c1

d

dx
g1.x/ D �Œg1.x/�q (6.46)

and hence f1.x/, as a model, can describe situations of power function behavior,
meaning that the rate of change of g1.x/ is proportional to a power of g1.x/.

When we study the properties (6.45),H -function comes in naturally as illustrated
in Chap. 4, Sect. 4.3. These properties will not be repeated here. Thus,H -functions
prop up when dealing with problems in nonextensive statistical mechanics, power
laws, pathway analysis, generalized entropies and related areas.

Exercises 6.4

6.4.1. Consider the entropy measure in (6.41). By using calculus of variation
techniques optimize M under the condition that the functional f .x/ is such that
f .x/ � 0 and

R
x
f .x/dx D 1 and show that the solution is a uniform density.

6.4.2. Optimize M in (6.41) for all densities f .x/ such that the first moment is a
given or preassigned quantity. Show that the pathway model for � D 0 and ı D 1 is
the resulting f .x/.

6.4.3. Redo Exercise 6.4.2 under the conditions E.xı/ and E.xıC� / are preas-
signed, whereE denotes the expected value or ı-th moment and .ıC�/-th moments
respectively. Show that the resulting density is the pathway model for the positive
real scalar variable case.
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6.4.4. Derive the density of u D xy if x and y are independently distributed real
scalar positive random variables where x is having the density in (6.44) with param-
eters as given there and y has the density in (6.45) with parameters .�1; a1; ı1/.

6.4.5. Repeat Exercise 6.4.4 if x and y have the densities of the form in (6.44) with
different parameters.

6.6 Input–Output Analysis

Input–output situations are many in nature. In a dam or storage capacity there is
inflow and outflow and the difference or the residual part is the storage. In nuclear
reactions, energy is produced and part of it is dissipated, destroyed or emitted out
and the residual part is what is left out. In a human body a chemical called melatonin
is produced every day. The production starts by evening, peaks by 1 am and the level
of the chemical is back to normal by the morning. The body consumes or converts
what is produced. There is a positive residual part during the night and the residual
part is zero by the morning. In a growth–decay mechanism an item grows and part
of it decays, and the residual part is the difference. In a stochastic process there is
an input variable and after the process there is an output. In an industrial production
process the total money value of raw materials plus operational cost is the input
variable and the money value of the final product is the output variable.

A simple input–output model can be considered as a structure such as

u D x � y; (6.47)

where x is the input variable and y is the output variable and u can be taken as the
residual. Stochastic situations when x and y are independently distributed random
variables, scalar variables or matrix variables, are considered by Mathai (1993c).
Connections of a structure such as the one in (6.47) to distributions of bilinear forms
and covariance structures are also established in Mathai (1993c). A model such
as the one in (6.47) when both the input and output variables are gamma random
variables can be used to model solar neutrino production or other such residual
processes (Haubold and Mathai 1994).

In a reaction–diffusion process if N.t/ is the number density at time t and if the
production rate is proportional to the original number, then

d

dt
N.t/ D �N.t/; � > 0; (6.48)

where � is the rate of production. If the consumption or destruction rate is also
proportional to the original number then

d

dt
N.t/ D ��N.t/; � > 0; (6.49)
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where � is the destruction rate. Then the residual part is given by

d

dt
N.t/ D �cN.t/; c D � � �: (6.50)

If c is free of t then the solution is the exponential model

N.t/ D N0e�ct ; N0 D N.t/ at t D t0; (6.51)

where t0 is the starting time. Instead of the total derivative in (6.48)–(6.50) if we
consider fractional derivative or fractional nature of reactions, that is, if we consider
an equation of the form

N.t/ �N0 D �c
0Dt�
N.t/; (6.52)

where 0Dt�
 is the standard Riemann–Liouville fractional integral operator, then
the solution for N.t/ is a Mittag-Leffler function

N.t/ D N0

1X
kD0

.�1/k.ct/
k
�.�k C 1/

D N0E
.�.ct/
/ (6.53)

where E
.�/ is the Mittag-Leffler function, which is a special case of a H -function.
That is,

N.t/ D N0
1

2�i

Z

L

�.s/�.1 � s/
�.1 � �s/

Œ.ct/
 ��sds D N0H
1;1
1;2

"
.ct/


ˇ̌
ˇ̌
.0;1/

.0;1/;.0;
/

#
;

(6.54)

whereL is a suitable contour. In such input–output models one can notice that under
fractional rate of input or output can produce particular cases of H -functions as
illustrated in (6.52)–(6.54). More of such situations will be examined in detail in the
coming sections.

Exercises 6.5

6.5.1. Work out the density of u D x � y if x and y are independently distributed
with exponential densities with different parameters.

6.5.2. Repeat Exercise 6.5.1 if x has a gamma density and y has an exponential
density.

6.5.3. Repeat Exercise 6.5.1 if both x and y have gamma densities with different
parameters, for the cases (1): x � y > 0 and (2): general, where x � y can be
negative also.
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6.5.4. Let xj have the density

fj .xj / D cjx
�j �1
j e�aj x

ıj

j ; xj > 0; aj > 0; ıj > 0; j D 1; 2;

where cj ; j D 1; 2 are the normalizing constants. Let u D lnx1 � lnx2. When x1
and x2 are statistically independently distributed, evaluate the density of u by using
Laplace transform of the density of u. Show that the density of u can be written as a
H -function.

6.5.5. Work out the special cases in Exercise 6.5.4 when (1) xj ’s are Weibull dis-
tributed with different parameters, (2) Weibull distributed with the same parameters,
(3) gamma distributed (a) with different parameters, (b) with identical parameters,
(4) exponentially distributed with (a) different parameters, (b) with identical param-
eters. Show that all the densities can be written as special cases of H -functions.

6.7 Application to Kinetic Equations

Fractional kinetic equations are studied to determine certain physical phenomena
governing diffusion in porous media, reaction and relaxation processes in com-
plex systems and anomalous diffusion, etc. In this connection, one can refer to
the monographs by Hilfer (2000), Kilbas et al. (2006), Podlubny (1999), and
the various works cited therein. Fractional kinetic equations are studied by Hille
and Tamarkin (1930), Glöckle and Nonnenmacher (1991), Saichev and Zaslavsky
(1997), Zaslavsky (1994) and Saxena et al. (2002, 2004, 2004b), among others, for
their importance in the solution of certain applied problems. We now proceed to
prove the following:

Theorem 6.1. If c > 0; � > 0; then the solution of the integral equation

N.t/ �N0f .t/ D �c
0D�

t N.t/; (6.55)

where f .t/ is any integrable function on the finite interval Œ0:b�, there holds the
formula

N.t/ D cN0

Z t

0

H
1;1
1:2

�
c
.t � 	/


ˇ̌
ˇ̌.� 1

�
;1/

.� 1
�
;1/;.0;
/

�
f .	/d	; (6.56)

where H 1;1
1;2 .:/ is the H -function defined by (1.2).

Proof 6.1. Applying the Laplace transform to (6.55) and using (3.65), it gives,

QN.s/ D LŒN.t/I s� D N0
F.s/

1C .c=s/

: (6.57)
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Since (Mathai and Saxena 1978, p. 152)

s


s
 C c

D H

1;1
1;1

�
.s=c/


ˇ̌
ˇ̌ .1; 1/
.1; 1/

�
; (6.58)

then using (2.22), we obtain

L�1
�
H
1;1
1;1

�
.s=c/


ˇ̌
ˇ̌ .1; 1/
.1; 1/

��
D t�1H 1;1

2;1

�
.ct/�


ˇ̌
ˇ̌ .1; 1/; .0; �/
.1; 1/

�
: (6.59)

If we use the property of the H -function (1.58), the above equation becomes

L�1
�
H
1;1
1;1

�
.s=c/


ˇ̌
ˇ̌ .1; 1/
.1; 1/

��
D t�1H 1;1

1;2

�
.ct/


ˇ̌
ˇ̌ .0; 1/
.0; 1/; .1; �/

�
(6.60)

D cH
1;1
1;2

�
.ct/


ˇ̌
ˇ̌ .�1=�; 1/
.�1=�; 1/; .0; �/

�
: (6.61)

�

The result (6.61) follows from (6.60), if we use the formula (1.60). Taking the
inverse Laplace transform of (6.57) and applying the convolution theorem of the
Laplace transform, we arrive at the desired result (6.56).

If we set f .t/ D t��1, we obtain the result given by Saxena et al. (2002, p. 283,
Eq. (15)). Theorem 6.1 was proved by Saxena et al. (2004).

Note 6.1. An alternative method for deriving the solution of fractional kinetic equa-
tions is recently given by Saxena and Kalla (2008).

6.8 Fickean Diffusion

We consider Fick’s diffusion and establish the following:

Theorem 6.2. The solution of the diffusion equation

@

@t
N.x; t/ D C1

@2

@x2
N.x; t/; (6.62)

with initial condition N.x; t D 0/ D ı.x/; where ı.x/ is the Dirac delta function,
is given by

N.x; t/ D 1p
.4�C1t/

exp

�
� x2

4C1t

�
: (6.63)
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Proof 6.2. Applying Laplace transform to (6.62) with respect to the variable t and
applying the given condition, it gives

s QN.x; s/ � ı.x/ D C1
@2

@x2
QN.x; s/: (6.64)

Applying Fourier transform to the above equation with respect to x, we obtain

s QN �.k; s/ � 1 D C1.�k2/ QN �.k; s/: (6.65)

Solving for QN �.k; s/; it gives

N��.k; s/ D
1X
rD0

.�1/r
�
k2C1

s

�r
s�1: (6.66)

On inverting (6.66), the desired result (6.63) is obtained, where we have used the
inverse Fourier transform formula

F�1 ne�ak2 I x
o

D 1p
4�a

exp

�
�x

2

4a

�
: (6.67)

�

Remark 6.1. Standard diffusion processes are described with the help of Fick’s sec-
ond law. The diffusion equation (6.62) can be derived by combining the continuity
equation

@

@t
N.x; t/ D �Sx.x; t/; (6.68)

and the constitutive equation

S.x; t/ D �C1Nx.x; t/; (6.69)

which is also called as Fick’s first law. Here, S.x; t/ represents the flux, N.x; t/ the
distribution function of the diffusing quantity, and C1 a diffusion constant which is
assumed to be a constant.

6.8.1 Application to Time-Fractional Diffusion

Theorem 6.3. Consider the following time-fractional diffusion equation

@˛N.x; t/

@t˛
D D

@2N.x; t/

@x2
; 0 < ˛ < 1; x 2 R;R D .�1;1/; (6.70)
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where D is the diffusion constant and 2 Rnf0g

N.x; t D 0/ D ı.x/; lim
x!˙1N.x; t/ D 0; (6.71)

@˛

@t˛
is the Caputo fractional derivative defined by (6.114) and ı.x/ is the Dirac delta

function. Then its fundamental solution is given by

N.x; t/ D 1

jxjH
1;0
1;1

� jxj2
Dt˛

ˇ̌
ˇ.1;˛/.1;2/

�
: (6.72)

Remark 6.2. It can be seen that Brownian motion takes place at ˛ D 1; which is
irreversible. Wave propagation takes place at ˛ D 2 which is reversible.

Proof 6.3. In order to find a closed form representation of the solution of the equa-
tion (6.70) in terms of the H -function, we use the method of joint Laplace–Fourier
transform, defined by

QN �.k; s/ D
Z 1

0

Z 1

�1
e�stCikxN.x; t/dxdt; (6.73)

where, according to the convention followed, “�” will denote the Laplace transform
and “	”, the Fourier transform. Applying the Laplace transform with respect to time
variable t , Fourier transform with respect to space variable x, using (3.75) and the
given condition (6.71), we find that

s˛ QN �.k; s/ � s˛�1 D �Dk2N��.k; s/:

Solving for N��.k; s/, it gives

QN �.k; s/ D s˛�1

s˛ CDk2
:

Inverting the Laplace transform, it yields

N �.k; t/ D L�1
�

s˛�1

s˛ CDk2

�
D E˛.�Dk2t˛/; (6.74)

where E˛.:/, is the Mittag-Leffler function defined by (1.44). �

In order to invert the Fourier transform, we will make use of the integral

Z 1

0

cos.kt/E˛;ˇ .�at2/dt D �

k
H
1;0
1;1

"
k2

a

ˇ̌
ˇ̌
.ˇ;˛/

.1;2/

#
; (6.75)
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which follows from (2.51); where <.˛/ > 0;<.ˇ/ > 0; k > 0; a > 0I and the
formula

1

2�

Z 1

�1
e�ikxf .k/dk D 1

�

Z 1

0

f .k/ cos.kx/dk; (6.76)

then it yields the required solution.

Note 6.2. When ˛ D 1; (6.72) reduces to (6.63) as

N.x; t/ D 1

jxj
1

2�i

Z �Ci1

��i1
�.1 � 2s/
�.1� s/

� jxj2
Dt

�s
ds

D 1

jxj
1

2�i

Z �Ci1

��i1
�


1
2

� s��.1� s/2�2s�� 1
2

�.1 � s/
� jxj2
Dt

�s
ds

D 1

.4�Dt/
1
2

exp

�
� jxj2
4Dt

�
; (6.77)

which is a Gaussian density.

6.9 Application to Space-Fractional Diffusion

Notation 6.1. @˛

@x˛N.x; t/ : Liouville fractional derivative of order ˛

Definition 6.1. The Liouville fractional derivative of order ˛ is defined by

@˛

@x˛
N.x; t/D 1

�.m � ˛/
�
@

@x

�m Z x

�1
N.t; y/

.x�y/˛�mC1 dy; x 2R; ˛ > 0;mD Œ˛�C1;
(6.78)

where Œ˛� is the integral part of ˛.

Note 6.3. The operator defined by (6.78) is also denoted by

�1D˛
xN.x; t/:

Its Fourier transform is given by

F f�1D˛
xf .x; t/g D .ik/˛‰.k; t/; ˛ > 0; (6.79)

where ‰.k; t/ is the Fourier transform of f .x; t/ with respect to the variable x
of f .x; t/. Following the convention initiated by Compte (1996), we suppress the
imaginary unit in Fourier space by adopting the slightly modified form of the above
result in our investigations

F f�1D˛
xf .x; t/g D �jkj˛‰.k; t/; ˛ > 0 (6.80)

instead of (6.79).
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In this section, we will investigate the solution of the equation (6.81). The result
is given in the form of the following:

Theorem 6.4. Consider the following space-fractional diffusion equation

@N.x; t/

@t
D D

@˛N.x; t/

@x˛
; 0 < ˛ < 1; x 2 R; (6.81)

where D is the diffusion constant and 2 Rnf0g; @˛

@x˛N.x; t/ is the Liouville frac-
tional derivative of order ˛IN.x; t D 0/ D ı.x/, where ı.x/ is the Dirac delta
function and limx!˙1N.x; t/ D 0. Then its fundamental solution is given by

N.x; t/ D 1

˛jxjH
1;1
2;2

� jxj
.Dt/1=˛

ˇ̌
ˇ̌.1;1=˛/;.1; 1

2
/

.1;1/;.1; 1
2 /

�
: (6.82)

Proof 6.4. Applying the Laplace transform with respect to the time variable t ,
Fourier transform with respect to space variable x and using the given condition
and the Eq. (6.80), it gives

s QN �.k; s/ � 1 D �Djkj˛ QN �.k; s/:

Solving for QN �.k; s/ and inverting the Laplace transform, it is seen that

N �.k; t/ D L�1
" 1X
rD0

.�1/rs�r�1.Djkj˛/r
#

D
1X
rD0

.�1/r tr .Djkj˛/r
�.r C 1/

D exp.�Dt jkj˛/ D H
1;0
0;1

h
Dt jkj˛

ˇ̌
ˇ�.0;1/

i
: (6.83)

If we invert the Fourier transform with ˇ D � D 1; � D 0, the result (6.82)
follows. �

6.10 Application to Fractional Diffusion Equation

In this section we present an alternative shorter method for deriving the solution of
a diffusion equation discussed earlier by Kochubei (1990).

Theorem 6.5. Consider the Cauchy problem

0D
˛
t N.x; t/ D �c
�N.x; t/; 0 < ˛ < 1I x 2 <nI 0 < t � T; (6.84)

with
N.x; t D 0/ D ı.x/; x 2 <; lim

x!˙1N.x; t/ D 0: (6.85)
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0D
˛
t is the regularized Caputo (1969) partial fractional derivative with respect to t ,

defined by

0D
˛
t N.x; t/ D 1

�.1� ˛/

�
@

@t

Z t

0

N.x; s/ds

.t � x/˛ � N.x; 0/

t˛

�
;

and � is the Laplacian. The fundamental solution of the above Cauchy problem is
given by

N.x; t/ D jxj�n�� n
2H

2;0
1;2

� jxj2t�˛
4c


ˇ̌
ˇ̌.1;˛/
.n

2 ;1/;.1;1/

�
; (6.86)

where H 2;0
1;2 .:/ is the H -function (1.2).

Proof 6.5. Applying the Laplace transform with respect to t , Fourier transform with
respect to x to (6.84) and using the result (3.75), it gives

s˛ QN �.k; s/ � s˛�1 D �c
 jkj2 QN �.k; s/;

where the symbol “�” indicates the Laplace transform with respect to the time vari-
able t and the symbol “	”, the Fourier transform with respect to the space variable x.

Solving for
��
N .k; s/, we have

QN �.k; s/ D s˛�1

s˛ C c
 jkj2 : (6.87)

By virtue of the following Fourier transform formula



Fx
�jxj.2�n/=2K.n�2/=2.ajxj/
� .	/ D

�
2�

a

�n=2
a

a2 C j	 j2 ; 	 2 <nI n 2 N; a > 0;

(6.88)

where the multidimensional Fourier transform with respect to x 2 <n is defined by

.FxN/.	; t/ D
Z

<n

N.x; t/eix�dx; 	 2 <n; t > 0; (6.89)

and K
.:/ is the modified Bessel function of the second kind, it yields

�
N.x; s/ D c�
s˛�1.2�/�

n
2

 
jxjc �

2

s
˛
2

!1� n
2

K n�2
2

"
js ˛

2 jxj
c

�
2

#
: (6.90)

In order to invert the Laplace transform, we employ the following result given by
the authors (Saxena et al. 2006)

L�1 fs�	K
.zs� /I tg D 1

2
t	�1H 2;0

1;2

�
z2t�2�

4

ˇ̌
ˇ̌.	;2�/
. �

2
;1/;.� �

2
;1/

�
; (6.91)
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where K
.x/ is the modified Bessel function of the second kind, <.z2/ > 0;

<.s/ > 0. Thus we obtain the solution in a closed form

N.x; t/ D 1

2
.2�/�

n
2 c� �

2
� n�

4 jxj1� n
2 t�

˛
2

� ˛n
4 H

2;0
1;2

�
t�˛ jxj2
4c


ˇ̌
ˇ̌.1� ˛

2
� ˛n

4
;˛/

.n�2
4
;1/;. 2�n

4
;1/

�
:

(6.92)

By virtue of the H function identity (1.60), the power of the expression
h ft�� jxj2g

4c�

i

can be absorbed inside the H -function and consequently we obtain

N.x; t/ D j� 1
2 xj�nH 2;0

1;2

�
t�˛ jxj2
4c


ˇ̌
ˇ̌.1;˛/
.n

2 ;1/;.1;1/

�
: (6.93)

�

Remark 6.3. If we employ the identity (1.58), the solution given by (6.93) can be
expressed in the form

N.x; t/ D 1

˛
j� 1

2 xj�nH 2;0
1;2

"
t�1jxj2=˛
.4c
/

1
˛

ˇ̌
ˇ̌.1;1/
.n

2 ;
1
˛ /;.1;

1
˛ /

#
; (6.94)

where ˛ > 0.

Note 6.4. We note that the above form of the solution is due to Schneider and Wyss
(1989). There is one importance of our result (6.91) that it includes the Lévy stable
density in terms of theH -function as shown in (6.102). Similarly, using the identity
(1.59), we arrive at

N.x; t/ D 1

2
j� 1

2 xj�nH 2;0
1;2

"
t� ˛

2 jxj
2c

�
2

ˇ̌
ˇ̌.1;˛

2
/

.n
2
; 1

2 /;.1;
1
2
/

#
; (6.95)

where n is not an even integer. This form of theH -function is useful in determining
its expansion in powers of x. Due to importance of the solution, we also discuss its
series representation and behavior.

6.10.1 Series Representation of the Solution

Using the series expansion for the H -function given in the monograph (Mathai and
Saxena, 1978), it follows that

H
2;0
1;2

�
x

ˇ̌
ˇ̌.1;1/
.n

2
; 1

˛ /;.1;
1
˛
/

�
D 1

2�i

Z

L

�


n
2

� s
˛

�
�


1 � s

˛

�

�.1 � s/
xsds

D ˛

( 1X
�D0

�


1 � n

2
� �

�
.�1/�x˛. n

2 C�/

�


1 � an

2
� ˛�� .�Š/ C

1X
�D0

�


n
2

� 1 � �� .�1/�x˛.1C�/

�.1 � ˛ � ˛�/.�Š/

)
;

(6.96)
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where n is not an even integer. Thus for n D 1, we find that

N.x; t/ D 1

2t
˛
2

1X
�D0

.�1/� A
�
2

�.1 � ˛.�C 1/=2/.�Š/
; (6.97)

where A D x2

t˛
and the duplication formula for the gamma function is used. For

n D 2,H -function of (6.95) is singular and in this case, the result is explicitly given
by Saichev (Barkai 2001) in the form

N.x; t/ � 1

��.1 � ˛/t˛
ln

"
t˛=2

x

#
: (6.98)

For n D 3, the series expansion is given by

N.x; t/ D 1

4�t
3˛
2 A

1
2

1X
�D0

.�1/�A�
2

.�/Š�
h
1 � ˛

�
1C �

2

�i : (6.99)

From above it readily follows that for n D 3 and ˛ ¤ 1;

N.x; t/ � 1

x
as x ! 1: (6.100)

It will not be out of place to mention that the one sided Lévy stable density '	.t/
can be obtained from Laplace inversion formula (6.91) by virtue of the identity

K˙ 1
2
.x/ D

� �
2x

� 1
2

e�x; (6.101)

and can be conveniently expressed in terms of the Laplace transform as

Z 1

0

e�ut'	.t/dt D e�u�

;<.u/ > 0;<.
/ > 0: (6.102)

The result is,

'	.t/ D 1



H
1;0
1;1

"
1

t

ˇ̌
ˇ̌.1;1/�

1
� ;

1
�

�
#
; 
 > 0: (6.103)

Note 6.5. This result is obtained earlier by Schneider and Wyss (1989) by follow-
ing a different procedure. Asymptotic behavior of '˛.t/ is also given by Schneider
(1986).
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6.11 Application to Generalized Reaction-Diffusion Model

6.11.1 Motivation

It is a known fact that reaction–diffusion models play a very important role in pattern
formation in biology, chemistry and physics, see Wilhelmsson and Lazzaro (2001)
and Frank (2005). These systems indicate that diffusion can produce the sponta-
neous formation of spatio-temporal patterns. For details, one can refer to the work
of Nicolis and Prigogine (1977) and Haken (2004). A general model for reaction–
diffusion systems is investigated by Henry and Wearne (2000, 2002) and Henry et al.
(2005).

The simplest reaction–diffusion models are of the form

@N

@t
D D

@2N

@x2
C F.N/;N D N.x; t/; (6.104)

where D is the diffusion constant and F.N/ is a nonlinear function representing
reaction kinetics. It is interesting to observe that for F.N/ D �N.1�N/, (6.104) re-
duces to Fisher–Kolmogorov equation and if, however, we set F.N/ D �N.1�N 2/,
it gives rise to the real Ginsburg–Landau equation. Del-Castillo-Negrete et al.
(2002) studied the front propagation and segregation in a system of reaction–
diffusion equations with cross-diffusion. Recently Del-Castillo-Negrete et al. (2003)
discussed the dynamics in reaction–diffusion systems with non-Gaussian diffusion
caused by asymmetric Lévy flights and solved the following model:

@N

@t
D �D

˛
xN C F.N/; N D N.x; t/; F .0/ D 0: (6.105)

Remark 6.4. It is interesting to observe that the Eq. (6.104) also represents the
classical reproduction-dispersal equation for the growth and dispersal of biological
species (Fisher 1937; Kolomogorov et al. 1937).

In this section, we present a solution of a more general model of fractional
reaction–diffusion system (6.105) in which @N

@t
has been replaced by the Riemann–

Liouville fractional derivative 0D
ˇ
t ; ˇ >0. The results derived are of general nature

than those investigated earlier by many authors notably by Jespersen et al. (1999)
for anomalous diffusion and by Del-Castillo-Negrete et al. (2003) for the reaction–
diffusion systems with Lévy flights and fractional diffusion equation by Kilbas
et al. (2004). The solution has been developed in terms of the H -function in a
compact and elegant form with the help of Laplace and Fourier transforms and
their inverses. Most of the results obtained are in a form suitable for numerical
computation. The results reported in this section are in continuation of our earlier
investigations, Haubold (1998), Haubold and Mathai (2000) and Saxena et al. (2002,
2004, 2004a,b, 2006, 2006a).
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6.11.2 Mathematical Prerequisites

In order to present the results of this section, the definitions of the well-known
Laplace and Fourier transforms of a functionN.x; t/ and their inverses are described
below:

Notation 6.2. LfN.x; s/g: Laplace transform of a functionN.x; t/with respect to t .

Notation 6.3. F fN.x; t/g: The Fourier transform of a function N.x; t/ with res-
pect to x.

Definition 6.2. The Laplace transform of a function N.x; t/ with respect to t is
defined by

QN.x; s/ D LfN.x; t/g D
Z 1

0

e�stN.x; t/dt; t > 0; x 2 R; (6.106)

where <.s/ > 0, and its inverse transform with respect to s is given by

L�1f QN.x; s/g D 1

2�i

Z �Ci1

��i1
est QN.x; s/ds; (6.107)

� being a fixed real number.

Definition 6.3. The Fourier transform of a function N.x; t/ with respect to x is
defined by

N �.k; t/ D F fN.x; t/g D
Z 1

�1
eikxN.x; t/dx i D p�1: (6.108)

The inverse Fourier transform with respect to k is given by the formula

N.x; t/ D F�1fN �.k; t/g D 1

2�

Z 1

�1
e�ikxN �.k; t/dk: (6.109)

The space of functions for which the transforms defined by (6.106) and (6.108) exist
is denoted by LF D L.RC/ � F.R/.
Notation 6.4. 0D�


t N.x; t/: The Riemann–Liouville fractional integral of order �.

Definition 6.4. The Riemann–Liouville fractional integral of order � is defined by

0D
�

t N.x; t/ D 1

�.�/

Z t

0

.t � u/
�1N.x; u/du; (6.110)

where <.�/ > 0.

Notation 6.5. 0D˛
t N.x; t/: The Riemann–Liouville fractional derivative of order

˛ > 0.
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Definition 6.5. Following Samko et al. (1993, p. 37) we define the fractional deriva-
tive of order ˛ > 0 in the form

0D
˛
t N.x; t/ D 1

�.n � ˛/
dn

dtn

Z t

0

N.x; u/

.t � u/˛�nC1 du; t > 0; n D Œ˛�C 1; (6.111)

where Œ˛�means the integral part of the number ˛. From Erdélyi et al. (1954, Vol. II,
p. 182) we have

Lf0D�

t N.x; t/g D s�
 QN.x; s/; (6.112)

where QN.x; s/ is the Laplace transform with respect to t of N.x; t/, <.s/ > 0 and
<.�/ > 0.

The Laplace transform of the fractional derivative, defined by (6.111) is given by
Oldham and Spanier (1974, p. 134, Eq. (8.1.3)):

Lf0D˛
t N.x; t/g D s˛ QN.x; s/ �

nX
rD1

sr�1
0D

˛�r
t N.x; t/jtD0; n� 1 < ˛ � n:

(6.113)

Notation 6.6. C 0D˛
t f .x; t/: Caputo fractional derivative of order ˛ > 0.

Definition 6.6. The following fractional derivative of order ˛ > 0 is introduced by
Caputo (1969) in the form

C
0D

˛
t f .x; t/ D 1

�.m � ˛/

Z t

0

f .m/.x; 	/d	

.t � 	/˛C1�m d	; m � 1 < ˛ � m:

The above formula is useful in deriving the solution of differential and integral
equations of fractional order governing certain physical problems of reaction and
diffusion. The Laplace transform of the Caputo derivative is given by

LfC 0D˛
t f .x; t/g D s˛ Qf .x; s/�

n�1X
rD0

s˛�r�1f .r/.x; 0C/; n� 1 < ˛ � n; (6.114)

where ˛; s 2 C;<.s/ > 0;<.˛/ > 0.

Note 6.6. If there is no confusion, then this derivative C 0D˛
t for simplicity will be

denoted by 0D˛
t .

Remark 6.5. Recently, Bagley (2007) has given the equivalence of Riemann–
Liouville and Caputo fractional order derivatives in connection with modeling of
linear viscoelastic materials.
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6.11.3 Fractional Reaction–Diffusion Equation

In this section, we will investigate the solution of the generalized reaction–diffusion
equation (6.115). The result is given in the form of the following result:

Theorem 6.6. Consider the generalized fractional reaction–diffusion model

0D
ˇ
t N.x; t/ D ��1D˛

xN.x; t/C �.x; t/; (6.115)

where � > 0; t > 0; x 2 R; 1 < ˇ � 2; 0 � ˛ � 1, with the initial conditions

Œ0D
ˇ�1
r N.x; 0/� D f .x/; Œ0D

ˇ�2
t N.x; 0/� D g.x/; x 2 R; lim

x!˙1N.x; t/ D 0;

(6.116)

where �1D˛
xN.x; t/ is defined in (6.78); Œ0D

ˇ�1
t N.x; 0/� means the Riemann-

Liouville fractional derivative of order ˇ � 1 with respect to t evaluated at t D 0.
Similarly Œ0D

ˇ�2
t N.x; 0/�means the Riemann–Liouville fractional derivative of or-

der ˇ�2 with respect to t evaluated at t D 0. � is a diffusion constant and �.x; t/ is
a nonlinear function belonging to the area of reaction kinetics. Then for the solution
of (6.115), subject to the initial conditions (6.116), there holds the formula

N.x; t/ D tˇ�1

2�

Z 1

�1
f �.k/Eˇ;ˇ .��/jkj˛tˇ exp.�ikx/dk

C tˇ�2

2�

Z 1

�1
g�.k/Eˇ;ˇ�1.��jkj˛tˇ / exp.�ikx/dx

C 1

2�

Z t

0

�ˇ�1
Z 1

�1
Q�.k; t � �/Eˇ;ˇ .��jkj˛�ˇ / exp.�ikx/dkd�;

(6.117)

where 	 indicates the Fourier transform with respect to space variable x.

Proof 6.6. If we apply the Laplace transform with respect to the time variable t and
use the formula (6.113), the given equation (6.115) becomes

sˇ QN.x; s/ � f .x/ � sg.x/ D ��1D˛
x

QN.x; s/C Q�.x; s/: (6.118)

�

As is customary, it is convenient to employ the symbol QN.x; s/ to indicate the
Laplace transform of N.x; t/ with respect to the variable t .

Now we apply the Fourier transform with respect to space variable x to the above
equation, use the initial conditions and the result (6.80), then the above equation
transforms into the form

QN �.k; s/ D f �.k/
sˇ C �jkj˛ C sg�.k/

sˇ C �jkj˛ C
Q��.k/

sˇ C �jkj˛ : (6.119)
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On taking the inverse Laplace transform of (6.119) and using the result

L�1
(
sˇ�1

a C s˛
I t
)

D t˛�ˇE˛;˛�ˇC1.�at˛/; (6.120)

where <.s/ > 0;<.˛ � ˇ/ > �1, it is seen that

N �.k; t/ D f �.k/tˇ�1Eˇ;ˇ .��jkj˛tˇ /C g�.k/tˇ�2Eˇ;ˇ�1.��jkj˛tˇ /

C
Z t

0

Q�.k; t � �/�ˇ�1Eˇ;ˇ .��jkj˛�ˇ /d�: (6.121)

The required solution (6.121) now readily follows by taking the inverse Fourier
transform of (6.117). Thus, we have

N.x; t/ D tˇ�1

2�

Z 1

�1
f �.k/Eˇ;ˇ .��jkj˛tˇ / exp.�ikx/dk

C tˇ�2

2�

Z 1

�1
g�.k/Eˇ;ˇ�1.��jkj˛tˇ / exp.�ikx/dk

C 1

2�

Z t

0

�ˇ�1
Z 1

�1
Q�.k; t � �/Eˇ;ˇ .��jkj˛�ˇ / exp.�ikx/dkd�:

(6.122)

This completes the proof of the Theorem 6.6.

Note 6.7. It may be noted here that by virtue of the identity (1.136), the solution
(6.117) can be expressed in terms of the H -function as can be seen from the so-
lutions given in the special cases of the theorem in the next section. Further, we
observe that (6.117) is not an explicit solution, special cases are interesting, general
solution is not.

6.11.4 Some Special Cases

When g.x/ D 0, then applying the convolution theorem of the Fourier transform to
the solution (6.117), the theorem yields the following result:

Corollary 6.1. The solution of fractional reaction-diffusion equation

0D
ˇ
t N.x; t/ D ��1D˛

xN.x; t/C �.x; t/; t > 0; � > 0; (6.123)

subject to the conditions

Œ0D
ˇ�1
t N.x; t/�tD0 D f .x/; Œ0D

ˇ�2
t N.x; t/�tD0 D 0; (6.124)
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for x 2 R; limx!˙1N.x; t/ D 0; 1 < ˇ � 2, 0 � ˛ � 1, when � is a diffu-
sion constant and �.x; t/ is a nonlinear function belonging to the area of reaction
kinetics is given by

N.x; t/ D
Z 1

�1
G1.x � 	; t/f .	/d	

C
Z t

0

.t � �/ˇ�1
Z x

0

G2.x � 	; t � �/�.	; �/d	d�; (6.125)

where,

G1.x; t/ D tˇ�1

2�

Z 1

�1
exp.�ikx/Eˇ;ˇ .��jkj˛tˇ /dk

D tˇ�1

�˛

Z 1

0

cos.kx/H 1;1
1;2

�
k�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌.0; 1

˛ /

.0; 1
˛
/;.1�ˇ; ˇ

˛
/

�
dk

D tˇ�1

˛jxjH
2;1
3;3

"
jxj
�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌.1; 1

˛
/;.ˇ;ˇ

˛
/;.1; 1

2
/

.1;1/;.1; 1
˛
/;.1; 1

2
/

#
;<.˛/ > 0; (6.126)

G2.x; t/ D 1

2�

Z 1

�1
exp.�ikx/Eˇ;ˇ .��jkj˛tˇ /dk

D 1

�˛

Z 1

0

cos.kx/H 1;1
1;2

�
k�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌.0; 1

˛
/

.0; 1
˛
/;.1�ˇ;ˇ

˛
/

�
dk

D 1

˛jxjH
2;1
3;3

"
jxj
�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌.1; 1

˛ /;.ˇ;
ˇ
˛ /;.1;

1
2 /

.1;1/;.1; 1
˛
/;.1; 1

2
/

#
; <.˛/ > 0: (6.127)

If we set f .x/ D ı.x/; � D 0, where ı.x/ is the Dirac-delta function, then we
arrive at the following result:

Corollary 6.2. Consider the following reaction–diffusion model

dˇ

dtˇ
N.x; t/ D ��1D˛

xN.x; t/; � > 0; x 2 R; (6.128)

with the initial condition

Œ0D
ˇ�1
t N.x; t/�tD0 D ı.x/; lim

x!˙1N.x; t/ D 0; 0 < ˇ � 1;

where � is a diffusion constant and ı.x/ is the Dirac-delta function. Then the fun-
damental solution of (6.128) under the given initial conditions is given by

N.x; t/ D tˇ�1

˛jxjH
2;1
3;3

� jxj
.�tˇ /1=˛

ˇ̌
ˇ.1;1=˛/;.ˇ;ˇ=˛/;.1;1=2/.1;1/;.1;1=˛/;.1;1=2/

�
; (6.129)

where <.˛/ > 0;<.ˇ/ > 0.
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When ˇ D 1
2

the above corollary reduces to the following interesting result: Con-
sider the following reaction–diffusion model

d
1
2

dt
1
2

N.x; t/ D ��1D˛
xN.x; t/; � > 0; x 2 R; (6.130)

with the initial condition

Œ0D
� 1

2
t N.x; t/�tD0 D ı.x/; lim

x!˙1N.x; t/ D 0;

where � is a diffusion constant and ı.x/ is the Dirac-delta function. Then the fun-
damental solution of (6.130) under the given initial conditions is given by

N.x; t/ D 1

˛jxjt1=2H
2;1
3;3

� jxj
.�t1=2/1=˛

ˇ̌
ˇ̌.1; 1

˛
/;. 1

2
; 1

2˛ /;.1;
1
2
/

.1;1/;.1; 1
˛
/;.1; 1

2
/

�
; (6.131)

where <.˛/ > 0.

Remark 6.6. The solution of the Eq. (6.128), as given by Kilbas et al. (2004) is
in terms of the inverse Laplace and inverse Fourier transforms of certain functions
whereas the solution of the same equation is obtained here in an explicit closed form
in terms of the H -function.

An interesting case occurs when ˇ ! 1. Then in view of the cancelation law for
the H -function (1.57), the equation (6.128) provides the following result given by
Jespersen et al. (1999) and recently by Del-Castillo-Negrete et al. (2003) in an en-
tirely different form.

For the solution of fractional reaction–diffusion equation

d

dt
N.x; t/ D ��1D˛

xN.x; t/; (6.132)

with initial condition

N.x; t D 0/ D ı.x/; lim
x!˙1N.x; t/ D 0; (6.133)

there holds the relation

N.x; t/ D 1

˛jxjH
1;1
2;2

"
jxj
�

1
˛ t

1
˛

ˇ̌
ˇ̌.1; 1

˛
/;.1; 1

2
/

.1;1/;.1; 1
2
/

#
; (6.134)

where <.˛/ > 0. In passing, it may be noted that the equation (6.134) is a closed
form representation of a Lévy stable law, see Metzler and Klafter (2000, 2004). It is
interesting to note that as ˛ ! 2, the classical Gaussian solution is recovered as
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N.x; t/ D 1

2jxjH
1;1
2;2

"
jxj
.�t/

1
2

ˇ̌
ˇ̌.1: 12 /
.1;1/;.1; 1

2 /

#

D 1

2jxjH
1;0
1;1

"
jxj
.�t/

1
2

ˇ̌
ˇ̌.1; 1

2
/

.1;1/

#

D .4��t/� 1
2 exp

�
�jxj2
4�t

�
: (6.135)

It is useful to study the solution (6.131) due to its occurrence in certain fractional
diffusion models. Now we will find the fractional order moments of (6.131) in the
next section.

Remark 6.7. Applying Fourier transform with respect to x in (6.128), it is found
that

dˇ

dtˇ
‰.k; t/ D ��jkj˛‰.k; t/; 0 < ˇ � 1; (6.136)

which is the generalized Fourier transformed diffusion equation, since for ˛ D 2

and for ˇ ! 1, it reduces to Fourier transformed diffusion equation

d

dt
‰.k; t/ D ��jkj2‰.k; t/; (6.137)

being a diffusion equation, for a fixed wave number k (Metzler and Klafter 2000,
2004). Here ‰.k; t/ is the Fourier transform of N.x; t/ with respect to x.

Remark 6.8. It is interesting to observe that the method employed for deriving the
solution of the Eqs. (6.115) and (6.116) in the space LF D L.RC/ � F.R/ can
also be applied in the space LF 0 D L0.RC/ � F 0, where F 0 D F 0.R/ is the space
of Fourier transforms of generalized functions. As an illustration, we can choose
F 0 D S 0 or F 0 D D0. The Fourier transforms in S 0 and D0 are introduced by
Gelfand and Shilov (1964). S 0 is the dual of the space S , which is the space of
all infinitely differentiable functions which together with their derivatives approach
zero more rapidly than any power of 1=jxj as jxj ! 1. D0 is the dual of the
space D, which consists of all smooth functions with compact supports. In this
connection, see the monographs by Gelfand and Shilov (1964) and Brychkov and
Prudnikov (1989).

6.11.5 Fractional Order Moments

In this section, we will calculate the fractional order moments, defined by

< jxjı >D
Z 1

�1
jxjıN.x; t/dx: (6.138)
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Using the definition of the Mellin transform

M ff .t/I s/g D
Z 1

0

ts�1f .t/dt; (6.139)

we find from (6.138) that

< jx.t/jı > D
Z 1

�1
jxjıN.x; t/dx: (6.140)

< jxjı .t/ > D 2tˇ�1

˛

Z 1

0

xı�1H 2;1
3;3

"
jxj
�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌
ˇ
.1; 1

˛ /;
�
ˇ;

ˇ
˛

�
;.1; 1

2 /

.1;1/;.1; 1
˛ /;.1;

1
2 /

#
dx: (6.141)

Applying the Mellin transform formula for the H -function (2.8) we see that

< jxjı .t/ >D 2

˛
�

ı
˛ t
ˇ
�

ı
˛ C1� 1

ˇ

� �
�
� ı
˛

�
�.1C ı/�

�
1C ı

˛

�

�
�
� ı
2

�
�
�
ˇ C ˇı

˛

�
�
�
1C ı

2

� ; (6.142)

whenever the gammas exist, <.ı/ > �1 and <.ı C ˛/ > 0.
Two interesting special cases of (6.142) are worth mentioning.

(i) As ı ! 0, then by using the result 1

.z/ � z for z << 1, we find that

lim
ı!0

< jxjı.t/j >D ˇtˇ�1: (6.143)

(ii) When ˛ D 2; ı D 2, the linear time dependence

lim
ı!2;˛!2

< jx.t/jı >D 2�t2ˇ�1

�.2ˇ/
; (6.144)

of the mean squared displacement is recovered.

6.11.6 Some Further Applications

This section deals with the investigation of the solution of an unified fractional
reaction–diffusion equation associated with the Caputo derivative as the time-
derivative and Riesz–Feller fractional derivative as the space-derivative. The solu-
tion is derived by the application of the Laplace and Fourier transforms in a compact
and closed form in terms of the H -function.
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6.11.7 Background

The theory and applications of reaction–diffusion systems are contained in many
books and articles. In recent works (Saxena et al. 2006a–c), the authors have demon-
strated the depth of mathematics and related physical issues of reaction–diffusion
equations such as nonlinear phenomena, stationary and spatio-temporal dissipa-
tive pattern formation, oscillation, waves, etc. (Frank 2005; Grafiychuk et al. 2006,
2007). In recent time, interest in fractional reaction–diffusion equations has in-
creased because the equation exhibits self-organization phenomena and introduces
a new parameter, the fractional index, into the equation. Additionally, the analysis
of fractional reaction–diffusion equations is of great interest from the analytic and
numerical point of view.

The object of this section is to derive the solution of an unified model of
reaction–diffusion system, associated with the Caputo derivative and the Riesz–
Feller derivative. This new model provides the extension of the models discussed
earlier by Mainardi et al. (2001), Mainardi et al. (2005), and Saxena et al. (2006).
The advantage of using Riesz–Feller derivative lies in the fact that the solution of the
fractional reaction–diffusion equation containing this derivative includes the funda-
mental solution for space-time fractional diffusion, which itself is a generalization
of neutral fractional diffusion, space-fractional diffusion, and time-fractional diffu-
sion. These specialized type of diffusions can be interpreted as spatial probability
density functions evolving in time and are expressible in terms of the H -functions
in compact form.

Notation 6.7. xD˛
0 : Riesz–Feller space-fractional derivative of order ˛.

Definition 6.7. Following Feller (1952, 1966) it is conventional to define the Riesz–
Feller space-fractional derivative of order ˛ and skewness � in terms of its Fourier
transform as

F fxD˛
� I kg D � �˛ .k/f �.k/; (6.145)

where,

 �˛ .k/ D jkj˛ expŒi.sign k/
��

2
�; 0 < ˛ � 2; j� j � minf˛; 2 � ˛g: (6.146)

When � D 0, then (6.145) reduces to

F fxD˛
0f .x/I kg D �jkj˛f �.k/; (6.147)

which is the Fourier transform of the Liouville fractional derivative, defined by

�1D˛
xf .t/ D 1

�.n � ˛/
dn

dtn

Z t

�1
f .u/

.t � u/˛�nC1 du: (6.148)

This shows that Riesz–Feller space-fractional derivative may be regarded as a gen-
eralization of Liouville fractional derivative.
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Note 6.8. Further, when � D 0, we have a symmetric operator with respect to x
which can be interpreted as

xD
˛
0 D �

�
� d2

dx2

�˛
2

: (6.149)

This can be formally deduced by writing �.k/˛ D �.k2/˛
2 . For 0 < ˛ < 2 and

j� j � minf˛; 2 � ˛g, the Riesz–Feller derivative can be shown to possess the fol-
lowing integral representation in x domain:

xD
˛
� f .x/ D �.1C ˛/

�

�
sinŒ.˛ C �/

�

2
�

Z 1

0

f .x C �/� f .x/

�1C˛ d�

C sin
h
.˛ � �/�

2

i Z 1

0

f .x � �/� f .x/
�1C˛ d�

	
: (6.150)

6.11.8 Unified Fractional Reaction–Diffusion Equation

In this section, we will investigate the solution of the reaction–diffusion equation
(6.151) under the initial conditions (6.153). The result is given in the form of the
following result:

Theorem 6.7. Consider the following unified fractional reaction–diffusion model

0D
ˇ
t N.x; t/ D � xD

˛
�N.x; t/C �.x; t/; (6.151)

where �; t > 0; x 2 RI˛; �; ˇ are real parameters with the constraints

0 < ˛ � 2; j� j � min.˛; 2 � ˛/; 0 < ˇ � 2; (6.152)

and the initial conditions

N.x; 0/ D f .x/;Ni .x; 0/ D g.x/ for x 2 R; lim
x!˙1N.x; t/ D 0; t > 0: (6.153)

Here Ni .x; 0/ means the first partial derivative of N.x; t/ with respect to t evalu-
ated at t D 0; � is a diffusion constant and �.x; t/ is a nonlinear function belonging
to the area of reaction–diffusion. Further, xD˛

�
is Riesz–Feller space-fractional

derivative of order ˛ and asymmetry � . 0D
ˇ
t is the Caputo time-fractional deriva-

tive of order ˇ. Then for the solution of (6.151), subject to the above constraints,
there holds the formula
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N.x; t/ D 1

2�

Z 1

�1
f �.k/Eˇ;1.��tˇ‰�˛.k// exp.�ikx/dk

C 1

2�

Z 1

�1
tg�.k/Eˇ;2.��k˛tˇ‰�˛.k// exp.�ikx/dk

C 1

2�

Z t

0

�ˇ�1
Z 1

�1
��.k; t � �/Eˇ;ˇ .��k˛tˇ‰�˛.k// exp.�ikx/dk d�:

(6.154)

Proof 6.7. If we apply the Laplace transform with respect to the time variable t ,
Fourier transform with respect to the space variable x, and use the initial conditions
(6.153) and the formulae (6.114) and (6.147), then the given equation transforms
into the form

sˇ QN �.k; s/� sˇ�1f �.k/� sˇ�2g�.k/ D ��‰�˛.k/ QN �.k; s/C Q��.k; s/; (6.155)

where according to the conventions followed, the symbol QN.x; s/ will stand for
the Laplace transform with respect to time variable t and 	 represents the Fourier
transform with respect to space variable x. Solving for QN �.k; s/, it yields

QN �.k; s/ D f �.k/sˇ�1

sˇ C �‰�˛.k/
C g�.k/sˇ�2

sˇ C �‰�˛.k/
C

Q��.k/
sˇ C �‰�˛.k/

: (6.156)

On taking the inverse Laplace transform of (6.156) and applying the formula
(6.120), it is seen that

N �.k; t/ D f �.k/Eˇ;1.��tˇ‰�˛.k//C g�.k/tEˇ;2.��tˇ‰�˛.k//

C
Z t

0

��.k; t � �/�ˇ�1Eˇ;ˇ .��‰�˛.k/�ˇ /d�: (6.157)

�
The required solution (6.154) is now obtained by taking the inverse Fourier trans-
form of (6.157). This completes the proof of the Theorem 6.7.

6.11.9 Some Special Cases

When g.x/ D 0 then by the application of the convolution theorem of the Fourier
transform to the solution (6.154) of the Theorem 6.7, it readily yields the following
result:

Corollary 6.3. The solution of fractional reaction–diffusion equation

@ˇ

@tˇ
N.x; t/ � � @

˛

@x˛
N.x; t/ D �.x; t/; x 2 R; t > 0; � > 0; (6.158)
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with initial conditions

N.x; 0/ D f .x/;N.x; 0/ D 0 for x 2 R; 1 < ˇ � 2; lim
x!˙1N.x; t/ D 0; t > 0;

(6.159)

where � is a diffusion constant and �.x; t/ is a nonlinear function belonging to the
area of reaction–diffusion, is given by

N.x; t/ D
Z 1

�1
G1.x � 	; t/f .	/d	

C
Z t

0

.t � �/ˇ�1
Z x

0

G2.x � 	; t � �/�.	; �/d	 d�; (6.160)

where,


 D ˛ � �

2˛

G1.x; t/ D 1

2�

Z 1

�1
exp.�ikx/Eˇ;1

�
��tˇ‰�˛.k/

�
dk

D 1

˛jxjH
2;1
3;3

"
jxj
�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌
ˇ
.1; 1

˛ /;
�
1;

ˇ
˛

�
;.1;	/

.1; 1
˛ /;.1;1/;.1;	/

#
; ˛ > 0; (6.161)

and

G2.x; t/ D 1

2�

Z 1

�1
exp.�ikx/Eˇ;ˇ .��tˇ‰�˛.k//dk

D 1

˛jxjH
2;1
3;3

"
jxj
�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌.1; 1

˛
/;.ˇ;ˇ

˛
/;.1;	/

.1; 1
˛
/;.1;1/;.1;	/

#
; ˛ > 0: (6.162)

In deriving the above results, we have used the inverse Fourier transform formula

F�1ŒEˇ;� .��tˇ‰˛� .k//I x� D 1

˛jxjH
2;1
3;3

"
jxj
�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌.1; 1

˛
/;.�;

ˇ
˛
/;.1;	/

.1; 1
˛ /;.1;1/;.1;	/

#
(6.163)

where 
 D ˛��
2˛
;<.ˇ/ > 0;<.�/ > 0, which can be established by following a

procedure similar to that employed by Mainardi et al. (2001).
Next, if we set f .x/ D ı.x/; � D 0; g.x/ D 0, where ı.x/ is the Dirac delta

function, then we arrive at the following interesting result given by Mainardi et al.
(2005).

Corollary 6.4. Consider the following space-time fractional diffusion model

@ˇ

@tˇ
N.x; t/ D � xD

˛
�N.x; t/; � > 0; x 2 R; 0 < ˇ � 2; (6.164)
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with the initial conditionsN.x; t D 0/D ı.x/;Nt .x; 0/D 0; limx!˙1N.x; t/ D 0

where � is a diffusion constant and ı.x/ is the Dirac delta function. Then for the
fundamental solution of (6.164) with initial conditions, there holds the formula

N.x; t/ D 1

˛jxjH
2;1
3;3

"
jxj

.�tˇ /
1
˛

ˇ̌
ˇ̌.1; 1

˛
/;.1;ˇ

˛
/;.1;	/

.1; 1
˛
/:.1;1/;.1;	/

#
; 
 D ˛ � �

2˛
: (6.165)

Some interesting special cases of (6.164) are enumerated below.

(i) We note that for ˛ D ˇ, Mainardi et al. (2005) have shown that the corre-
sponding solution of (6.165), denoted by N �

˛ , which we call as the neutral
fractional diffusion, can be expressed in terms of elementary function and can
be defined for x > 0 as Neutral fractional diffusion: 0 < ˛ D ˇ < 2I � �
minf˛; 2 � ˛g,

N �
˛ .x/ D 1

�

x˛�1 sinŒ


�
2

�
.˛ � �/�

1C 2x˛ cosŒ


�
2

�
.˛ � �/�C x2˛

: (6.166)

The neutral fractional diffusion is not studied at length in the literature.
Next we derive some stable densities in terms of the H -functions as special
cases of the solution of the equation (6.164).

(ii) If we set ˇ D 1; 0 < ˛ < 2I � � minf˛; 2 � ˛g, then (6.164) reduces to
space-fractional diffusion equation, which we denote byL�˛.x/, and we obtain
the fundamental solution of the following space-time fractional diffusion
model:

@

@t
N.x; t/ D � xD

˛
�N.x; t/; � > 0; x 2 R; (6.167)

with the initial conditionsN.x; t D 0/ D ı.x/; limx!˙1N.x; t/ D 0, where
� is a diffusion constant and ı.x/ is the Dirac delta function. Hence for the
fundamental solution of (6.167) there holds the formula

L�˛.x/ D 1

˛.�t/
1
˛

H
1;1
2;2

"
.�t/

1
˛

jxj
ˇ̌
ˇ̌.1;1/;.	;	/
. 1

˛
; 1

˛ /;.	;	/

#
; 0 < ˛ < 1; j� j � ˛; (6.168)

where 
 D ˛��
2˛

. The density represented by the above expression is known as
˛-stable Lévy density. Another form of this density is given by

L�˛.x/ D 1

˛.�t/
1
˛

H
1;1
2;2

"
jxj
.�t/

1
˛

ˇ̌
ˇ̌.1� 1

˛ ;
1
˛ /;.1�	;	/

.0;1/;.1�	;	/

#
; (6.169)

where 1 < ˛ < 2; j� j � 2� ˛.
(iii) Next, if we take ˛ D 2; 0 < ˇ < 2; � D 0 then we obtain the time-fractional

diffusion, which is governed by the following time fractional diffusion model:
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@ˇ

@tˇ
N.x; t/ D �

@2

@x2
N.x; t/; � > 0; x 2 R; 0 < ˇ � 2; (6.170)

with the initial conditions N.x; t D 0/ D ı.x/;Nt .x; 0/ D 0; limx!˙1
N.x; t/ D 0 where � is a diffusion constant and ı.x/ is the Dirac delta func-
tion, whose fundamental solution is given by the equation

N.x; t/ D 1

2jxjH
1;0
1;1

"
jxj

.�tˇ /
1
2

ˇ̌
ˇ̌.1;ˇ

2
/

.1;1/

#
(6.171)

which is same as (6.72).
(iv) Further, if we set ˛ D 2; ˇ D 1, and � ! 0 then for the fundamental solution

of the standard diffusion equation

@

@t
N.x; t/ D �

@2

@x2
N.x; t/; (6.172)

with initial condition

N.x; t D 0/ D ı.x/; lim
x!˙1N.x; t/ D 0; (6.173)

there holds the formula

N.x; t/ D 1

2jxjH
1;0
1;1

"
jxj
�

1
2 t

1
2

ˇ̌
ˇ̌.1; 1

2 /
.1;1/

#
D .4��t/�

1
2 exp

�
�jxj2
4�t

�
; (6.174)

which is the classical Gaussian density. For further details and importance of
these special cases based on the Green function, one can refer to the papers by
Mainardi et al. (2001, 2005).

Remark 6.9. Fractional order moments and the asymptotic expansion of the solution
(6.165) are discussed by Mainardi et al. (2001).

Finally, for ˇ D 1
2

and g.x/ D 0 in (6.151) we arrive at the following result:

Corollary 6.5. Consider the following fractional reaction–diffusion model

D
1
2N.x; t/ D �xD

˛
�N.x; t/C �.x; t/; (6.175)

where �; t > 0; x 2 RI˛; � are real parameters with the constraints 0 < ˛ � 2;

j� j � min.˛; 2 � ˛/, and the initial conditions

N.x; 0/ D f .x/;Nt .x; 0/ D 0 for x 2 R; lim
x!˙1N.x; t/ D 0: (6.176)

Here � is a diffusion constant and �.x; t/ is a nonlinear function belonging to
the area of reaction–diffusion. Further, xD˛

�
is the Riesz–Feller space fractional
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derivative of order ˛ and asymmetry � andD
1
2
t is the Caputo time-fractional deriva-

tive of order 1
2

. Then for the solution of (6.175), subject to the above constraints,
there holds the formula

N.x; t/ D 1

2�

Z 1

�1
f �.k/E 1

2
.��t 1

2‰�˛.k// exp.�ikx/dx

C 1

2�

Z t

0

�� 1
2

Z 1

�1
��.k; t��/E 1

2 ;
1
2
.��k˛t 1

2‰�˛.k// exp.�ikx/dk d�:

(6.177)

If we set � D 0 in Theorem 6.7, then it reduces to the result recently obtained by
Saxena et al. (2006) for the fractional reaction–diffusion equation.

Following a similar procedure, we can derive the solution of the fractional
reaction–diffusion system (6.178) given below under the given initial conditions
(6.179) associated with Riemann–Liouville fractional derivative and the Riesz–
Feller fractional derivative. The result is given in the form of the following result:

Theorem 6.8. Consider the unified fractional reaction–diffusion model associated
with Riemann–Liouville fractional derivative 0D˛

t defined by (6.111) and the Riesz–
Feller space fractional derivative xD

˛
�

of order ˛ and asymmetry � defined by
(6.145) in the form

0D
ˇ
t N.x; t/ D �xD

˛
�N.x; t/C �.x; t/; (6.178)

where �; t > 0; x 2 R; ˛; �; ˇ are real parameters with the constraints 0 < ˛ � 2;

j� j � min.˛; 2 � ˛/; 1 < ˇ � 2, and the initial conditions

Œ0D
ˇ�1
t N.x; 0/� D f .x/; Œ0D

ˇ�2
t N.x; 0/� D g.x/ for x 2 R;

lim
jxj!1

N.x; t/ D 0; t > 0: (6.179)

Here Œ0D
ˇ�1
t N.x; 0/� means the Riemann–Liouville fractional partial derivative of

N.x; t/ with respect to t of order ˇ�1 evaluated at tD0. Similarly, Œ0D
ˇ�2
t N.x; 0/�

is the Riemann–Liouville fractional partial derivative of N.x; t/ with respect to t of
order ˇ � 2 evaluated at t D 0; � is a diffusion constant and �.x; t/ is a nonlinear
function belonging to the area of reaction–diffusion. Then for the solution of (6.178),
subject to the above constraints, there holds the formula

N.x; t/ D tˇ�1

2�

Z 1

�1
f �.k/Eˇ;ˇ .��tˇ‰�˛.k// exp.�ikx/dk

C tˇ�2

2�

Z 1

�1
tg�.k/Eˇ;ˇ�1.��tˇ‰�˛.k// exp.�ikx/dk

C 1

2�

Z t

0

�ˇ�1
Z 1

�1
��.k; t � �/Eˇ;ˇ .���ˇ‰�˛.k// exp.�ikx/dk d�:

(6.180)
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6.11.10 More Special Cases

When g.x/ D 0 then by the application of the convolution theorem of the Fourier
transform to the solution (6.180) of the theorem, it readily yields the following
result:

Corollary 6.6. The solution of fractional reaction–diffusion equation

0D
ˇ
t N.x; t/ � �xD˛

�N.x; t/ D �.x; t/; x 2 R; t > 0; � > 0; (6.181)

with initial conditions

Œ0D
ˇ�1
t N.x; t/� D f .x/; Œ0D

ˇ�2
t N.x; 0/� D 0 for x 2 R;

0 � ˛ � 1;1 < ˇ � 2; lim
x!˙1N.x; t/ D 0; (6.182)

where � is a diffusion constant and �.x; t/ is a nonlinear function belonging to the
area of reaction–diffusion; �; t > 0; x 2 RI˛; �; ˇ are real parameters with the
constraints 0 < ˛ � 2, j� j � min.˛; 2 � ˛/, 1 < ˇ � 2, is given by

N.x; t/ D
Z 1

�1
G1.x � 	; t/f .	/d	

C
Z t

0

.t � �/ˇ�1
Z x

0

G2.x � 	; t � �/�.	; �/d	 d�; (6.183)

where 
 D ˛��
2˛

;

G1.x; t/ D tˇ�1

2�

Z 1

�1
exp.�ikx/Eˇ;ˇ .��tˇ‰�˛.k//dk

D tˇ�1

˛jxjH
2;1
3;3

"
jxj
�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌.1; 1

˛
/;.ˇ;ˇ

˛
/;.1;	/

.1; 1
˛
/;.1;1/;.1;	/

#
; ˛ > 0; (6.184)

and

G2.x; t/ D 1

2�

Z 1

�1
exp.�ikx/Eˇ;ˇ .��tˇ‰�˛.k//dk

D 1

˛jxjH
2;1
3;3

"
jxj
�

1
˛ t

ˇ
˛

ˇ̌
ˇ̌.1; 1

˛
/;.ˇ;ˇ

˛
/;.1;	/

.1; 1
˛
/;.1;1/;.1;	/

#
; ˛ > 0: (6.185)

In deriving the above results, we have used the inverse Fourier transform formula
(6.163) given by Haubold et al. (2007).
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Remark 6.10. It is interesting to observe that for � D 0, Theorem 6.8 reduces to
(6.117) given by the authors Saxena et al. (2006b). On the other hand, if we set
f .x/ D ı.x/, where ı.x/ is the Dirac delta function, it yields the following result:

Corollary 6.7. Consider the following reaction–diffusion model

0D
ˇ
t N.x; t/ D �xD

˛
�N.x; t/; (6.186)

with the initial conditions

Œ0D
ˇ�1
t N.x; 0/ D ı.x/; 0 � ˇ � 1; lim

x!˙1N.x; t/ D 0; (6.187)

where � is a diffusion constant; �; t > 0; x 2 RI˛; �; ˇ are real parameters with the
constraints 0 < ˛ � 2, j� j � min.˛; 2 � ˛/, and ı.x/ is the Dirac delta function.
Then for the fundamental solution of (6.186) with initial conditions in (6.187), there
holds the formula

N.x; t/ D tˇ�1

˛jxjH
2;1
3;3

"
jxj

.�tˇ /
1
˛

ˇ̌
ˇ̌.1; 1

˛
/;.ˇ;ˇ

˛
/;.1;	/

.1; 1
˛
/;.1;1/;.1;	/

#
; ˛ > 0; (6.188)

where 
 D ˛��
2˛

.

Exercises 6.10

6.10.1. Consider the fractional reaction–diffusion equation connected with nonlin-
ear waves

0D
˛
t N.x; t/C ˛0D

ˇ
t N.x; t/

D �2�1D�
xN.x; t/C �2N.x; t/C �.x; t/;

for x 2 R; t > 0; 0 � ˛ � 1; 0 � ˇ � 1 with initial conditions

N.x; 0/ D f .x/; lim
x!˙1N.x; t/ D 0; x 2 R

where the operator �1D�
x is defined in (6.78); 0D˛

t and 0D
ˇ
t are the Caputo frac-

tional order derivatives, �2 is a diffusion constant, � is a constant which describes
the nonlinearity in the system, and �.x; t/ is nonlinear function which belongs to the
area of reaction–diffusion, then show that there holds the following formula for the
solution of the above mentioned reaction–diffusion model.
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N.x; t/ D
1X
rD0

.�a/r
2�

Z 1

�1
t˛�ˇ/rf �.k/ exp.�ikx/

�
h
E˛;.˛�ˇ/rC1 .�bt˛/C t˛�ˇE˛;.˛�ˇ/.rC1/C1 .�bt˛/

i
dk

C
1X
rD0

.�a/r
2�

Z t

0

�˛C.˛�ˇ/r�1

�
Z 1

�1
�.k; t � �/ exp.�ikx/E˛;˛C.˛�ˇ/r .�b�˛/dkd�;

where ˛ > ˇ and Eı
ˇ;�
.�/ is the generalized Mittag-Leffler function, defined by

(1.39) and b D �2jkj� � �2.

6.10.2. Consider the following fractional reaction–diffusion model

@ˇ

@tˇ
N.x; t/ D � �1D˛

xN.x; t/C �.x; t/I �; t > 0; x 2 R; 0 < ˇ � 2;

with the initial conditions

N.x; 0/ D f .x/; Nt .x; 0/ D g.x/; x 2 R; lim
x!˙1N.x; t/ D 0;

where the operator �1D˛
x is defined in (6.78); Nt .x; 0/ means the first derivative

of N.x; t/ with respect to t evaluated at t D 0; � is a diffusion constant, �.x; t/ is a
nonlinear function belonging to the area of reaction diffusion and @ˇ

@tˇ
is the Caputo

fractional derivative. Then show that for the solution of reaction–diffusion model,
subject to the initial conditions, there holds the formula

N.x; t/ D 1

2�

Z 1

�1
f �.k/Eˇ;1.��jkj˛tˇ / exp.�ikx/dk

C 1

2�

Z 1

�1
tg�.k/Eˇ;2.��jkj˛tˇ / exp.�ikx/dk

C 1

2�

Z t

0

�ˇ�1
Z 1

�1
Q�.k; t � �/Eˇ;ˇ .��jkj˛�ˇ / exp.�ikx/dkd�:

Hence or otherwise derive the solution of the next exercise.

6.10.3. Consider the following reaction–diffusion model

@ˇ

@tˇ
N.x; t/ D � �1D˛

xN.x; t/; ˛ > 0;�1 < x < 1; 0 < ˇ � 1;
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with the initial condition N.x; t D 0/ D ı.x/, limx!˙1N.x; t/ D 0; @
ˇ

@tˇ
is the

Caputo fractional derivative, the operator �1D�
x is defined in (6.78), � is a diffusion

constant and ı.x/ is the Dirac delta function. Then show that for the solution of the
above equation there holds the formula

N.x; t/ D 1

˛jxjH
2;1
3;3

"
jxj

.�tˇ /
1
˛

ˇ̌
ˇ̌.1; 1

˛ /;.1;
ˇ
˛ /;.1

1
2 /

.1;1/;.1; 1
˛
/;.1; 1

2
/

#
:

6.10.4. Show that the solution of the following boundary value problem for the one-
dimensional fractional diffusion equation associated with the Riemann–Liouville
fractional derivative 0D˛

t

0D
˛
t N.x; t/ D �2

@2

@x2
N.x; t/; t > 0;�1 < x < 1;

with the initial conditions

lim
x!˙1N.x; t/ D 0; Œ0D

˛�1
t N.x; t/�tD0 D �.x/; 0 < ˛ < 1;

is given by

N.x; t/ D
Z 1

�1
G.x � �; t/�.�/d�;

where

G.x; t/ D t˛�1

jxj H
1;0
1;1

� jxj2
�2t˛

ˇ̌
ˇ.˛;˛/.1;2/

�
:

(Nigmatullin 1986)

Remark 6.11. Nigmatullin (1986) derived the solution of the above fractional diffu-
sion equation in terms of the following integral:

G.x; t/ D 1

�

Z 1

0

t˛�1E˛;˛.��2k2t˛/ cos.kx/dk;

whereas, the solution of this problem given here is in terms of theH -function in an
explicit form.

6.10.5. Consider the fractional diffusion equation

0D


t N.x; t/ � t�


�.1 � �/ı.x/ D c

@2

@x2
N.x; t/;

with the initial condition

D
�k
t N.x; t/jtD0 D 0; k D 1; : : : ; n;
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where n D Œ<.�/�C 1; c
 is a diffusion constant and ı.x/ is a Dirac delta function.
Then show that for the solution of the diffusion equation, there exists the formula

N.x; t/ D 1

.4�c
 t
/
1
2

H
2;0
1;2

� jxj2
4c
 t


ˇ̌
ˇ̌.1� �

2
;
/

.0;1/;. 1
2
;1/

�
:

(Metzler and Klafter 2000; Jorgenson and Lang 2001).

6.10.6. Consider the generalized free electron laser equation

0D
˛
� f .	/ D �

Z �

0

t�f .	 � t/�.b; 
 C 1I ivt/dt Ck	��.ˇ; � C 1I ivt/; 0 � 	 � 1

(6.189)
with �; k 2 C I v; b; ˇ 2 R; ˛ > 0; � > �1; 
 > �1 with initial condition

0D
˛��
� f .	/j�D0 D br ; r D 1; : : : ; N; (6.190)

where N D Œ˛� C 1 is a positive integer, N � 1 � ˛ < N and br ’s are real
numbers. Then show that there exists an unique solution of the Cauchy-type problem
(6.189)–(6.190), given by

f .	/ D f0.	/C
Z �

0

f .�/

" 1X
mD1

P1.m; 	; �/

#
d� C k�.� C 1/

1X
mD0

P2.m; 	/;

(6.191)

where,

f0.	/ D
NX
jD1

bj

�.˛ � j C 1/
	N�j ; (6.192)

P1.m; 	; �/ D Œ��.
 C 1/�m.	 � �/m.˛C�C1/�1��Œbm;m.˛ C 
 C 1/I iv.	 � �/�;
(6.193)

P2.m; 	/ D Œ��.
 C 1/�m	˛.mC1/Cm.�C1/C���.bmC ˇ; ˛.mC 1/

Cm.
 C 1/C � C 1I iv	/; (6.194)

and

��.a; cI z/ D 1

�.c/
�.a; cI z/: (6.195)

(Saxena and Kalla 2003).

6.10.7. Let ˛; 
; 
; �; !; � 2 C;minf<.˛/;<.
/;<.
/g > 0. If f .x/ 2 L.a; b/,
then show that the Cauchy-type problem
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.D˛
aC

f /.x/ D �

Z x

a

.x � t/��1E�	;� Œ!.x � t/	�f .t/dt C h.x/; a � x � b;

(6.196)

and

lim
x!Ca.D

˛�r
aC

f /.x/ D br ; r D 1; : : : ; n D �Œ�<.˛/�; (6.197)

is solvable in the space L.a; b/ and its unique solution is given by

f .x/ D
nX
rD1

brfr .x/C
Z x

a

�.x � t/h.t/dt; (6.198)

where

fr .x/ D .x � a/˛�r
1X
jD0

�j .x � a/�C˛

� E�j
	C.�C˛/jC˛�rC1Œ!.x � a/	�; r D 1; : : : ; n; (6.199)

and

�.u/ D
1X
jD0

�j u.�C˛/jC˛�1E�j
	;.�C˛/jC˛Œ!u	�; (6.200)

where E�	;�.z/ is the generalized Mittag-Leffler function defined in (1.46)
(Kilbas et al. 2002).



Appendix

A.1 H -Function of Several Complex Variables

Notation A.1. H.z1; : : : ; zn/: Multivariable H -function or H -function of several
complex variables.

Definition A.1. The multivariable H -function is defined in terms of multiple
Mellin–Barnes type contour integral as

HŒz1; : : : ; zr � D H0;nWm1;n1I:::Imr ;nr
p;qWp1;q1I:::Ipr ;qr

2
64

z1
:::

zr

ˇ̌
ˇ̌
.aj I˛

.1/
j ;:::;˛

.r/
j /1;pW.c

.1/
j ;�

.1/
j /1;p1 I��� I.c

.r/
j ;�

.r/
j /1;pr

.bj Iˇ
.1/
j ;:::;ˇ

.r/
j /1;qW.d

.1/
j ;ı

.1/
j /1;q1 I��� I.d

.r/
j ;ı

.r/
j /1;qr

3
75

D 1

.2�w/r

Z

L1

� � �
Z

Lr

‰.�1; : : : ; �r /

(
rY

iD1

�i .�i /z
�i
i

)
d�1 � � � d�r ; (A.1)

where

‰.�1; : : : ; �r / D
Qn
jD1 �.1 � aj CPr

iD1 ˛
.i/
j �i /hQp

jDnC1
�.aj �Pr

iD1 ˛
.i/
j �i /

i hQq
jD1 �.1 � bj CPr

iD1 ˇ
.i/
j �i /

i ;

(A.2)

�i.�i / D
hQmi

�D1 �.d
.i/

� � ı
.i/

� �i /
i hQni

jD1 �.1 � c
.i/
j C �

.i/
j �i /

i
hQpi

jDniC1
�.c

.i/
j � �

.i/
j �i /

i hQqi
�DmiC1

�.1 � d
.i/

� C ı
.i/

� �i /
i ;

(A.3)

for i D 1; : : : ; r , and Li D Lw�i 1, w D .�1/ 1
2 represents the contours which start

at the point 	i � w1 and goes to the point 	i C w1 with 	i 2 R D .�1;1/; i D
1; : : : ; r such that all the poles of �.d .i/j � ı

.i/
j �i /; j D 1; : : : ; mi I i D 1; : : : ; r

are separated from those of �.1 � c
.i/
j � �

.i/
j �i /; j D 1; : : : ; ni I i D 1; : : : ; r and

�.1 � aj C Pr
iD1 ˛

.i/
j �i /; j D 1; : : : ; n. Here, the integers n; p; q;mi ; ni ; pi and

205
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qi , satisfy the inequalities 0 � n � pI q � 0; 1 � mi � qi and 1 � ni � pi ; i D
1; : : : ; r . Further, we suppose that the parameters

aj ; j D 1; : : : ; pI c.i/j ; j D 1; : : : ; pi I i D 1; : : : ; r;

bj ; j D 1; : : : ; qI d .i/j ; j D 1; : : : ; qi I i D 1; : : : ; r; (A.4)

are complex numbers and the associated coefficients

˛
.i/
j ; j D 1; : : : ; pI i D 1; : : : ; r I � .i/j ; j D 1; : : : ; pi ; i D 1; : : : ; r;

ˇ
.i/
j ; j D 1; : : : ; qI i D 1; : : : ; r I ı.i/j ; j D 1; : : : ; qi I i D 1; : : : ; r; (A.5)

are positive real numbers, such that

ƒi D
pX
jD1

˛
.i/
j C

piX
jD1

�
.i/
j �

qX
jD1

ˇ
.i/
j �

qiX
jD1

ı
.i/
j � 0;

i D 1; : : : ; r (A.6)

�i D
nX
jD1

˛
.i/
j �

pX
jDnC1

˛
.i/
j �

qX
jD1

ˇ
.i/
j C

niX
jD1

�
.i/
j �

piX
jDni C1

�
.i/
j

C
miX
jD1

ı
.i/
j �

qiX
jDmi C1

ı
.i/
j > 0; i D 1; : : : ; r: (A.7)

It is assumed that the poles of the integrand of (A.1) are simple. We know that the
integral in (A.1) converges absolutely, under the conditions (A.7), (Srivastava et al.
(1982), p. 251) with

j arg.zi /j < �

2
�i ; i D 1; : : : ; r; (A.8)

and the points zi D 0; i D 1; : : : ; r and various exceptional paramater values being
tacitly excluded. From Srivastava and Panda (1976b, p. 131) we have

H.z1; : : : ; zr / D O.jz1je1 ; : : : ; jzr jer /; max
1�j�rŒjzj j� ! 0; (A.9)

where

ei D min
1�j�mi

"<.d .i/j /

ı
.i/
j

#
; i D 1; : : : ; r: (A.10)

For n D 0, there holds the following asymptotic expansion (Srivastava and Panda,
1976b, p. 131):

HŒz1; : : : ; zr � D O.jz1jg1 ; : : : ; jzr jgr /; min
1�j�rŒjzj j� ! 1; (A.11)
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where

gi D max
1�j�ni

"<.c.i/j /� 1

�
.i/
j

#
; i D 1; : : : ; r; (A.12)

provided that each of the inequalities in (A.6), (A.7), and (A.8) hold true.

Remark A.1. When n D 2 the multivariable H -function defined by (A.1) reduces
to the H -function of two variables studied by Mittal and Gupta (1972).H -function
of two variables are also defined and studied by Munot and Kalla (1971) and Verma
(1971), and others. A comprehensive and detailed account of theH -function of two
variables is available from the monograph by Hai and Yakubovich (1992).

It is interesting to observe that for n D p D q D 0, the multivariableH -function
breaks up into product of r H -functions and consequently there holds the following
result (Saxena 1977):

H
0;0Wm1;n1I��� Imr ;nr
0;0Wp1;q1I��� Ipr ;qr

2
64

z1
:::

zr

ˇ̌
ˇ̌
�W.c

.1/
j ;�

.1/
j /1;p1I��� I.c

.r/
j ;�

.r/
j /1;pr

�W.d
.1/
j ;ı

.1/
j /1;q1I��� I.d

.r/
j ;ı

.r/
j /1;qr

3
75 D

rY
iD1

Hmi ;ni
pi ;qi

2
4zi

ˇ̌
ˇ̌
.c
.i/
j ;�

.i/
j /1;pi

.d
.i/
j ;ı

.i/
j /1;qi

3
5 :

(A.13)

Remark A.2. The function defined by (A.1) was introduced and studied by
Srivastava and Panda (1976a, p. 271).

When ˛.1/j D � � � D ˛
.r/
j ; j D 1; : : : ; pIˇ.1/j D � � � D ˇ

.r/
j ; j D 1; : : : ; q

in (A.1) the multivariable H -function defined and studied by Saxena (1974, 1977)
is obtained. In case all the Greek letters are assumed to be unity, the H -function
of several complex variables (A.1) reduces to the G-function of several complex
variables studied by Khadia and Goyal (1970, 1975).

Remark A.3. Fractional integrals involving multivariable H -functions are given in
a series of papers by Saigo and Saxena (1999, 1999a, 2001). Srivastava and Hussain
(1995) Saigo et al. (2005), and others.

A.2 Kampé de Fériet Function and Lauricella Functions

A.2.1 Kampé de Fériet Series in the Generalized Form

Definition A.2. Kampé de Fériet series in the generalized form is defined by

F
pIqIr
kImIn

�
.ap/ W .bq/; .cr/ W
.dk/ W .em/; .gn/ Ix; y

�

D
1X

�;
D0

hQp
jD1.aj /�C


i hQq
jD1.bj /�

i hQr
jD1.cj /


i
hQk

jD1.dj /
C�

i hQm
jD1.ej /�

i hQn
jD1.gj /


i x
�

	Š

y


�Š
; (A.14)
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where, for convergence

.i/ p C q < k CmC 1Ip C r < k C nC 1; jxj < 1; jyj < 1; (A.15)

or
.ii/ p C q D k CmC 1Ip C r D k C nC 1;

and (
jxj1=.p�k/ C jyj1=.p�k/ < 1; if p > k;

maxfjxj; jyjg < 1; if p � k:
(A.16)

The above series reduces to the original Kampé de Fériet series (Kampé de Fériet
1921), when q D r and m D n, and is also called Kampé de Fériet series.

Remark A.4. A generalization of the series (A.14) is given by Srivastava and Daoust
(1969), which is indeed the extension of Wright’s generalized hypergeometric series
p‰q.z/. This generalization is further extended by Srivastava and Daoust (1969a),
which is described in the next subsection.

Three interesting special cases of the reducibility of (A.14) to generalized hy-
pergeometric series pFq.z/, are given below. For further cases of reducibility of the
series defined by (A.14) in terms of the generalized hypergeometric series, see the
monograph by Srivastava and Karlsson (1985, pp. 28–32) and references of special
cases given therein.

F
pW0;0
qW0;0

�
a1; � � � ; ap I I I
b1; � � � ; bqI I Ix; y

�
D pFq.a1; : : : ; ap I b1; : : : ; bqI x C y/; (A.17)

F
0Wp;m
0Wq;n

� I a1; � � � ; ap I c1; � � � ; cm
I b1; � � � ; bq I d1; � � � ; dnIx; y

�
D pFq.a1; : : : ; ap I b1; : : : ; bq I x/

� mFn.c1; : : : ; cmI d1; : : : ; dnIy/;
(A.18)

F
pW1;1
qW0;0

�
a1; � � � ; ap I cI d I
b1; � � � ; bq I I I; x; x

�
D pC1Fq.a1; : : : ; ap I c C d I b1; : : : ; bqI x/:

(A.19)

A.2.2 Generalized Lauricella Function

Notation A.2. FAWB.1/I��� IB.n/

C WD.1/I��� ID.n/

2
64
x1
:::

xn

3
75 W Generalized Lauricella function of n complex

variables.
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Definition A.3. The generalized Lauricella series (Srivastava and Daoust 1969a) is
defined in the following manner:

FAWB.1/I��� IB.n/

C WD.1/
I��� ID.n/

2
64
x1
:::

xn

3
75

D FAWB.1/I��� IB.n/

C WD.1/
I��� ID.n/

�
Œ.a/ W �.1/; : : : ; � .n/� W Œ.b.1// W �.1//� I � � � I Œ.b.n//I�.n//
Œ.c/ W  .1/; : : : ;  .n/�W Œ.d .1/ W .ı.1//� I � � � I Œ.d .n//I ı.n//x1; : : : ; xn

�

D
1X

m1D0;:::;mnD0

�.m1; : : : ;mn/
x
m1
1 � � �xmnn
m1Š � � �mnŠ

; (A.20)

where, for convenience,

�.m1; : : : ; mn/

D
Œ
QA
jD1.aj /m1�

.1/
1

C���Cmn�
.n/

j

�Œ
QB.1/

jD1.b
.1/
j /

m1�
.1/
1

� � � � ŒQB.n/

jD1 .b
.n/
j /

mn�
.n/

j

�

Œ
QC
jD1.cj /m1 

.1/
1

C���Cmn 
.n/

j

�Œ
QD.1/

jD1 .d
.1/
j /

m1ı
.1/

j

� � � � ŒQD.n/

jD1 .d
.n/
j /

mnı
.n/

j

�
;

(A.21)

the coefficients

(
�
.k/
j ; j D 1; : : : ; AI�.k/j ; j D 1; : : : ; B.k/I‰.j /

k
; j D 1; : : : ; C;

ı
.k/
j ; j D 1; : : : ;D.k/; k D 1; : : : ; n;

(A.22)

are real and positive, and .a/ abbreviates the array ofA parameters a1; : : : ; aAI.b.k//
abbreviates the array of B.k/ parameters

b
.k/
j ; j D 1; : : : ; B.k/; k D 1; : : : ; n: (A.23)

Similar interpretations hold for the remaining parameters. For precise conditions
under which this multiple series (A.20) converges, see Srivastava and Daoust (1972,
pp. 153–157), also see Exton (1976, Sect. 3.7) and Exton (1978, Sect. 1.4).

When each of the positive numbers given in (A.22) takes the value unity, the
generalized Lauricella series (A.20) gives rise to a direct multivariable extension of
Kampé de Fériet series (A.14). Thus the multivariable generalization of the Kampé



210 Appendix

de Fériet series defined by (A.14) is given by (see, Srivastava and Panda, 1975,
p. 1127; Srivastava and Karlsson 1985, p. 38):

F
pWp1;:::;pn

kWq1;:::;qn

2
64
x1
:::

xn

3
75 D F

pWp1;:::;pn

kWq1;:::;qn

"
.ap/ W .b.1/p1

/I � � � I .b.n/pn
/ W

.˛k/ W .ˇ.1/q1
/I � � � I .ˇ.n/qn

/ Ix1; : : : ; xn
#
;

(A.24)

D
1X

m1D0;:::;mnD0
�.m1; : : : ; mn/

x
m1

1 � � �xmn
n

m1Š � � �mnŠ ; (A.25)

where

�.m1; : : : ; mn/ D
Œ
Qp
jD1.aj /m1C���Cmn

�
hQp1

jD1.b
.1/
j /m1

i
� � �
hQpn

jD1.b
.n/
j /mn

i
hQk

jD1.˛j /m1C���Cmn

i hQq1

jD1.ˇ
.1/
j /m1

i
� � �
hQqn

jD1.ˇ
.n/
j /mn

i ;

(A.26)

and, for convergence of the series (A.25),

1C k C qr � p � pr � 0; r D 1; : : : ; n: (A.27)

The equality holds when, in addition, either

p > k and jx1j1=.p�k/ C � � � C jxnj1=.p�k/ < 1; (A.28)

or
p � k and maxfjx1j; : : : ; jxnjg < 1: (A.29)

Remark A.5. Karlsson (1973) has considered a special case of (A.24) when

pr D q; qr D mr ; r D 1; : : : ; n: (A.30)

A relation connecting generalized Lauricella function and the multivariable
H -function is given by Srivastava and Panda (1976a, p. 272)

H
0;pW1;p1I��� I1;pr

p;qWp1;q1C1I��� Ipr ;qr C1

2
64

z1
:::

zr

ˇ̌
ˇ̌
.aj I˛.1/

j
;:::;˛

.r/

j
/1;p W.c.1/

j
;�

.1/

j
/1;p1

I��� I.c.r/

j
;�

.r/

j
/1;pr

.bj Iˇ .1/

j
;:::;ˇ

.r/

j
/1;q W.0;1/;.d .1/

j
;ı

.1/

j
/1;q1

I��� I.0;1/;.d .r/

j
;ı

.r/

j
/1;qr

3
75

D Œ
Qp
jD1 �.1� aj /�Œ

Qp1

jD1 �.1 � c
.1/
j /� � � � ŒQpr

jD1 �.1 � c.r/j /�

Œ
Qq
jD1 �.1 � bj /�ŒQq1

jD1 �.1 � d .1/j /� � � � ŒQqr

jD1 �.1� d
.r/
j /�

� F pWp1I��� Ipr
qWq1I��� Iqr

�
Œ.1 � aj W ˛.1/j ; : : : ; ˛

.r/
j /�1;p W Œ.1 � c

.1/
j ; �

.1/
j /�1;p1

I � � �
Œ.1 � bj W ˇ.1/j ; : : : ; ˇ

.r/
j /�1;q W Œ.1 � d

.1/
j ; ı

.1/
j /�1;q1

I � � �
I Œ.1 � c.r/j I � .r/j /�1;pr

I Œ.1 � d .r/j I ı.r/j /�1;qr

� z1; : : : ;�zn

�
: (A.31)
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A.3 Appell Series

Notation A.3. F1.a; b; b0I cI x; y/: Appell function of the first kind.

Notation A.4. F2.a; b; b0I c; c0I x; y/: Appell function of the second kind.

Notation A.5. F3.a; b; b0I cI x; y/: Appell function of the third kind.

Notation A.6. F4.a; b0I c; c0I x; y/: Appell function of the fourth kind.

Following Appell (1880) we define the four Appell series as follows:

Definition A.4.

F1.a; b; b
0I cI x; y/ D

1X
m;nD0

.a/mCn.b/m.b0/n
.c/mCn

xmyn

mŠnŠ

D
1X
mD0

.a/m.b/m

.c/m
2F1.aCm; b0I c CmIy/x

m

mŠ
; (A.32)

where maxfjxj; jyjg < 1.

Definition A.5.

F2.a; b; b
0I c; c0I x; y/ D

1X
mD0;nD0

.a/mCn.b/m.b0/n
.c/m.c0/n

xmyn

mŠnŠ

D
1X
mD0

.a/m.b/m

.c/m
2F1.aCm; b0I c0Iy/x

m

mŠ
; (A.33)

where jxj C jyj < 1.

Definition A.6.

F3.a; b; b
0I cI x; y/ D

1X
mD0;nD0

.a/m.a
0/n.b/m.b0/n
.c/mCn

xmyn

mŠnŠ

D
1X
mD0

.a/m.b/m

.c/m
2F1.a

0; b0I c CmIy/x
m

mŠ
; (A.34)

where maxfjxj; jyjg < 1.

Definition A.7.

F4.a; b
0I c; c0I x; y/ D

1X
mD0;nD0

.a/mCn.b/mCn
.c/m.c0/n

xmyn

mŠnŠ

D
1X
mD0

.a/m.b/m

.c/m
2F1.a Cm; b CmI c0Iy/x

m

mŠ
; (A.35)
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where
pjxjCpjyj < 1. Here the denominator parameters c and c0 are neither zero

nor a negative integer.

The above defined functions are discovered while considering the product of two
Gauss series. In this analysis, we also come across the following interesting result:

2F1.a; bI cI x C y/ D
1X

mD0;nD0

.a/mCn.b/mCn
.c/mCn

xmyn

mŠnŠ
: (A.36)

A multiple integral representation for the generalized hypergeometric series is given
by (Saigo and Saxena 1999)

QP
jD1 �.Aj /QQ
jD1 �.Bj /

PFQŒ.AP /I .BQ/I �.x1 C � � � C xn/�

D
�
1

2�i

�n Z

L1

� � �
Z

Ln

Œ
QP
jD1 �.Aj C s1 C � � � C sn/�

Œ
QQ
jD1 �.Bj C s1 C � � � C sn/

� �.�s1/ � � ��.�sr /xs11 � � � ssnn ds1 � � � dsn; (A.37)

where the contours are of Barnes type with indentations, if necessary, such that
the poles of �.Aj C s1 C � � � C sn/; j D 1; : : : ; p are separated from those of
�.�sj /; j D 1; : : : ; n:

A.3.1 Confluent Hypergeometric Function of Two Variables

Definition A.8.

�1.a; bI cI x; y/ D
1X

mD0;nD0

.a/mCn.b/m
.c/mCn

xmyn

mŠnŠ
; jxj < 1; jyj < 1: (A.38)

Definition A.9.

�2.b; b
0I cI x; y/ D

1X
mD0;nD0

.b/m.b
0/m

.c/mCn
xmyn

mŠnŠ
; jxj < 1; jyj < 1: (A.39)

Definition A.10.

�3.bI cI x; y/ D
1X

mD0;nD0

.b/m

.c/mCn
xmyn; jxj < 1; jyj < 1: (A.40)
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Definition A.11.

 1.a; bI c; c0I x; y/ D
1X

mD0;nD0

.a/mCn.b/m
.c/m.c0/n

xmyn

mŠnŠ
; jxj < 1; jyj < 1: (A.41)

Definition A.12.

 2.aI c; c0I x; y/ D
1X

mD0;nD0

.a/mCn
.c/m.c0/n

xmyn

mŠnŠ
; jxj < 1; jyj < 1: (A.42)

Definition A.13.

„1.a; a
0; bI cI x; y/ D

1X
mD0;nD0

.a/m.a
0/n.b/m

.c/mCn
xmyn

mŠnŠ
; jxj < 1; jyj < 1: (A.43)

Definition A.14.

„2.a; bI cI x; y/ D
1X

mD0;nD0

.a/m.b/m

.c/mCn
xmyn

mŠnŠ
; jxj < 1; jyj < 1: (A.44)

A.4 Lauricella Functions of Several Variables

The four Appell series F1; F2; F3; F4 are generalized by Lauricella (1893) in terms
of multiple hypergeometric series as given below.

Definition A.15.

F
.n/
A Œa; b1; : : : ; bnI c1; : : : ; cnI x1; : : : ; xn�

D
1X

m1D0;:::;mnD0

.a/m1C���Cmn
.b1/m1

� � � .bn/mn

.c1/m1
� � � .cn/mn

x
m1

1 � � �xmn
n

m1Š � � �mnŠ ; (A.45)

where jx1j C jx2j C � � � C jxnj < 1.

Definition A.16.

F
.n/
B Œa1; : : : ; anI b1; : : : ; bnI cI x1; : : : ; xn�

D
1X

m1D0;:::;mnD0

.a1/m1
� � � .an/mn

.b1/m1
� � � .bn/mn

.c/m1C���Cmn

x
m1

1 � � �xmn
n

m1Š � � �mnŠ ; (A.46)

where maxfjx1j; : : : ; jxnjg < 1.
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Definition A.17.

F
.n/
C Œa; bI c1; : : : ; cnI x1; : : : ; xn�

D
1X

m1D0;:::;mnD0

.a/m1C���Cmn
.b/m1C���Cmn

.c1/m1
� � � .cn/mn

x
m1

1 � � �xmn
n

m1Š � � �mnŠ ; (A.47)

where
pjx1j C � � � Cpjxnj < 1.

Definition A.18.

F
.n/
D Œa; b1; : : : ; bnI cI x1; : : : ; xn�

D
1X

m1D0;:::;mnD0

.a/m1C���Cmn
.b1/m1

� � � .bn/mn

.c/m1C���Cmn

x
m1

1 � � �xmn
n

m1Š � � �mnŠ ; (A.48)

where maxfjx1j; : : : ; jxnjg < 1.

For n D 2 we have the following relations:

F
.2/
A D F2; F

.2/
B D F3; F

.2/
C D F4; F

.2/
D D F1; (A.49)

where the Appell series are defined in the previous section. An interesting result is
the following reduction formula (Lauricella, 1893)

F
.n/
D Œa; b1; : : : ; bnI cI x; : : : ; x� D 2F1.a; b1 C � � � C bnI cI x/: (A.50)

We also have (Lauricella 1893)

F
.n/
D Œa; b1; : : : ; bnI cI 1; : : : ; 1� D �.c/�.c � a � b1 � � � � � bn/

�.c � a/�.c � b1 � � � � � bn/ ; (A.51)

where c ¤ 0;�1;�2; : : : I <.c � a � b1 � � � � � bn/ > 0.
Single integral representations for the function F .n/D is given by

F
.n/
D Œa; b1; : : : ; bnI cI x1; : : : ; xn�

D �.c/

�.a/�.c � a/

Z 1

0

ua�1.1 � u/c�a�1.1 � ux1/
�b1 � � � .1 � uxn/

�bn du;

(A.52)

where <.a/ > 0;<.c � a/ > 0.
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Z b

a

.t � a/˛�1.b � t/ˇ�1.f1t C g1/
�1 � � � .fkt C gk/

�k dt

D .b � a/˛Cˇ�1B.˛; ˇ/.af1 C g1/
�1 � � � .afk C gk/

�k

� F .n/D

�
˛;�
1; : : : ;�
k I˛ C ˇI � .b � a/f1

af1 C g1
; : : : ;� .b � a/fk

afk C gk

�
; (A.53)

where a; b 2 <.a < b/; fi ; gi ; 
i 2 C; i D 1; : : : ; k, minf<.˛/;<.ˇ/g > 0 and

max

�ˇ̌
ˇ̌.b � a/f1

af1 C g1

ˇ̌
ˇ̌ ; : : : ;

ˇ̌
ˇ̌ .b � a/fk

afk C gk

ˇ̌
ˇ̌
�
< 1:

A.4.1 Confluent form of Lauricella Series

Definition A.19.

ˆ
.n/
2 Œb1; : : : ; bnI cI x1; : : : ; xn� D

1X
m1D0;:::;mnD0

.b1/m1
� � � .bn/mn

.c/m1C���Cmn

x
m1

1 � � �xmn
n

m1Š � � �mnŠ :
(A.54)

Definition A.20.

‰
.n/
2 ŒaI c1; : : : ; cnI x1; : : : ; xn� D

1X
m1D0;:::;mnD0

.a/m1C���Cmn

.c1/m1
� � � .cn/mn

x
m1

1 � � �xmn
n

m1Š � � �mnŠ :
(A.55)

Definition A.21.

Mk;�1;:::;�n
.x1; : : : ; xn/ D x

�1C 1
2

1 � � �x�nC 1
2

n exp

�
�x1 C � � � C xn

2

�

�‰.n/2 Œ�1 C � � � C �n � k C n

2
I 2�1 C 1; : : : ; 2�n C 1I x1; : : : ; xn�: (A.56)

For a detailed definition and other properties of these functions, see the original
paper by Pierre Humbert [La fonction Wk;�1;:::;�n

.x1; : : : ; xn/. Comptes Rendus.t.
CLXXI, 1920, p. 328] and Appell and Kampé de Fériet (1926).

A.5 The Generalized H -Function (The NH -Function)

Notation A.7. NH.z/; NHm;n
p;q Œx�IH bar function

Definition A.22. In an attempt to derive certain Feynman integrals in two differ-
ent ways which arise in perturbation calculations of the equilibrium properties of a
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magnetic model of phase transitions, Inayat-Hussain (1987b) investigated a gener-
alization of the H -function as

NH.z/ D NHm;n
p;q .z/ D NHm;n

p;q

"
x

ˇ̌
ˇ̌
.˛j ;Aj ;aj /1;n;.˛j ;Aj /nC1;p

.ˇj ;Bj /1;m;.ˇj ;Bj ;bj /mC1;q

#
(A.57)

D 1

2�i

Z

L

�.s/zsds; (A.58)

where

�.s/ D
hQm

jD1 �.ˇj � Bj s/
i hQn

jD1f�.1 � ˛j C Aj /gaj

i
hQq

jDMC1f�.1� ˇj C Bj s/gbj

i hQp
jDnC1 �.˛j � Aj /

i ; (A.59)

which contains fractional powers of some of the gamma functions. L D Li�1
is a contour starting at the point 	 � i1, and going to the point 	 C i1 with
� 2 R D .�1;1/. For a detailed definition, convergence and existence conditions,
and for the computable representation of the NH -function, the reader is referred to
the original papers of Buschman and Srivastava (1990) and Saxena (1998). It is
interesting to note that for aj D bj D 1 for all j , the NH -function reduces to the
familiarH -function defined by Fox (1961), see also Mathai and Saxena (1978) and
Kilbas and Saigo (2004).

A.5.1 Special Cases of NH -Function

A few interesting special cases of the NH -function, which cannot be obtained from
the H -function are given below.

g1 D .�1/pg.�; �; �; pI z/ D
Kd�1�.1C p/�.1C �

2
/B
�
1
2
; 1
2

C �
2

�

22Cp��.�/�.� � �
2
/

� 1

2�i

Z cCi1

c�i1
ds.�z/s�.�s/�.� C s/�.� � �

2
C s/

.�C s/1Cp�.1C �
2

C s/
(A.60)

D Kd�1�.1C p/�.1
2

C �
2
/

22Cp��.�/�.� � �
2
/

� NH 1;3
3;3

2
4�z

ˇ̌
ˇ̌
.1��;1I1/;.1��C �

2 ;1I1/;.1��;1I1Cp/

.0;1/;
�
� �

2
;1I1

�
;.��;1I1Cp/

3
5 ; (A.61)
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where Kd D Œ21�d�� d
2 =�

�
d
2

�
� (Inayat-Hussain 1987a, Eq. (5)). The above

integral is connected with certain class of Feynman integrals.

ˇF.d; �/ D � 1

4�
d
2 .1C �/2

� 1

2�i

Z cCi1

c�i1
dsŒ�.1C �/�2�s�.�s/Œ�.1C s/�2Œ�



3
2

C s
�
�d

Œ�.2C s/�1Cd
(A.62)

D � 1

4�
d
2 .1C �/2

NH 1;2
2;2

"
�.1C �/�2

ˇ̌
ˇ̌
.0;1I2/;.� 1

2 ;1Id/

.0;1/;.�1;1I1Cd/

#
(A.63)

D � 1

4�
d
2 .1C �/2

NH 1;3
3;2

"
�.1C �/�2

ˇ̌
ˇ̌
.0;1I1/;.0;1I1/;.� 1

2
;1Id/

.0;1/;.�1;1I1Cd/

#
: (A.64)

The above function is the exact partition function of the Gaussian model in statistical
mechanics.

For further example of a function, which is not a special case of the H -function
is the poly-logarithm of complex order �, denoted by L
.z/. Its relation with
NH -function is given by Saxena (1998, eq. (1.12)) as

L
.z/ D NH 1;2
2;2

"
�z

ˇ̌
ˇ̌
.0;1;1/;.1;1I
/

.0;1/;.0;1I
�1/

#
: (A.65)

An account of L
.z/ is available from the book by Marichev (1983).
The function due to Nagarsenker and Pillai (1973, 1974) also furnishes an ex-

ample of a function, which is not a special case of Fox’s H -function. Yet another
function, which is not a special case of the H -function is the generalized Riemann-
zeta function defined by

�.z; q; �/ D
1X
kD0

zk

.�C k/q
D NH 1;2

2;2

"
�z

ˇ̌
ˇ̌
.0;1;1/;.1��;1;q/

.0;1/;.��;1;q/

#
: (A.66)

The above function is a generalization of the well-known generalized (Hurwitz’s)
zeta function �.q; �/; q ¤ 0;�1;�2; : : : and the Riemann zeta function �.q/;
<.q/>1. It has been shown by Buschman and Srivastava (1990, p. 4708) that
the sufficient condition for absolute convergence of the contour integral (A.58) is
given by

A D
mX
jD1

jBj j C
nX
jD1

jajAj j �
qX

jDmC1
jbjBj j �

pX
jDnC1

jAj j > 0: (A.67)
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This condition provides exponential decay of the integrand in (A.58), and region of
absolute convergence of the contour integral (A.58) is given by

j arg zj < �A

2
: (A.68)

Remark A.6. In a series of papers, abelian theorems, complex inversion formu-
las and characterizations for the distributional NH -function transformation are es-
tablished by Saxena and Gupta (1994, 1995, 1997). Functional relations for the
NH -function are given by Saxena (1998). Unified fractional integration operators as-

sociated with the NH -function are defined and studied by Saxena and Soni (1997).
Fractional integral formulas for this function are investigated by Gupta and Soni
(2001). Fractional integral formulas associated with Saigo–Maeda operators of frac-
tional integration are given by Saxena et al. (2002). Application of this function in
bivariate probability distributions is demonstrated by Saxena et al. (2002).

A.6 Representation of an H -Function in Computable Form

Case I: When the poles of
Qm
jD1 �.bj � sBj / are simple, that is, where Bh.bj C

�/ ¤ Bj .bh C �/ for j ¤ h; j; h D 1; : : : ; mI�; � D 0; 1; 2; : : : I then we obtain
the following expansion for the H -function.

Hm;n
p;q .z/

D
mX
hD1

1X
�D0

Œ
Qm
jD1;j¤h �.bj �Bj .bh C �/=Bh/�Œ

Qn
jD1 �.1� aj �Aj .bh C �/=Bh/�

Œ
Qq

jDmC1
�.bj � Bj .bh C �/=Bh/�Œ

Qp

jDnC1
�.aj �Aj .bh C �/=Bh/�

� .�1/�z.bhC�/=Bh

�ŠBh
; (A.69)

which exists for all z ¤ 0 if � > 0 and for 0 < jzj < 1
ˇ

if � D 0, where ˇ and �
are defined in (1.8) and (1.9) respectively.

Case II. When the poles of
Qn
jD1 �.1�aj CsAj / are simple, that is, whereAh.1�

aj C �/ ¤ Aj .1 � ah C �/ for j ¤ h; j; h D 1; : : : ; nI�; � D 0; 1; 2; : : : then we
obtain the following expansion for the H -function.

Hm;n
p;q .z/

D
nX
hD1

1X

D0

Œ
Qn
jD1;j¤h �.1 � aj �Aj .1 � ah C �/=Ah/�

Œ
Qq
jDmC1 �.1 � bj � Bj .1 � ah C �/=Ah/�

� Œ
Qm
jD1 �.bj C Bj .1 � ah C �/=Ah/�

Œ
Qp
jDnC1 �.aj CAj .1 � ah C �/=Ah/�

.�1/
 
1z
� 1�ahC�

Ah

�ŠAh
; (A.70)

which exists for all z ¤ 0 if � < 0 and for jzj > 1
ˇ

if � D 0; ˇ and � are defined in
(1.8) and (1.9) respectively.
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A.7 Further Generalizations of the H -Function

Notation A.8. I-function:

Im;npi ;qi
Œz�; Im;npi ;qi

"
z

ˇ̌
ˇ̌
.aj ;Aj /1;n;:::;.aji ;Aji /nC1;pi

.bj ;Bj /1;m;:::;.bji ;Bji /mC1;qi

#
:

Definition A.23. The I -function is defined, like the H -function in terms of a
Mellin–Barnes type integral in the following form (Saxena 1982):

Im;npi ;qi

"
z

ˇ̌
ˇ̌
.aj ;Aj /1;n;:::;.aji ;Aji /nC1;pi

.bj ;Bj /1;m;:::;.bji ;Bji /mC1;qi

#
D 1

2�iw

Z

L

�.s/z�sds; (A.71)

where

�.s/ D
hQm

jD1 �.bj C Bj s/
i hQn

jD1 �.1 � aj �Aj s/
i

hPr
iD1

hQqi

jDmC1 �.1 � bj i � Bj i s/
i hQpi

jDnC1 �.aj i C Aj i s/
ii ;

(A.72)

where m; n; pi ; qi are nonnegative integers satisfying 0 � n � pi ; 1 � m � qi ,
i D 1; : : : ; r with r being finite and w D .�1/ 1

2 . The existing conditions for the
defining integral (A.71) are given below:

.i/ ˛i > 0; j arg zj < 1

2
˛i�; (A.73)

.ii/ ˛i � 0; j arg zj � 1

2
˛i� and <.ˇ C 1/ < 0; (A.74)

where

˛i D
nX
jD1

Aj �
piX

jDnC1
Aj i C

mX
jD1

Bj �
qiX

jDmC1
Bj i ; i D 1; : : : ; r; (A.75)

and

ˇ D
mX
jD1

bj C
qiX

jDmC1
�

nX
jD1

aj �
piX

jDnC1
aj i C 1

2
.pi � qi /; i D 1; : : : ; r: (A.76)

Note A.1. For r D 1 in (A.72), the definition of the H -function (1.2) is recovered.

Note A.2. We note that integral operators involving I -function are defined and stud-
ied by Saxena et al. (1993). A basic analogue of the I -function is given by Saxena
et al. (1995). Saigo–Maeda operators of the product of I -function and a general
class of polynomials are discussed by Saxena et al. (2002).
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Remark A.7. I -function is further generalized by Südland et al. (1998) in a different
notation with a modified definition of slightly general nature and call it Aleph func-
tions. Aleph functions occur naturally in certain problems of fractional driftless
Fokker–Planck equations. For further details in this regard, one can refer to the
original paper Südland et al. (2001).
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�;˛f Erdélyi-Kober operator Section 3.8.1 98

K
˛;�
x;1; K�;˛
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